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PREFACE. 

To preserve Euclid's order, to supply omissions, 
to remove defects, to give short notes of explanation 
and simpler methods of proof in cases of acknow- 
ledged difSiculty — such are the main objects of this 
Edition of the Elements. 

The work is based on the Greek text, as it is 
given in the Editions of August and Peyrard. To 
the suggestions of the late Professor De Morgan, 
published in the Com/panion to the British Almanack 
for 1849, 1 have paid constant deference. 

A limited use of symbolic representation, wherein 
the symbols stand for words and not for operations, 
is generally regarded as desirable, and it is certain 
that the symbols employed in this book are admis- 
sible in the Examinations at Oxford and Cambridge. 

I have generally followed Euclid's method of 
proof, but not to the exclusion of other methods 
recommended by their simplicity, such as the de- 
monstrations by which I propose to T%^\aa^ ^^ 
diflScu]^ Tbeorema 5 and 7 in ftie "Exk&\» ^S^o^Sbu ^ 
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have also attempted to render many of the proofs, 
as, for instance, those of Propositions 2, 13, and 35 
in Book I., and those of 7, 8, and 13 in Book II., 
less confusing to the learner. 

In Propositions 4, 5, 6, 7, and 8 of the Second 
Book I have ventured to make an important change 
in Euclid's mode of exposition, by omitting the 
diagonals from the diagrams and the gnomons from 
the text 

In the Third Book I have deviated with even 
greater boldness from the precise line of Euclid's 
method. Thus I have given new proofs of the Pro- 
positions relating to the Contact of Circles : I have 
used Superposition to prove Propositions 26 to 29, 
so as to make each of those theorems independent 
of the others ; and I have directed the attention of 
the learner to the Intersection of Loci, and to the 
conception of an Angle as a magnitude capable of 
unlimited increase. 

In the Fourth Book I have made no change of 
importance. 

My treatment of the Fifth Book was suggested 
by the method first proposed, explained, and de- 
fended by Professor De Morgan in his Treatise 
on the Connexion of Numher and Magnitude. The 
method is simple and rigorous, presenting Euclid's 
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reasoning in a clear and concise form, by means of 
a system of notation, to which, I think, no valid 
objection can be taken. I have altered the order of 
the Propositions in this Book, so as to give promi- 
nence to those which are of chief importance. 

The only changes in the Sixth Book to which I 
desire to call the reader's special attention, are the 
applications of Superposition in the proofs of Pro- 
positions 4 and 19. 

The diagrams in Book XI. form an important 
feature of this Edition. For them I am indebted 
to the kindness of Mr. Hugh Godfray, of St. John's 
College, Cambridge. 

The Exercises have been selected with consider- 
able care, chiefly from the University and College 
Examination Papers. They are intended to be pro- 
gressive and easy, so that a learner may be induced 
from the first to work out something for himseli 

A complete series of the Euclid Papers set in the 
Cambridge Mathematical Tripos from 1848 to 1872 
will be found on pp. 198-210 and 342-349. 

I have made but little allusion to Projections, 
because that part of the subject is fully explained 
by Mr. Eichardson in his work on C<mw Sections 
treated Geometrically, forming a part of Bi^riisss^'vS^'S* 
Mathematical Seeies. 
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During the two years in which 1 have been en- 
gaged on this work, I have received from Teachers 
of Geometry in all parts of the country so much 
encouragement to proceed, and so much assistance 
at each step of my progress, that I feel justified in 
asserting that no text-book on Elementary Geometry 
is likely to meet with general support in England, 
if it involve any wide departure from the Euclidean 
model 

It only remains for me to offer my thanks to 
the friends who have improved this work by their 
advice, and to assure each reader of the book that 
any suggestion for its further improvement will be 
thankfully received by me. 

J. HAMBLIN SMITH. 



42 Trumpington Street, 
Cambridge, 1872. 
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ELEMENTS OF GEOMETRY. 



INTRODUCTORY REMARKS. 

Whek a block of atone ib hews from the rock, we call it a 
Solid Body. The stone-cutter ihapee it, and brings it into 
that which we call regvlarily of form ; and then it becomea 
a Solid .Fiyun. 

How suppose the fif^ore to be mch that the 
blod has rix flat sides, each the exact connter- 
part of the othen ; so that, to one who stands 
being a comer of the block, the thiee sides 
which are visible present the appearance re- 
presented in this diagram. 

Each side of the figure is called a Surface; and when 
smoothed and polished, it is called a Plane Sur&ce. 
r The sharp and well-defined edges, in which each pair of 
sides meets, are called Lhtet. 

The place, at which saj three of the edgef meet, is called 
^ Point 

A Magnihtde is anything which is made np of parts in an; 
way like itself. Thns, a line is a msf^tade ; because we ma; 
regard it as made up of parts which are themselves lines. 

The properties Length, Breadth (or Width), and Thickness 
(or Depth or Height) of a bodj are culled its Dimermons. 

We make the following distinction between Solids, Surbces. 
lines, and Points : 

A Solid has three dimensions, Length, Breadth, Thickness. 
. A Sar&ce has two dimensions. Length, Breadth. 

A Line has one dimension. Length. 

A point has no dimensions. 
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DEFINITIONS. 

I. A Point is that which has no parts. 

This is equivalent to saying that a Point has no magnitude, 
since we define it as that which cannot be divided into smaller 
parts. 

XL A Line is length without breadth. 

We cannot conceive a visible line without breadth ; but 
we can reason about lines as if they had no breadth, and this 
is what Euclid requires us to do. 

III. The Extremities of finite Lines are points. 

A point marks position, as for instance, the place where a 
line begins or ends, or meets or crosses another line. 

IV. A Straight Line is one which lies in the same direction 
from point to point throughout its length. 

y. A Surface is that which has length and breadth only. 

VI. The Extremities of a Surfacje are lines. 

VII. A Plane Surface is one in which, if any two points 
be taken, the straight line between them lies wholly in that 
surface. 

Thus the ends of an uncut cedar-pencil are plane surfaces ; 
but the rest of the surface of the pencil is not a plane surface, 
since two points may be taken in it such that the straight line 
joining them will not lie on the surface of the penciL 

In our introductory remarks we gave examples of a Surface, 
a Line, and a Point, as we know them through the evidence 
of the senses. ^^ 

8 
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The Surfaces, Lines, and Points of Geometry may be rej^arded 
as mental pictures of the surfaces, lines, and points which we 
know from experience. 

It is, however, to be observed that Geometry requires us to 
tx)nceive the possibility of the existence 

of a Surface apart from a Solid body, 
of a Line apart from a Surface, 
of a Point apart from a Line. 

VllL When two straight lines meet one another, the inclina- 
tion of the lines to one another is called an Angle. 

When two straight lines have one point common to both, 
they are said to form an angle (or angles) at that point The 
point is called the vertex of the angle (or angles), and the lines 
are called the arms of the angle (or angles). 
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Thus, if the lines OA, OB are terminated at the same 
point O, they form an angle, which is called the angle at 0, or 
the angle AOB, or the angle J50^,— the letter which marks 
the vertex being put between those that mark the arms. 

Again, if the line CO meets the line DE at a point in the 
line DE, so that is a point common to both lines, CO is said 
to make withDE the angles COD, COE ; and these (as having 
one arm, CO, common to both) are called adjacent angles. 

Lastly, if the lines FG, HK cut each other in the point 0, 
the lines make with eacrt)ther four angles FOH^ HOG^GOTL^ 
KOF; and of these GOM, FOK are called wrticoll'ij a^o«^ 
9XL^e8, as also are jFOH and OOK. 
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When three or more straight lines as 0-4, OB, OC, OD have 
a point common to all, the angle formed by one of them, OD, 




with OA may be regarded as being made up of the angles A OB^^ 
BOCy COD; that is, we may speak of the angle AOD as a 
whole, of which the parts are the angles AOB, BOO, and COD 

Hence we may regard an angle as a Magnitude, inasmuch 
as any angle may be regarded as being made up of parts which 
are themselves angles. 

The size of an angle depends in no way on the length of 
the arms by which it is bounded. 

We shall explain hereafter the restriction on the magnitude 
of angles enforced by Euclid's definition, and the important 
results that follow an extension of the definition. 

IX. When a straight line (as AB) meeting another straight 
line (as CD) makes the adjacent . 

angles (ABC and ABD) equal 
to one another, each of the angles 
is called a Eight Anolb ; and 
each line is said to be a Per- 
pendicular to the other. ^ 
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X. An Obtuse Angle is one 
which is greater than a right 
angle. 

XI. An Acute Angle is one 
which is less than a right angle. 

XII. A Figure is that which is enclosed by one or more 
boir ^ 
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XUL A CiRCiiE is a plane figure contained by one line, 
which is called the Circumference, and is such, that all 
straight lines drawn to the circumference from a certain point 
(called the Centre) within the figure are equal to one 
another. 

XrV. Any straight line drawn from the centre of a circle to 
the circumference is called a RADiua 

XV . A Diameter of a circle is a straight line drawn through 
the centre and terminated both ways by the circumference. 




Thus, in the diagram, is the centre of the circle ABCD, 
OAy OB, OG, OD are Badii of the circle, and the straight line 
AOD is a Diameter. Hence the radius of a circle is half the 
diameter. 

XVI. A Semicircle is the figure contained by a diametei 
and the part of the circumference cut off by the diameter. 

XYIL Bbctilinear figures are those which are contained 

by straight lines. 

The Perimeter (or Periphery) of a rectilinear figure is the 
sum of its sides. 

XYIU. A Triangle is a plane figure contained by three 
straight lines. 

XIX. A Quadrilateral is a plane figure contained by 
four straight lines. 

XX. A Polygon is a plane figure contained by more than 
four straight lines. 

When a polygon has all its sides equal and «X\. \\& «ci^«a» 
equal it hi called a regular polygon. 
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XXI. An EquiIxA-teral Triangle is one which 
has all its sides equal. 

XXIL An Isosceles Triangle is one which 
has two sides equal 

The third side is often called the &ase of the 
triangle. 

The term 6<we is applied to any one of the sides of a 
triangle to distinguish it from the other two, especially when 
they have been previously mentioned. 

XXIII. A RiGHT-ANOLED Triangle' is 
one in which one of the angles is a right 
angle. 

The side subtending^ that is, which is opposite the right angle, 
is called the Hypotenuse. 

XXIV. An Obtuse-angled Triangle is 
one in which one of the angles is obtuse. 

It will be shewn hereafter that a triangle can have only 
one of its angles either equal to, or greater than, a right angle. 

XXV. An Acute-angled Triangle is one in 
which ALL the angles are acute. 

XXVI. Parallel Straight Lines are such 

as, being in the same plane, never meet when == 
continually produced in both directions. 

Euclid proceeds to put forward Six Postulates, or Requests, 
that he may be allowed to make certain assumptions on the 
construction of figures and the properties of geometrical mag- 
nitudes. 
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POCTULATBS 

Let it be granted — 

L That a straight line may be drawn from any one point to 
any other point. 

IL That a terminated straight line may be produced to any 
length in a straight line. 

IIL That a circle may be described from any centre at any 
distance bom that centre. 

lY. That all right angles are equal to one another. 

y. That two straight lines cannot enclose a space. 

YL That if a straight line meet two other straight lines, 
so as to make the two interior angles on the same side of it, 
taken together, less than two right angles, these straight 
lines being continually produced shall at length meet upon 
that side, on which are the angles, which are together less 
than two right angles. 

The word rendered "Postulates" is in the original 
clrrntara, " rec[uests.'* 

In the first three Postulates Euclid states the use, under 
certain restrictions, which he desires to make of certain in- 
struments for the construction of lines and circles. 

In Post. 1. and ii. he asks for the use of the straight ruler, 
wherewith to draw straight lines. The restriction is, that the 
ruler is not supposed to be marked with divisions so as to 
measure lines. 

In Post. ni. he asks for the use of a pair of compasses, 
wherewith to describe a circle, whose centre is at one extremity 
of a given line, and whose circumference passes through the 
other extremity of that line. The restriction is, that 
the compasses are not supposed to be capable of conveying 
distances. 

Post. IV. and v. refer to simple geometrical facts, which 
Euclid desires to take for granted. 

Post. VI. may, as we shall shew hereafter, be deduced 
from a more simple Postulate. The student must defer 
the consideration of this Postulate, till he has reached the 
17 th Proposition of Book I. 

Euclid next enumerates, as statements of iacYi^ mii^ k.TAsy«i^ 
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ori.aB he oalls them, Common Notions, applicable (with the 
exception of the eighth) to all kinds of magnitudes, and not 
necessarily restricted, as are the Postulates, to geoTnetrtcal 
magnitudes. 

Axioms. 

L Things which are equal to the same thing are equal to 
one another. 

II. If equals be added to equals, the wholes are equal 

IIL If equals be taken from equals, the remainders are 
equal 

IV. If equals and unequals be added together, the wholes 
are unequal 

v. If equals be taken from unequals, or unequals from 
equals, the remainders are unequal 

VI. Things which are double of the same thing, or of equal 
things, are equal to one another. 

VIL Things which are halves of the same thing, or of equal 
things, are equal to one another. 

VIIL Magnitudes which coincide with one another are 
equal to one another. 

IX. The whole is greater than its part. 

With his Common Notions Euclid takes the ground of 
authority, saying in effect, ** To my Postulates I request, to 
my Common Notions I claim, your assent." 

Euclid develops the science of Geometry in a series of 
Propositions, some of which are called Theorems and the rest 
Problems, though Euclid himself makes no such distinction. 

By the name Theorem we understand a truth, capable of 
demonstration or proof by deduction from truths previously 
admitted or proved. 

By the name Froblem we understand a construction, capable 
of being effected by the employment of principles of construc- 
tion previously admitted or proved. 

A Gorollwry is a Theorem or Problem easily deduced from, 
or effected by means of, a Proposition to which it is attached. 

We shall divide the First Book of the Elements into three 
sections. The reason for this division will appear in the course 
of the work. 
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SYMBOLS AND ABBREVIATIONS USED IN BOOK L 



for because 

.' ..therefore 

— is (or are) equal to 

L angle 

A triangle 

equilat equilateral 

extr. exterior 

intr. interior 

pt point 

rectiL rectilinear 



© /or circle 

Ooe circumference 

11 parallel 

O parallelogram 

± perpendicular 

reqd. required 

rt right 

sq. square 

sqq squares 

st straight 



It IB well known that (me of the chief difficulties with 
learners of Euclid is to distinguish between what is assumed, 
or given, and what has to be proved in some of the Pro- 
positions. To make the distinction clearer we shall put in 
italics the statements of what has to be done in a Problem, 
and what has to be proved in a Theorem. The last line in the 
proof of every Proposition states, that what had to be done 
or proved has been done or proved. 

The letters q. e. f. at the end of a Problem stand for Qitod 
erat fcbdefndwM, 

The letters q. e. d. at the end of a Theorem stand for Quod 
erat demonstrandum. 

In the marginal references : 

Post, stands for Postulate. 

Def. Definition. 

Ax Axiom. 

1. 1 Book I. Proposition 1. 

Hyp. stands for Hypothesis, mppod/iXiom,^ ^xA. x^^sui, \a 
something ^T^an^^ or assumed to be true. 
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SECTION I. 
On the Properties of Triangles, 

Proposition I. Problem. 

To descrihe an equilcUeral triangle on a given straight 
line. 




Let ABhe the given st. line. 

It is required to describe an equilat, A on AB, 

With centre A and distance AB describe © BCD, Post. 3. 
With centre B and distance BA describe © ACE, Post. 3. 

From the pt. 0, in which the © s cut one another, 

draw the st. lines C-4, CB, Post. 1. 

Then will ABC be an equilat. a . 

For *.• ^ is the centre of © BCD, 

.'. AC=AB, Def. 13. 

And •.* J5 is the centre of © ACE, 

,\ BC^AB. Bef. 13. 

Now •.• AC, BC are each =-45, 

.-. AC-=BC Ax. 1. 

Thus AC, AB, BC are all equal, and an equilat. A ABC 
has been described on AB. 

Q. E. r. ^ 
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PROPOSmOM /I. 



II 



Proposition II. Problem. 

From a given point to draw a straight line eqiuU to a 
given straight line. 




Let A be the given pt., and BC the given st. line. 
It is required to draw from A a st. line equal to BC. 



From AUi B draw the st. line AB. 

On AB describe the equilat. A ABD. 
With centre B and distance BC describe © CGH. 

Produce DB to meet the Qce CGH in G. 
With centre D and distance DG describe © GKL. 

Produce DA to meet the Qce GKL in L. 

Then will AL^BC. 

For •.* B is the centre of © CGH, 

.'. BC=BG. 
And •.* D is the centre of © GKL, 

.-. DL=DG. 
And parts of these^ DA and DB, are equal. 

.*. remainder -4i= remainder BG. 
But BC=BG ; 

.'. AL=BC. 



Post 1. 

LI. 

Post. 3. 

Post. 3. 



Def. 13. 

Def . ia> 

Defl 21. 

Ax. 3. 



Ax. 1. 



Thus from pt. A a st. line AL has been dwu'WQ.^'BC, 



Cl.1L.'«. 
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Proposition III. Problem. 

Fromi the greater of two given straight lines to cut off 
a pa/rt equal to the less. 




Let ABhQ the greater of the two given st. lines AB, CD. 
It is required to cut off from AB apart— CD, 
From A draw the st. line AE=CD. I. 2. 

With centre A and distance AE describe © EFH, 

cutting AB in F, 

Thmwm AF=^CD, 

For •.• ^ is the centre of © EFH, 

,\ AF^AE, 
But AE^ CD ; 

.\ AF^CD, Ax. 1. 

Thus from AB a part AF has been cut off = CD, 

Q. E. F. 

Exercises. 

1. Shew that if straight lines be drawn from A and B in 
the diagram of Prop. i. to the other point in which the circles 
intersect, another equilateral triangle will be described on 
AB. 

2. By a construction similar to that in Prop. iii. produce 
the less of two given straight lines that it may be equal to the 
greater. 

3. Draw a figure for the case in Prop, ii., in which the 
given point coincides with B, 

4. By a similar construction to that in Prop. i. describe 
on a given straight line an isosceles triangle, whose equal sides 
shall be each equal to another given straight line. 
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Proposition IV. Theorem. 

If two triangles ha/ve tvx> sides of the one equal to two sides 
of the other, each to each, and have likewise the angles contained 
by those sides equal to one another, they must ha/ve their third 
sides equal ; and the two triangles must he equal, and the other 
angles must he equal, each to each, viz, those to which the equal 
sides are opposite. 




J) , C Jl ^ J 

In the AS ABC, DEF, 
let AB^DE, and AC==DF, and z BAC= l EDF. 
Then must BC^EF and A ABC = A DEF, and the other 
IS, to which the equal sides are opposite, must he eqv>al, that 
is, L ABC^ L DEF and l ACB= l DFE. 

For, if A ABC be applied to A DEF, 
so that A coincides with D, and AB falls on DE, 
then •.• AB^DE, .*. B will coincide with E, 

And •.• AB coincides with DE, and z BAC= i EDF, Hyp 

.-.^0 will fall on Di^. 
Then •.• AC=DF, .'. will coincide with J^. 
And *.• B will coincide with E, and C with F, 
,\BC wm coincide with EF ; 

for if not, let it fall otherwise as EOF: then the two st. 
lines BC, EF will enclose a space, which is impossible. Post. 5. 

.'. BC will coincide with and .*. is equal to EF, Ax. 8. 

and A ABC A DEF, 

and I ABC i DEF, 

and z ACB L DFE, 
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Note 1. On the Method of Superposition, 

Two geometrical magnitudes are said, in accordance with 
Ax. VIII. to be equal, when they can be so placed that the 
boundaries of the one coincide with the boundaries of the 
other. 

Thus, two straight lines are equal, if they can be so placed 
that the points at their extremities coincide : and two angles 
are equal, if they can be so placed that their vertices coincide 
in position and their arms in direction : and two triangles are 
equal, if they can be so placed that their sides coincide in 
direction and magnibude. 

In the application of the test of equality by this Method of 
Superposition, we assume that an angle or a triangle may be 
moved from one place, turned over, and put down in another 
place, without altering the relative positions of its boundaries. 

We also assume that if one part of a straight line coincide 
with one part of another straight line, the other parts of the 
lines also coincide in direction ; or, that straight lines, which 
coincide in two points, coincide when produced. 

The method of Superposition enables us also to compare 
magnitudes of the same kind that are unequal. For example, 
suppose ABC and DEF to be two given angles. 





J5 e ^ J^ 

Suppose the arm BC to be placed on the arm EF, and the 
vertex B on the vertex E, 

Then, if the arm BA coincide in direction with the arm ED, 
the angle ABC is equal to DEF. 

If BA fall between ED and EF in the direction EP, 
ABC is less than DEF, 

If BA fall in the direction EQ so that ED is between 
EQ and EF, ABC is greater than DEF. 
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Note % OnQit Conditions of Equality of two Trianglu, 

A Triangle U composed of six parts, three sides and three 
angles. 

When the six parts of one triangle are equal to the six 
parts of another triangle, each to each, the Triangles are said 
to be equal in all respects. 

There are foor cases in which Euclid proves that two tri- 
angles are equal in all respects ; viz., when the following parts 
are equal in the two triangles. 

1. Two sides and the angle between them. I. 4. 

2. Two angles and the side between them. I. 26. 

3. The three sides of each. L 8. 

4. Two angles and the side opposite one of them. I. 26. 

The Propositions, in which these cases are proved, are the 
most important in our First Section. 

l^e first case we have proved in Prop. iv. 

Availing ourselves of the method of superposition, we can 
prove Cases 2 and 3 by a process more simple than that em- 
ployed by Euclid, and with the further advantage of bringing 
them into closer connexion with Case 1. We shall therefore 
^ve three Propositions, which we designate A, B, and C, in 
the Place of Euclid's Props, v. vi. vii. viii. 

The displaced Propositions will be found on pp. 108-112. 

Proposition A corresponds with Euclid I. 5. 

B I. 26, first part. 

L 8. 



i6 
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Proposition A. Theorem. 

If two ddss of a triangle be eqiicd, the angles opposite those 
sides vfiust also he equal. 




a a 




In the isosceles triangle ABC^ let AC=AB. (Fig. 1.) 

Thm must l ABC-=^ l ACB. 

Imagine the A ABC to be taken up, turned round, and set 
down again in a reversed position as in Fig. 2, and designate 
the angular points A\ B', C\ 



Then in a s ABC, A'CB\ 

V AB=A'Cy and AC^^A'B", and z BAC= l CA'B', 

.'. lABC^iA'CBf. 
But z A'CB'^ A ACB; 

/. z ABC^ L ACB. 



1.4. 



Ax. 1. 

Q.E.D. 

Cor. Hence every equilateral triangle is also equiangular. 

Note. When one side of a triangle is distinguished from 
the other sides by being called the Base, the angular point op- 
posite to that side is called the Vertex of the triangle. 
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Proposition B. Theorem. 

If two triangles have two angles of the one equal to two 
angles of the other, each to each, and the sides adjojC&nt to 
the equal angles in each also equal ; then must the triangles 
he equal in all respects. 





In A s ABC, DEF, 
let I ABC= L DBF, and i ACB^ l DFE, and BC^BF. 
Then must AB^DE, and AC=DF, and i BAC= L EDF. 

For if A DBF be applied to lABC, so that E coincides 
with J5, and EF falls on BC; 

then •/ EF=BC, .'. i^ will coincide with ; 

and •/ z DEF^ l ABC, .\ ED will faU on BA ; 

.'. D will fall on BA or BA produced. 

Again, •.' z DFE= z ACB, .-. FD wiU fall on CA ; 

.'. D will fall on CA or CA produced. 

.*. D must coincide with A, the only pt. common to BA 
and CA. 

.'. DE will coincide with and .*. is equal to AB, 

9.nd DF AC, 

and I EDF i BAC, 

and t^DEF /^ABC; 

and .*. the triangles are equal in all respects. 

Q. E. D. 

CoR. Hence, by a process like that in Prop. A, we can prove 
the following theorem : 

If two arigl&i of a triangle he eqti/il, the side* "udVwx^ «ub\Ar[\.^ 
/i^w? are also eqiial. (Eucl. I. 6.) 

8.E. 2 



i8 
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Proposition C. Theorem. 

If two triangles have the three sides of the one equal to the 
three sides of the others eaxh to each, the triangles mutt he equal 
in all respects. 




Let the three sides of the LsABG, DBF be equal, each 
to each, that is, AB^DE, AC^DF, and BC^EF, 

Then must the triangles he equal i/n all respects. 

Imagine the lDEF to be turned oyer and applied to the 
A ABGy in such a way that EF coincides with BC, and the 
vertex D flails on the side of BC opposite to the side on which 
A falls ; and join AD. 

Case I. When AD passes through BC, 




Then in t^ABD, V BD-=-BA, .'. i BAD= l BDA, I. A. 
And in A^OD, •.• CD=^CA, ,\ i CAD^ i CDA, I. A. 
.-. sum of z s BADy C-4D=sum of z s BDA, CD A, Ax. 2. 
that is, z B^0= i BDC. 

Hence we see, referring to the original triangles, that 

z BAG=^ L EDF. 
.*., by Prop. 4, the triangles are equal in all respects. 
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Case II. When the line joining the vertioes does not pass 
thioo^fC. 




Then in t^ABD, v BD^BA, :. l BAD'^ l BDA, I. A. 
And in A -4 CD, v CD^CA, .-. i CAD^ i CDA, I. A. 
Hence since the whole angles BAD, BDA are eqoaL 
and parts of these CAD, CD A are equaL 
/. the remainders BAG, BDC are eqoaL Ax 3. 
Then, as in Case L, the equality of the original triangles 
may be proved. 

Case IIL When AC and CD are in the same straight 
line. 




Then in A JiBD, v BD^BA, .-. l BAD= l BDA, I. A. 

that is, z 5J[0= z BDC, 

Then, a^in Case I., the equality of the oii^xmX Xt't^a.TL^^*^^ 
may be proved, 

^^ *«.. \i« 
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Profositiov IX. Problem. 

To bisect a given angle. 
-A 




Let BAG be the given angle. 

It is required to bisect l BAC, 

In AB take any pt. D. 

In -40 make AE=AD, and join DE, 

On J)Ef on the side remote from A, describe an 
(^<l\\i\tit. L DFE. I. 1. 

Join AF. Then AF will bisect z BAC. 

For in Lf^AFDyAFE, 

V AD^AEy and AF is common, and FD=FE, 

.\ L BAF^ L EAF, I. c. 

that is, L BAC is bisected by AF, 

Q. E. F. 

■ Ex. 1. Shew that we can prove this Proposition by means 
of Prop. IV. and Prop. A., without applying Prop. C. 

Ex. 2. If the equilateral triangle, employed in the construc- 
tion, be described with its vertex towards the given angle ; 
shew that there is one case in which the construction will fiEdl, 
and two in which it will hold good. 

Note.-— The line dividing an angle into two equal parts is 
oaUM ♦*»• Hm^rroR of the angle. 
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PftOPosiTios X. Problex. 
To himd a ^'fci» JiniU ttraigki ImL 






Let AB be the giren st. line. 
It ii required to bieect AB, 

On AB describe an eqnilat. aACB 

Bisect i ACB by the st. line CD meeting AB in D ; 
then AB shall be bisected in D. 



LI. 



For in AS ^CA^CD, 
.* AC^BC, and CD is common, and z ACD* 

.'. AD==BD ; 
.*. AB is bisected in D, 



I BCD, 



L4. 



Q.B. F. 



Ex. 1. The straight line, drawn to bisect the vertical angle 
of an isosceles triangle, also bisects the base. 

Ex. 2. The straight line, drawn from the vertex of an 
isosceles triangle to bisect the base, also bisects the vertical 
angle. 

Ex. 3. Produce a given finite straight line to a pointy such 
that the part produced may be one-third o{Ui«Yai&)^\flL<^*>a^ 
made up of the whole and the part produced. 
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Proposition XI. Problbm. 



To draw a straight line at right angles to a given straight 
Une from a given point in the sa/me. 




S 5 



Let AB he the given st. line, and C a given pt in it. 
It is required to draw from C a st, lins ± to AB. 

Take any pt. D in ^0, and in CB make CE= CD, 

On DE describe an equilat. A DFE. 1. 1. 

Join FC. FC shall be x to AB. 

For in A 8 DCF, ECF, 

\' DC=CE, and CF is common, and FD^^FE, 

.', iDCF^iECF', Lc. 

and .-. jPO is ± to AB, Def. 9. 

Q. E. F. 

' Cor. To draw a straight line at right angles to a given 
straight line -40 from one extremity, C, take any point Din 
AC, produce -40 to E, making CE^CD, and proceed as in 
the proposition. 

Ex. 1. Shew that in the diagram of Prop. ix. AF and ED 
intersect each other at right angles,* and that ED is bisected 
by^J?'. 

Ex. 2. If be the point in which two lines, bisecting AB 
and AC, two sides of an equilateral triangle, at right angles, 
meet ; shew that OA, OB, OC are all equal 

Ex. 3. Shew that Prop. xi. is a particular case of Prop. ix. 
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Proposition XII. Problem. 

To draw a gtradght line perpendicular to a given itraight 
line of an unHmited length from a given point wi^thout it. 




Let AB be the giyen st line of unlimited lengtb ; C the 
^yeu pt. without it 

It i» required to draw from Cad, line x to AB. 

Take any pt. D on the other side of AB, 

With centre C and distance CD describe a catting AB 
in E and F, 

Ksect JKFin 0, and join CE, CO, CF. I. 10. 

Then CO shall be x to AB, 

. For in AS COE, COF, 

'.' EO^FO, and CO is common, and CE=CF, 

/, I COE'= I COF ; La 

/. CO is X to AB, Def. 9. 

Q. S. F. 

Ex. 1. If the straight line were not of unlimited length, 
how might the construction £ul ? 

Ex. 2. If in a triangle the perpendicular firom the vertex 
on the base bisect the base, the triangle is isosceles. 

Ex. 3. The lines drawn from the angular points of an 
equilateral triangle to the middle points of the o^^q^Xj^ ^^s^dess^ 
are equaL 
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MiscdlaneotLs Exercises on Frops. I. to XII, 

1. Draw a figure for Prop. ii. for the case when the given 
point A is 

(a) below the line BG and te the right of it. 
(jS) below the line BG and to the left of it 

2. Divide a given angle into four equal parts. 

3. The angles B, G, at the base of an isosceles triangle, are 
bisected by the straight lines BD, GD, meeting in D ; shew 
that BDG is an isosceles triangle. 

4. D, Ej F are points taken in the sides BO, GA, AB, of 
an equilateral t^riangle, so that BD=GE—AF. Shew that 
the triangle DEF is equilateral. 

5. In a given straight line find a point equidistant from 
two given points ; 1st, on the same side of it ; 2d, on opposite 
sides of it. 

6. ABG is a triangle»having the angle ABG acute. In BA, 
or BA produced, find a point D such that BD= GD, 

7. The equal sides AB, AG, oi an isosceles triangle ABG 
are produced to points F and (?, so that AF=AG, BG and 
GF are joined, and jH" is the point of their intersection. Prove 
that BH=GH, and also that the angle at -4 is bisected 
by AH. 

8. BAG, BDG are isosceles triangles, standing on oppo- 
site sides of the same base BG. Prove that the straight line 
from -4 to jD bisects BG at right angles. 

9. In how many directions may the line AE be drawn in 
Prop. III. ? 

10. The two sides of a triangle being produced, if the 
angles on the other side of the base be equal, shew that the 
triangle is isosceles. 

11. ABG, ABD are two triangles on the same base AB 
and on the same side of it, the vertex of each triangle being 
outside the other. If AG=AD, shew that BG cannot ^BD. 

12. From G any point in a straight line AB, GD is drawn 
at right angles to AB, meeting a circle described with centre 
A and distance AB in D ; and from AD^ AE is cut off = AG : 
shew th at AEB is a right angle. 
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Proposition ^lll. Tiuborem. 

The angles which one straight line makes with another upoti 
one side of it are either two right angles, or together equal to two 
right angles. 

Fig. L Fi«.S. 




Let AB make with CI) upon one side of it the jl b ABC, 

ABD. 

Then must these he either two ri. i s, 

or together equal to twb rt, l s. 

First, if z ABC= l ABD as in Fig. 1, 

each of them is a rt. i, Def . 9. 

Secondly, if l ABC be not= z ABD, as in Fig. 2, 

from B draw BE ± to CD. 1. 11. 

Then sum of z s ABC, ABD ^anm-of l s BBC, BBA, ABD, 
and sum of z s EBC, EBD^sxim of z s EBC, EBA, ABD ; 
/. sum of z s ABC, ABD=a\im of z s EBC, EBD ; 

Ax. 1. 
.*. sum of z s ABC, ABDs=Biim of a rt. z and a rt z ; 
.*. z s ABC, ABD are together = two rt. z s. 

Q. £. D. 

Ex. Straight lines drawn connecting the opposite angular 
points of a quadrilateral figure intersect each other in 0. 
Shew that the angles at are together equal to four right 
angles. 

Note (1.) If two angles together make up a right angle, 
each is called the Complement of the other. Thus, in fig. 2, 
L ABD is the complement of z ABE. 

(2.) If two angles together make up two right angles, each 
is called the Supplement of the other. Tbxxa, Vil \icAJcL ^Mgax«e», 
z ABD is the supplement of z ABC. 
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Proposition XIV. Theorem. 

IfyOta point in a strodgM linCy two other draigkt lines, upon 
the opposite sides of it, make (he adjacent angles together equal 
to two right a/ngles, these ttoo straight lines must he in one and 
the same straight line. 




At the pt. B in the st. line AB let the st. lines BG, BD, 
on opposite sides of AB, make i s ABC, ABD together » two 
rt angles. 

Then BD must he in the same st, line with BC. 

For if not, let BE be in the same st line with BG, 

Then i s ABC, ABE together=two rt. z s. I. 13. 

And z s ABC, ABD together =» two rt. z s. Hyp. 

.-. sum of z s ABC, ABE^^sxim of z s ABC, ABD, 

Take away from each of these equals the z ABC ; 

then z ABE=^ z ABD, Ax. 3. 

that is, the less = the greater ; which is impossible, 

*. BE is not in the same st. line with BC. 

Similarly it may be shewn that no other line but BD is in 
the same st. line with BC, 

•*. BD is in the same st. line with BC, 

Q. E. D. 

Ex. Shew the necessity of the words the opposite sides in 
the enunciation. 
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Proposition XV. Theorem. 

If two gtraight lines cut one <mot]ier, the vertically opposite 
angles must he equoL 




Let the at. lines AB^ CD cut one another in the pt E. 

Then must l AEC^ l BED and l AED^* l BEC, 
For '.• AE meete CD, 

.*. sum of z 8 AEC, AED '^two rt. z s. I. 13. 

And '.- DE meets AB, 

,\ sum of z s BED, AED^ two rt. z s ; I. 13, 
.-. sum of z s AEC, AED^sam of z s BED, AED ; 

.-. z -4^0= z BED. Ax. 3. 

Similarly it may be shewn that z AED= z BEC, 

Q. B. D. 

Corollary I. From this it is manifest, that if two straight 
lines cut one another, the four angles, which they make at the 
point of intersection, are together equal to four right angles. 

Corollary II. All the angles, made by any number of 
straight lines meeting in one point, are together equal to four 
right angles. 

Ex. 1. Shew that the bisectors of AED and BEC are in 
the same straight line. 

Ex. 2. Prove that z AED is equal to the angle between 
two straight lines drawn at right angles from E to AE and 
EC, if both lie above CD. 

Ex. 3. If ABy CD bisect each other ia E\ &h.«77 t\a&» >^<^ 
triangles AED, BBC are equal in all respecta. 
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Note 3. On Euclid^s definition of an Angle, 

Euclid directs us to regard an angle as the inclination of 
two straight lines to each other, which meet, but are not in 
the same straight Une. 

Thus he does not recognise the existence of a single angle 
equal in magnitude to two right angles. 

The words printed in italics are omitted as needless, in 
Def. VIII., p. 3, and that definition may be extended with 
advantage in the following terms : — 

Def. Let WQE be a fixed straight line, and QP a line 
which revolves about the fixed point Q, and which at first 
coincides with QE. 




Then, when QP has reached the position represented in 
the diagram, we say that it has described the angle EQP, 

When QP has revolved so tar as to coincide with QW, 
we say that it has described an angle equal to two right 
angles. 

Hence we may obtain an easy proof of Prop. xiii. ; for what- 
ever the position of PQ may be, the angles which it makes 
with WE are together equal to two right angles. 

Again, in Prop. xv. it is evident that i AED— L BEC, 
since each has the same supplementary z AEC, 

We shall shew hereafter, p. 149, how this definition may be 
extended, so as to embrace angles greater than two right 
angles, _ 
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Proposition XVI. Theorem. 

If one side of a triangle be produced^ (he exterior angle i$ 
greater than either of the interior opposite angles. 




Let the side BC of A ABC he produced to D. 
Then must l ACD be greater than either l CAB or l ABC. 
Bisect ^0 in J&, and join BE. I. 10. 

Produce BE to JP, making EF^BE, and join FC. 
Then in A s BE A, FEC, 

'.' BE=FE, and EA ^EC, and i BE A = i EEC, I. 15. 

.-. I ECF= L EAB. I. 4. 

Now z ACD is greater than z ECF ; Ax. 9. 

.*. z ACD is greater than z EAB, 
that is, z J.CD is greater than z CAR 

Similarly, if AC he produced to G it may be shewn that 
z BCG is greater than z ^£(7. 

and z J5Ca= z ^CD ; I. 15. 

.*. z J. CD is greater than z -4jB0. 

Q. E. D. 

Ex. 1. From the same point there cannot be drawn more 
than two equal straight lines to meet a given straight line. 

Ex. 2. Ify from any point, a straight line be drawn to a 
given straight line making with it an acute and an obtuse 
angle, and if, from the same point, a perpendicular be drawn to 
the given line ; the perpendicular will fall oiv tVift ^\Sa qV *Cckfe 
acute Bngle, 
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Proposition XVII. Theorem. 

Any two angles of a triangle a/re together less than two right 
angles. * 




a ^5 

Let ABC be any a . 

Then rmist any two of its is be together less than two 
tL is. 

Produce BC to D. 

Then i AGD is greater than z ABG. I. 16. 

.*. z s ACD, ACB are together greater than i bABC, ACB. 

But isACDf ACB together = two rt z s. I. 13. 

.*. I nABC, ACB are together less than two rt. z s. 
Similarly it may be shewn that z s ABC, BAC and also 
that z s BAC, ACB are together less than two rt. z s. 

Q. £. D. 

Note 4. On the SioctJi, Postulaie. 

We learn from Prop. xvii. that if two straight lines BM 
and CN, which meet in A, axQ met by another straight line 
DE in the points 0, P, 

D 



B — 




the angles MOF and l^TO are together less than two right 
angles. 

The Sixth Postulate asserts that if a line DE meeting two 
other " ^-^- f7jvr makes ^0?, NPO, the^ l^o vwt^tiot 
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angles on the same side of it, together less than two right 
angles, BM and CN shall meet if produced on the same side 
of DE on which are the angles MOP and JVPO. 



Proposition XVIII. Theorem. 

If one side of a triangle he greater than a eeeondf the 
angle opposite (he frst must be greater than that opposite the 
f second. 




In A ABC, let side ^C be greater than AB. 
Then must L ABC be greaier than l ACB. 

From ^C cut off AD^AB, and join BD. I. 3. 

llien vAB^ADy ' 

/. z ADB=^ L ABB, I. A. 

And •.' CjD, a side of lBDC, is produced to A, 

:. L ADB is greater than i ACB ; I. 16. 

.*. also I ABD is greater than i ACB, 
Much more is i ABC greater than i ACB. 

Q. £. D. 

Ex. Shew that if two angles of a triangle be equal, the 
sides which subtend them are equal also (Eucl. I. 6). 
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Proposition XIX. Theorem. 

If one angle of a triangle be greater than a second^ ihe 
side opposite the first must be greater than that opposite the 



second. 




In A ABC, let z ABC be greater than z ACB. 
Tlien must AG be greater than AB. 

For i£ AChe not greater than AB, 

AC must either =J.-B, or be less than AB. 
Now AC cannot == -4 J5, for then I. a. 

I ABC would = I ACB, which is not the case. 
And AC cannot be less than AB, for then I. 18. 

I ABC would be less than z ACB, which is not the case ; 

.'. ACia greater than AB. 

Q. E. D. 

Ex. 1. In an obtuse-angled triangle, the greatest side is 
opposite the obtuse angle. 

Ex. 2. BC, the base of an isosceles triangle BAC, is pro- 
duced to any point D ; shew that AD is greater than AB. 

Ex. 3. The perpendicular is the shortest straight line, which 
can be drawn from a given point to a given straight line ; and 
of others, that which is nearer to the perpendicular is less than 
one more remote. 
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Proposition XX. Thborek. 
Any two sides of a triangU are together greater than the 
third side. 




Let ABC he & A. 
Then any two of its sides must he together greater than 
the third side. 

Produce BA to D, making AD=^AC, and join DC, 

Then V AD=^AC, 

.-. I ACD^ I ADC, that is, i BDC. I. a. 

Now z BCD is greater than z ACD ; 

.*. I BCD is also greater than z BDC ; 

/. BD is greater than BC. I. 19. 

But BD=BA and AD together ; 

that is, BD=BA and AC together ; 
.*. BA and AC together are greater than BC, 
Similarly it may be shewn that 

AB and BC together are greater than AC, 
and 50 and CA AB, 

Q. B. D. 

Ex. 1. Prove that any three sides of a quadrilateral figure 
are together greater than the fourth side. 

Ex. 2. Shew that any side of a triangle is greater than 
the difference between the other two sides. 

Ex. 3. Prove that the sum of the distances of any point 
from the angular points of a quadrilateral is greater than 
half the perimeter of the quadrilateral. 

Ex. 4. If one side of a triangle be bisected, the sum of the 
two other sides shall be more than double of the line joining 
the vertex and the point of bisection. 

S. B. 
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Proposition XXL Theorem. 

jy, frmn the ends of the side of a triangUy there he 
d/rawn two straight lines to a point within the triangle; 
these will be together less than the other sides of the triangle^ 
bttt wiU contam a greater angle. 




Let ABC be a A , and from D, a pt in the a , draw st. 
lines to B and C, 

Then will BD, DC together he less than BA, AC, 
hut I BDCwill he greaJUr than i BAC. 

Produce BD to meet ACinE. 

Then BA, AE are together greater than BE, L 20. 

Add to each EC, 
Then BA, AC are together greater than BE, EC, 

Again, DE, EC are together greater than DC, 1. 20. 

Add to each BJ), 
Then BE, EC are together greater than BD, DC, 
And it has been shewn that BA, -4(7 are together greater 
than BE, EC ; 

.*. BA, AC are together greater than BD, DC, 
Next, •.* L BDC is greater than z DEC, L 16. 

and z DEC is greater than z BAC, L 16. 

.*. z BDC is greater than z BAC, 

Q. E. D. 

Ex. 1. Upon the base AB of a triangle ABC is described 
a quadrilateral figure ADEB, which is entirely within the 
triangle. Shew that the sides AC, CB of the triangle are 
together greater than the sides AD, DE, EB of the quadri- 
lateral. 
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Ex. 2. Shew that the saim of the straight lines, joininf;^ 
the angles of a triangle with a point within the triangle, is 
less than the perimeter of the triangle, and greater than half 
the perimeter. 

Proposition XXII. Problkv. 
To make a triangle^ of iehich ths tidet thaU he equal to 
three given etradght lines, any two of which are together greater 
tha/nihe third. 




Let A, B, C he the three given lines, any two of which 
are together greater than the third. 

It is reqwred to make a A honing its sides ^ Ay By C 
respectively. 
Take a st line DE of unlimited length. 
In DE make DF^A, FG^B, and GH=^a I. 3. 

With centre F and distance FD, describe Q>DKL, 
With centre G and distance GHy describe HKL, 

Join FK and GK. 
Then lKFG has its sides =^A, B, C respectively. 

For FK^FD ; Def. 13 

.-. FK^A ; 
BXidiGK^GH'y Def. 13. 

.-. GK=C; 
andJPGf=«5; 
.*. a A KFG has been described as reqd. q. E. f. 

Ex. Draw an isosceles triangle havinji; each ot \»Va v)^^ 
sides doable of the haae. 
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Proposition XXIII. Problem. 

At a given point in a given straight line, to makt on 
angU equcd to a given angle. 




Let A be the given pt, BC the given line, DEF the 
given z . 

It is reqd, to maike aJt pt A an angle = z DEF. 
In ED, EF take any pts. D. F ; and join DF. 

In AB, produced if necessary, make AG^DE. 

In AC, produced if necessary, make AH^^EF. 

In HC, produced if necessary, make HK^FD. 

With centre A, and distance AG, describe © GLM. 
With centre H, and distance UK, describe Q>LKM» 
Join AL and HL, 
Then •/ LA^^AG, .'. LA^DE ; ^ Ax. 1. 

and ••• HL=^HK, .'. HL=^FD, Ax. 1. 

Then in Zi s LAB, DEF, 

V LA^DE, and AH^EF, and HL^FD ; 

.-. z i-4fi= I DEF. I. c. 

•*. an anjile ZiUET has been made at pt. A as was reqd. 

Q. s. F. 



Bocflc L] PROPOSITION D, 37 

Note. — ^We here f^ive the proof of a theorem, necessary to 
the proof of Prop. XXIY. and applicable to seyeral proposi- 
tions in Book III. 



Proposition D. TnEORKif. 

'Enery straight line, drawn from the vertex of a triangle to 
the base, is lees than (he greaJter of the two sides, or than either, 
if they he equal. 




In the A ABC, let the &ide ^C be not less than AB, 
Take any pt D in BC, and join AD. 

Thewmust AD he less than AC. 

For •/ AC is not less than AB ; 

.*. I ABD is not less than i ACD. L a. and 18. 

But I ADC is greater than i ABD ; 1. 16. 

.*. z ADC is greater than i ACD ; 

.\AC\B greater than AD. \. V^. 

i^. "«», Ti, 
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Proposition XXIV. Theorem. 

If two triangles have two sides of the one equal to two 
tides of the oth^, eaxik to ea/ih, hut the angle contained by 
the two sides of one of them greaJter than the angle co7itained by 
the two sides equal to them of the other ; the ha^e of that which 
has the greater angle must he greaJter than the base of the other. 





jf 

In the £^3ABC,DEF, 

let AB=DE and AC=DF, 

and let z BAG be greater than z EDF, 

Then must BC be greaier than EF. 

Of the two sides DEy DF let DE be not greater than DF.* 
At pt. D in St. line ED make z EDG= i BAC, L 23. 

and make DG^AC or DF, and join EG, GF. 

i:henvAB=:DE, and AC=^DG, and z BAC= z EDG, 

.-. BC=EG, I. 4. 

Again, '.' DG^DF, 

:. z DFG^ z DGF ; I. a. 

.-. z EFG is greater than z DGF ; 

much more then z EFG is greater than z EGF ; 

.-. EG is greater than EF. I. 19. 

But EG=^BC; 

.'. J5(7 is greater than EF, 

Q. E. D. 

♦This line was added by Simson to obviate a defect in Euclid's 
proof. WithotU this condition, three distinct cases must be discussed. 
With the condition, we can prove that F must lie below EG. 

For since DF is not less than DE, and DG is drawn equal to DF, 
DG is not less than DE. 

Hence by Prop, d, any line drawn from D to meet EG is 
less than DG, and therefore DF, being equal to DG, must extend 
beyond EG. 

For another method of proving the Proposition, see p. 113. 
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Proposition XXV. Theorem. 

If two triangles have two aides of the one equal to ttvo sides 
of the other, eocA to each, but the boM of the one greater than 
the base of the other ; the angle also, contained by the sides of 
that tMeh has (he greater base, must be greater than (he angle 
contained by the sides equal to (hem of the oUier, 





jr 



In the £iBABC,DEF, 

let AB^DE and AC-^DF, 

and let BG be greater than EF, 

Then must i BAC be greater than l EDF. 

For z BAG is greater than, equal to, or less than z EDF. 

Now z BAG cannot= z EDF, 

for then, by i. 4, BG would^ EF ; which is not the case. 
And z BAG cannot be l^ss than z EDF, 
for then, by i* ^9 BG would be less than EF ; which is 
not the case ; 

.'. z BAG must be greater than z EDF. 

Q. E. D. 

Note. — In Prop. xxvi. Euclid includes two cases, in which 
two triangles are equal in all respects ; viz., when the following 
parts are equal in the two triangles : 

1. Two angles and the side between them. 

2. Two angles and the side opposite one of them. 

Of these we have already proved the first case, in Prop, b, 
so that we have only the second case left, to form the subject 
of Prop. XXVI., which we shall prove by the method of 
superposition. 

For Euclid'sproof of Prop, xxvi., see pp. l\4-\\t>. 
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Proposition XXYL Theorem. 

If two triangles have two angles of the one equal to two angles 
of the other, each to each, and one side equal to one side, those 
ffides being opposite to equal angles in each; then m/ust the 
triangles be equal in all respects. 





S O 



In A 8 ABC, DEF, 
let z ABC=- L DEF, and z J.0^= z DFE, and AB=DE. 

Then must BC==EF, and AC=DF, and L BAC= l EDF, 
Suppose A DEF to be applied to A ABC, 

so that D coincides with A, and DE falls on AB» 

Then •/ DE^AB, /. ^ will coincide with B ; 

and •/ z DEF= z ABC, /. EF will faU on BC. 
Then must F coincide with € : for, if not, 
let F Ml between B and C, at the pt. H. Join AH, 
Then •/ z AHB= z DFE, ' 1. 4. 

/. lAHB^ lACB, 

the extr. z = the intr. and opposite z , which is impossible. 

.'. F does not fall between B and C 

Similarly, it may be shewn that F does not fall t)n BC 
produced. 

.*. F coincides with C, and .*. BC=EF ; 

.-. AC=DF, and z BAC= z EDF, L 4. 

and .*. the triangles are equal in all respects. 

Q. E. D. 
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MiseeUaneous Exercises on Props. J. to XXVI, 

1. M is the middle point of the base EC of an isosceles 
triangle ABC, and iV is a point in ^C Shew that the 
difference between MB and MN is less than that between 
AB and AN. 

2. ABG is a triangle, and the angle at ^ is bisected by a 
straight line which meets BC at 2) ; shew that BA is greater 
than BD^ and CA greater than CD. 

3. ABy AC axe straight lines meeting in A^ and D is 
a given point. Draw through D a straight line cutting off 
equal parts from AB, AC, 

4. Draw a straight line through a given point, to make 
equal angles with two given straight lines' which meet. 

5. A given angle BAC is bisected ; if CA be produced to 
G and the angle BAG bisected, the two bisecting lines are at 
right angles. 

6. Two straight lines are drawn to the base of a triangle 
from the vertex, one bisecting the vertical angle, and the other 
bisecting the base. Prove that the latter is the greater of the 
two lines. 

7. Shew that Prop, xvil may be proved without pro- 
ducing a side of the triangle. 

8. Shew that Prop. xvin. may be proved by means of the 
following construction : cut off AD^AB, draw AE, bisecting 
z BAC and meeting BC in E, and join DE, 

9. Shew that Prop. xx. can be proved, without producing 
one of the sides of the triangle, by bisecting one of the angles. 

10. Given two angles of a triangle and the side adjacent 
to them, construct the triangle. 

11. Shew that the perpendiculars, let fall on two sides 
of a triangle from any point in the straight line bisecting the 
angle contained by the two sides, are eqwsl. 
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We condude Section I. with the proof (omitted by Eadid) 
of another case in which two triangles are equal in all 
respects. 

Proposition E. Theorem. 

If two triangles have one angle of the one equal to one 
angle of the other, and the sides about a second angle in 
each equal: then, if the third angles in each be both acute, 
both obtuse, or if one of them be a right angle, the triangles 
are equal in aU respects. 





In the AS ABC, DEF, let iBAC= lEDF, AB^DE, 
BC=EF, and let z s ACB, DFE be both acute, both obtuse, 
or let one of them be a right angle. 

Then must a s ABC, DEF be equal in all respects. 

For if AC be not -:=DF, make AQ=DF ; and join BG. 

Then in A s BAG, EDF, 

•.• BA^ED, and AG=DF, and z BAG^ l EDF, 

.-. BG=EF and / AGB= l DFE. 1. 4. 

But BC=EF, and .-. BG=-BC ; 

.'. L BCG=^ L BGC. I. A. 

First, let lACB^sA l DFE be both acute, 

then lAGB\& acute, and .*. l BGC is obtuse ; I. 13. 
.'. L BCG is obtuse, which is contrary to the hypothesis. 
Next, let / ^CB and i DFE be both obtuse, 

then lAGBis obtuse, and .*. z BGC is acute ; I. 13. 
/. z BCG is acute, which is contrary to the hypothesis. 
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LasUy, let one of the third angles AGB^ DFE be a right 
angle. 

If I ACB be a rt z , 

then z B€K} is also a rt. z ; La. 

.*. z 8 BCQf BOO together— two rt z s, whioh ia im- 
possible. L 17. 

Again, if z DFE be a rt z , 

then z AGB is a rt z , and .*. z BOG is a rt z • L la 

Hence z BCQ is also a rt z . 

.'• z s BCOy BOC together —two rt z s, whioh is impossible. 

L17. 
Hence AC is equal to DF, 
and the AS ABO, DBF are equal in all respects. 

Q. c D. 

Gob. From the first case of this proposition we deduce 
the following important theorem : 

If two riglU-angUd triangles hoM the kypatenuee and 
one tide of ike one equal reepeetiveily to tKe hypotenute and 
one tide of the other, (he trianglee are equal in all retpeete, 

NoTB. In the enunciation of Prop, s, if, instead of the 
words if OTM of them be a right angle, we put the words both 
right angles^ this caso of the proposidon would be identical 
with L 26. 
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SECTION II. 
« The Theory of Parallel Lines, 

INTRODUCTION. 

We have detached the Propositions, in which Euclid treats 
of Parallel Lines, from those which precede and follow them in 
the First Book, in order that the student may have a clearer 
notion of the difficulties attending this division of the subject, 
and of the way in which Euclid proposes to meet them. 

We must first explain some technical terms used in this 
Section. 

If a straight line BF cut two other straight lines AB^ CD, 
it makes with those lines eight angles, to which particular 
names are given. 




The angles numbered 1, 4, 6, 7 are called Interior angles. 

2,3,5,8 Exterior 

The angles marked 1 and 7 are called alternate angles. 

The angles marked 4 and 6 are also called alternate angles. 

The pairs of angles 1 and 5, 2 and 6, 4 and 8, 3 and 7 are 
called corresponding angles. 

Note. From I. 13 it is clear that the angles 1, 4, 6, 7 are 
together equal to four right angles. 
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Proposition XXYII: Theorem. 

1} a sbmgkt Une, falling upon tvx> other itraight lines j make 
the dUimaU a/ngles equal to one another; these ttoo straight 
I lines must be paraUeL 

I 




Let the at line EF, falling on the at. lines AB, CDj 
make the alternate i s AGH, GHD equal. 

Then must ABheWto CD. 

For if not, AB and CD will meet, if produced, either towards 
By D, or towards A, C, 

Let them be produced and meet towards B, Din K. 

Then GHK is a a ; 

and /. z AGH is greater than i GHD. I. 16. 

But z AGH'^ L GHD, Hyp. 

which is impossible. 

/. ABy CD do not meet when produced towards B, D. 

In like manner it may be shewn that they do not meet 
when produced towards A, C. 

.-. AB and CD are parallel Def. 26. 
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Proposition. XXVIII. Theorem. 

If a straight line, foMing wpon two other straight, lines, mah 
the exterior angle equal to (he interior and opposite upon Hu 
same side of (he line, or make (he interior angles wpon (he sam 
side toge(her equal to two right angles; (he tvx) ^aight Unu 
are paraUd to one another. 




Let the st line EF, fiEJling on st. lines AB, CD, make 
I. I J^G^B= corresponding z GHD, or 
II. z B BGH, GHD together-two rt. z s. 
Then, in either case, AB must be \\ to CD, 

L •.• z EGB is given = z GHD, Hyp. 

and z EGB is known to be= z AGH, I. 16. 
.-. lAGH==iGHD; 
and these are alternate z s ; 

.-. AB is II to CD, I. 27. 

II. •.• z s BGH, GHD together=two rt. z s, Hyp. 

and z s BGH, AGH together=two rt. z s, L 13. 
/. z 8 BGH, AGH together^ z s BGH, GHD together ; 

.-. iAGH=iGHD; 

,'. AB is II to CD, I, 27. 
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N0TE& On the Sixth PwhdaJte, 

In the place of Eadid's Sixth Postulate many modem 
wiiten on Geometry propose, as more evident to the senses, 
tike following Postulate : — 

*^THfOfiTaighi lint* whith cut one another cannot both be 
fmUd to (he eame etrai^ lineJ* 

If Uus be assomedy we can prove Post 6, as a Theorem, 
tinu: 

Let the line EF &Iling on the lines AB, CD make the z s 
BGHj GHD together less than two rt z s. Then must AB^ 
CD meet when produced towards B, D. 




e — tsr J> 



For if not, suppose AB and CD to be parallel. 
Then '.• z s AGH, BGH together=two rt, z s, L 13. 

and z s GHD^ BGH are together less than two rt z s, 
.'. z AGH is greater than z GHD, 
Make z MGH= z GHDy and produce MG to N. 
Then *.* the alternate z s MGH, GHD are equal, 

.-. MN is n to 02>. I. 27. 

Thus two lines MN, AB which cut one another are both 
parallel to CD, which is impossible. 

.*. AB and CD are not paralleL 
It is also clear that they meet towards B, D, because GB 
lies between GN snd HD. 
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Proposition XXIX. Theorem. 

If a strcdght line fall upon two parallel stra/ight lineSy it 
makes the two interior angles upon the sa/me side together egvd 
to two fight angleSy and also the alternate angles equal to oM 
another, and oho the exterior angle equal to the interior aid 
opposite upon the same side. 




Let the st. line E¥ £all on the parallel st. lines AB, CD, 
Then must 

I. z s BOH, GHD together = two rt z s. 
11. I u4(3fjEr= alternate z GHD. 
III. z J57G^5= corresponding z GHD. 

I. z s BGH, GHD cannot be together less than two rt. z s, 
for then AB and CD would meet if produced towards 
B and D, Post 6. 

which cannot be, for they are parallel. 
Nor .can z s BGH, GHD be together greater than two 
rt. zs, 
for then z s AGH, GHC would be together less thaa 
two rt z s, I. 13. 

and AB, CD would meet if produced towards A and C 

Post 6 
which cannot be, for they are parallel, 
.*. z s BGH, GHD together = two rt. z s. 

II. •.* z s BGH, GHD together = two rt. z s, 

and z s BGH, AGH together = two rt. z s, I. 13. 
.-. z s BGH, AGH together= z s BGH, GHD together, 
and .-. z AGH= z GHD. Ax. 3. 

III. ••• z AGH= L GHD, 

and z AGH^ z EGB, 1. 15. 

.-. z EGB^ L GHD. Ax. 1. 

Q. E. D. 
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Exercises. 

1. If through a point, equidistant from two parallel 
night lines, two straight lines be drawn cutting the parallel 
raight lines; they will intercept equal portions of the 
lallel . lines. 

2. If a straight line be drawn, bisecting one of the angles 
a triangle, to meet the opposite side ; the straight lines 

awn from the point of section, parallel to the other sides 
d terminated by those sides, will be equal 

3. If any straight line joining two parallel straight lines 
I bisected, any other straight line, drawn through the point of 
section to meet the two lines, will be bisected in that point. 

KoTE. One Theorem (A) is said to be the converse of another 
leorem (B), when the hypothesis in (A) is the conclusion in 
\ and the conclusion in (A) is the hypothesis in (B). 

For example, the Theorem I. a. may be stated thus : 

Hypothesis, If two sides of a triangle be equal 
Conehisum, The angles opposite those sides must also be 
inaL 

The converse of this is the Theorem I. b. Cor. : 

Hypothesis, If two angles of a triangle be equal 

Conclusion. The sides opposite those angles must also be 
loal 

The following are other instances ; 

Postulate yi. is the converse of L 17« 
L 29 is the converse of L 27 and 28. 



a a. 
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PllOPOSlTlON XXX. THEORElt. 

Straight lilies which are parallel to the Mme strai^ 
line are parallel to one another. 




Let the st. lines AB, CD be each li to EF. 

Thm must AB be \\ to CD, 

Draw the st. line GH, catting AB, CD, EF in the ptn. 

0, /^ y. 

Then •.' GH cuts the 11 lines AB^ EF, 

.', L ^OP=altemate l FQF. L 29. 

And ••• Gil cuts the || lines CD, EF, 

,\ extr. z OPD=intr. z FQF ; I. 29. 

.-. z AOF=' L OFD ; 

and these are alternate angles ; 

.-. ^5 is II to CD. I. 27. 

Q. S. D. 

The following Theorems are important They admit of 
easy proof, and are therefore left as Exercises for the 
student. 

1. If two straight lines be parallel to two other straight 
lines, each to each, the first pair make the same angles with 
one another as the second. 

2. If two straight Knes be perpendicular to two other 
straight lines, each to each, the first pair make the same angles 
with one another as the second. 



i 



Book L] PROPOSITION XXXI. 51 



Proposition XXXI. Problem. 

To draw a straight line throtLgh a given paint paraUd 
to a given straight line. 




Let A be the given pt. and BC the given Bt. line. 
It is required to dra/u) through A a si, line \\ to BC, 

In BC take any pt. D, and join AD, 

Make z DAE-^ i ADC. I. 23. 

Produce EA to F. Then EF shall be 'J to BC, 

For '.* ADf meeting EF and BC, makes the alternate 
angles equal, that is, z EAD= l ADC^ 

,\EF\&\ioBC, 1.27. 

.'. a St. line has been drawn through ^ || to BC 

Q. £. F. 

Ex. 1. From a giyen point draw a straight line, to make 
an angle with a given straight line that shall be equal to 
a given angle. 

Ex. 2. Through a given point A draw a straight line 
ABC^ meeting two parallel straight lines in B and 0, so that 
BC may be equal to a given straight line. 
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Proposition XXXII. Theorem. , 

If a side of any triangle he produced^ the exterior angle 
is equal to the two interior and. opposite angles, and Ike 
three interior a/ngles of every triangle are together equal to 
two right a/ngks. 




Let ABC be a A , and let one of its sides^ BC, be pror 
duced to D. 

Then will 
L z ACD=^ L s ABC, BAG together. 
11. I s ABC, BAG, ACB together =' two rt z «. 

From C draw CE || to AB. ^ I. 31. 

Then I. •.• BD meets the lis EC, AB, 

.-. extr. I ECD==mtT. l ABC. I. 29. 

And *.• ^C meets the ||s EC, AB, 

.'. I ^C'J^=altemate i BAC. I. 29. 

.-. L a BCD, ACE together= z s ABC, BAC together ; 

.'. z ACD^ L s ABC, BAC together. 
And II. •.• z s ABC, BAC together^ z ACT), 
to each of these equals add z ACB ; 
then z s ABC, BAC, ACB together= z s ACT), ACB together, 
.*. z s ABC, BAC, ACB together=two rt. z s. I. 13. 

Q. E. D. 

Ex. 1. In an acute-angled triangle, any two angles are 
greater than the third. , 

Ex. 2. The straight line, which bisects the external vertical 
Wide of an iaoaceles triangle is parallel to the base. 
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Ex. 3. If the side BG of the triangle ABC be produced to 
D, and AB be drawn bisecting the angle BAG and meeting 
BG in E ; shew that the angles ABBy AGD are together 
doable of the angle A ED, 

Ex. 4. If the straight lines bisecting the angles at the base 
of an isosceleff triangle be produced to meet ; shew that they 
will contain an angle equal to an exterior angle at the base of 
the triangle. 

Ex. 5. If the straight line bisecting the external angle of a 
triangle be parallel to the base ; prove that the triangle is 
isosceles. 

The following Corollaries to Prop. 32 were first given in 
Simson's Edition of Euclid. 

Cor. 1. I%e wm of (hf interior angles of any rectilinear 
figwe together withfovr right ambles is equal to twice as many 
right angles as (he figure has sides. 




Let ABODE be any rectilinear figure. 

Take any pt. F within the figure, and from F draw the 

8t lines FA, FB, FG, FD, FE to the angular pts. of the figure 

Then there are formed as many z s as the figure has 
sides. 

The three z s in ea4:h of these A s together = two rt. z s. 

,',aU the z s in these as together = twice as many right 
z s as there are A s, that is, twice as many right z s as the 
figure has sides. 

Now angles of all the As= z s at A, By 0, D, E and z. s 
at j; 

that ia, = z s of the figure and z s at JP, 
and .*, = z s of the figure and four rt. z s. I. 15. Cor. 2. 

.*. z s of the figure and four rt. z s=twice as man^ tfe. l% 
as the fiygfure has sides. 
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Cor, 2. HIm exterior angles of any convex rectilinear figure, 
made by producing each of its sides in succession, are together 
equal to four right angles. 

Every interior angle, as ABC, and its adjacent exterior 
angle, as ABD, togetiier are == two rt. i s. 




.'. all the intr. z s together with all the extr. / s 
= twice as many rt. z s as the figure has sides. 

But all the intr. z s together with four rt. z s 

-= twice as many rt. z s as the figure has sides. 
/. all the intr. z s together with all the extr. z s 
=all the intr. z s together with four rt. z s. 
.*. all the extr. z s=four rt. z s. 
Note. The latter of these corollaries refers only to convex 
figures, that is, figures in which every interior angle is less 
than two right angles. When a figure contains an angle greater 




than two right angles, as the angle marked by the dotted line 
in the diagram, this is called a refiex angle. See p. 149. 

Ex. 1. The exterior angles of a quadrilateral made by pro- 
ducing the sides successively are together equal to the interior 
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Ex. 2. Prove that the interior angles of a hexagon are equal 

to eight right'angles. 

Ex. 3. Shew that the angle of an equiangular pentagon is % 
of a right angle. 

I Ex. 4. How many sides has the rectilinear figure, the sum 
\ of whose interior angles is double that of its exterior angles ? 

^ Ex. 5. How many sides has an equiangular polygon, four 
of whose angles are together equal to seven right angles ? 



Proposition XXXIH, Theorem. 

Tht ttraight lines which join the extremities of two equal and 
parcdlel straight lines^ towa/rds the same paHSy are also thentr 
selves equal and ^pa/ralld. 




Let the equal and 11 st. lines AB, CD be joined towards the 
same parts by the st lines ACy BD, 

Then mfust AC and BD be equal and ||. 

Join BC 
Then '.- ^5 is || to CD, 

.-. z ^J5C= alternate i DCB. I. 29. 

Then in A s ABCy BCD, 
'.' AB^CD, and 50 is common, and i ABC= l DCB, 

.-. AC^BD, and l ACBr^ z DBC I. 4. 

Then '.* JBC, meeting AC and BD^ 

makes the alternate z s ACB^ DBC equal, 

.-. JCisllto^D. 

<^. 1.. Ti. 
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Miscellaneous Exercises on SecUons I, and 27. 

1. If two exterior angles of a triangle be bisected by 
straight lines which meet in ; prove that the perpendicaLun 
from on the sides, or the sides produced, of the triangle are 
equal. 

2. Trisect a right angle. 

3. The bisectors of the three angles of a triangle meet in 
one point. 

4. The perpendiculars to the three sides of a triangle drawn 
from the middle points of the sides meet in one point. 

5. The angle between the bisector of the angle BAO of the 
triangle ABO and the perpendicular from A on BO^ is equal 
to half the difference between the angles at B and (7. 

6. If the straight line AD bisect the angle at ^ of the 
triangle ABO, and BDE be drawn perpendicular to AD, and 
meeting AO, or reproduced, in E; shew that BD is equal 
to DE, 

7. Divide a right-angled triangle into two isosceles tri- 
angles. 

8. AB, OD are two given straight lines. Through a point 
E between them draw a straight line GEH, such that the in- 
tercepted portion OH shall be bisected in E. 

9. The vertical angle of a triangle OPQ is a ri^t, acute, 
or obtuse angle, according as OB, the line bisecting FQ, is 
equal to, greater or less than the half of FQ, 

10. Shew bv means of Ex. 9 how to draw a perpen- 
dicular to a given straight line from its extremity without pro- 
ducing it. 
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SECTION III. 



On the Equality of Rectilinear Figures in respect of Area. 



Thb amoant .of space enclosed by a Figure is called the 
Area of that figure. 

Eadid caUs two figures w^mX when they enclose the same 
amount of space. They may be dissimilar in shape, but if the 
areas contained within the boundaries of the figures be the 
same, then he calls the figures tqyyaX, He regards a triangle, 
for example, as a figure haying sides and angles and area, and 
he proves in this section that two triangles may have equality 
of area, though the sides and angles of each may be unequal 

Coincidence of their boundaries is a test of the equality of 
all geometrical magnitudes, as we explained in Note 1, 
page 14. 

In the case of lines and angles it is the only test : in the 
case of figwes it is a testy hut not the only test ; as we shall 
shew in iMs Section. 

The sign «, standing between the symbols denoting two 
JigwreSy must be read is equal in area to. 

Before we proceed to prove the Propositions included in 
this Section, we must complete the list of Definitions required 
in Book I., continuing the numbers prefixed to the definitions 
in page 6. 
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Definitions. 

XXVII. A Parallelogram is a 
four-sided figure whose opposite 
sides axe parallel. 





For brevity we often designate a parallelogram by two 
letters only, which mark opposite angles. Thus we call the 
figure in the margin the parallelogram AQ, 



XXVIII. A Rectangle is a par- 
allelogram, having one of its angles 
a right angle. 



Hence by I. 29, oil the angles of a rectangle are right 
angles. 




XXIX. A Rhombus is a par- 
allelogram, having its sides equal. 



XXX. A Square is a paral- 
lelogram, having its sides equal 
and one of its angles a right 
angle. 

Hence, by I. 29, all the angles of a square are right 
angles. 



J 



XXXI. A Trapezium is a 
four-sided figure of which two 
sides only are parallel. 




XXXII. A Diagonal of a four-sided figure is the straight 
Voipjommg two of the opposite angular pomts. 
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XXXIIL The Altitude of a Parallelogram is the perpen- 
licalar distaace of one of its sides from the side opposite, 
i^^arded as the Base. 

The altitude of a triangle is the perpendicular distance of 
ne of its angular points from the side opposite, regarded as 
he base. 

Thus if ABCD be a parallelogram, and AE a perpendicular 
;t fall from A to CD^ AE is the altitude of the panillelogram, 
nd also of the triangle ACD. 




If a perpendicular be let fall from B to DC produced, meet- 
ig DC in F, BF is the altitude of the parallelogram. 

EXERaSES. 

Prove the following theorems : 

1. The diagonals of a square make with each of the sides 
n angle equal to half a right angle. 

2. If two straight lines bisect each other, the lines joining 
heir extremities will form a parallelogram. 

3. Straight lines bisecting two adjacent angles of a paral- 
elogram intersect at right angles. 

4. If the straight lines joining two opposite angular points 
)f a parallelogram bisect the angles, the parallelogram has all 
ts sides equal. 

5. If the opposite angles of a quadrilateral be equal, the 
uadrilateral is a parallelograuL 

6. If two opposite sides of a quadrilateral figure be equal to 
ne another, and the two remaining sides be also equal to one 
nother, the figure is a parallelograra. 

7. If one angle of a rhombus be equal to two-thirds of two 
ight angles, the diagonal drawn from that angular point 
ivides the rhombus into two equilateral triangyea. 
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Proposition XXXIV. Thborkm. 

Tht opposite sides and angles of a paraUelogra/ni a/re eqyd (o 
one another, and the diagonal bisects it. 




1.29. 



1.29. 



Let ABDC be a O, and BC a diagonal of the O. 

Then must AB^DG and AC=DB, 
and L BAC= L CDB, and i ABD= L ACD 
and lABC= lDCB, 

For •.• J5 is II to CD, and BC meets them, 

.-. I ^jBC= alternate z DOB ; 
and '.• jiO is II to BDy and BC meets them, 

/. I -4CB=altemate L BBC, 

Then in A s ABC, DCB, 

•.• I ABC= L BCB, and L ACB= i DBG, 

and BC is common, a side adjacent to the equal z s in each ; 
/. AB^DC, and AC=DB, and i BAC-=^ L CDB, 

and A ABC= A BCB, I. b. 

Also •.• I ABC^ I DCB, and i DBC^ L ACB, 

:, L s ABC, BBC together= z s DCB, ACB together, 
that is, z ABJ)=- z ACD, 

Q. £. D. 

Ex. 1. Shew that the diagonals of a parallelogram bisect 
each other. 

Ex. 2. Shew that the diagonals of a rectangle are equal. 



r 
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Proposition XXXV. Theorem. 

Uograms on the same b<ue and between the tame 
; a/re eqtud. 




he Os ABGD, EBCF be on the same base BC 
ween, the same Qs AF, BC, 

Then must O ABCD^EJ EBCF, 
I. If AB, EF hare no point common to both^ 
in the A s FDGy EAB, 

V extr. I JPjDO-intr. z EAB, I. 29. 

and intr. z DEC = extr, l AEBy I. 29. 

and BC^AB, I. 34. 

.-. A JP*I>0= A j&^jB. I. 26. 

O ^BOD with A JP7)C=figure uiBOF ; 
O EBCF with A ^^5-figure ABCF; 
7 ABCD with A FBC^CJ EBCF with A ^ui-B ; 
.'. O ABCB=nJ EBCF. 

II. If the sides ^D, J^JP overlap one another, 




the same method of proof applies. 
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Case III. If the sides opposite to BG be terminated inj 
the same point D, 




1.31 



:b a 

the same method of proof is applicable, 
but it is easier to reason thus : 
Each of the Os is double of a BDC ; 

/. O ABCD=nJ DBCF. 

Q. X. D. 

Proposition XXXVL Thborem. 

ParaUdograms on equal hases^ and bdvxen the same 
paraUelSf are equal to one another. 

jL V >: jr 




^. 



MO y 

Let the Os ABCD, EFGH be on equal bases BC, FG, 
and between the same lis AH, BO, 

Then must O ABCD^CJ EFGH. 
Join BE, CH. 
Then •/ BG==FG, 

iindEH=FG; 
.\BC-=EH; 
and BC is i to EEt. , 
.'. EB is \\ to CH; 
.'. BBCH is a parallelogram. 
Now O EBCH=CJABCD, 
'/ they are on the same base BC and between the same ||s ; 

and O EBCH^CJEFGH, I. 35. 

'/ they are on the same base EH and between the same ||s ; 

.% O ABCD^EJ EFGH 

Q. K. D. 



Hyp. 
1.34. 

Hyp. 
133. 

1.35. 
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Proposition XXXVII. Theorem. 

Trtartgles upon the mine base, and between the same 
parallels, a/re equal to one another. 




Let A s ABC, DEC be on the same base EC and between 
the same ||8 AD, EG, 

Then must a AEC^ a DEC. 

From E draw BE \\ to CA to meet DA produced in E, 
From C draw CF || to ED to meet AD produced in F, 

Then EBCA and FCED are parallelograms, 

and O EB0.4 = O -FCBD, I. 35. 

'.* they are on the same base and between the same ||s. 

Now A ABC is half of O EBCA, I. 34- 

and A DEC is half of O FCED ; I. 34. 

.-. L ABC ^^ DEC. Ax. 7. 

Q. E. D. 

Ex. 1. If P be a point in a side AE of a parallelogram 
ABCD, and PC, TD be joined, the triangles PAD, PEC are 
together equal to the triangle PDC. 

Ex. 2. If ^, P be points in one, and C, D points m 
another of two parallel straight lines, and the lines AD, EC 
intersect in E,. then the triangles AEC, BED are equal. 
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Proposition XXXVIII. Theorem. 

Trianglei upon equal bases, and between the same-pardllelst 
a/re equal to one a/nother. 




Let AS ABC, DEF be on equal bases, BC, EF, and 
between the same ||s BFy AD; 

Then must A ABG^ A DEF. 

From B draw BG || to CA to meet DA produced in Q. 

l^Tom F draw FJEC || to ED to meet AD produced in H. 

Then CO and EH are parallelograms, and they are equal, 

*.' they are on equal bases JBC, EF, and between the same 
UBFyGH. L36. 

Now lABC is half of O CG, 

and ADEFishalf of CJ EH; 

.'. aABC^ a DEF. Ax. 7. 

Q. E. D. 

Ex: 1. Shew that a straight line, drawn from the vertex 
of a triangle to bisect the base, divides the triangle into two 
equal parts. 

Ex. 2. In the equal sides AB, AC of an isosceles triangle 
ABC points D, ^ are taken such that BD*^ AE. Shew that 
the triangles CBD, ABE are equal 
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Pbofosition XXXTX. Thsorkm . 

Mqwd triangles vpon the same htuef and upon the sams Me 
of itf am between the same paraUeh, 




a 

liet ihe equal as ABOy DBC be on the tame beee BC, and 
on the same aide of it. 

Join AD. 

Then muel AD he Ji to BO. 

For if not, thronf<h A draw AG H to BO, so as to meet BD, 
or BD prodncedy in 0, and join 00. 

Then v as ABO, OBO are on the same base and between 
the same |8y 

.'. A ABC^ A OBC. L 37 

Bat A ABO^ A DBO ; Hyp. 

/. lOBO^lDBO, 
the lessathe greater, which is impossible ; 
/. AO is not I to BO. 
In the same way it may be shewn that no other line passing 
through ui bat .dD is R to B0\ 

.'. AD is I to jBC. 

Q. S. D. 

Ez.1. uiD is parallel to £0 ; ACy BD meet in ^; BO is 
produced to P so that the triangle FEB is equal to the 
triangle ABO : shew that PD is parallel to AO. 

Ex. 2. If of the four triangles into which the diagonals 
divide a quadrilateral, two opposite ones are equal, the quad- 
rilateral has two opposite sides parallel 

8.x. 6 
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Proposition XL. Thborek. 

Hqual tricmgles v^on equal hases, in the same itradg/U line, 
and tovHurds Ihe same parts, are between the same paraUeU, 




Let the equal as ABC, DEF be on equal baaes BC, El 
in the same at line BF and towards the same parts. 

Join AD. 

Thm mast AD be D to BF. 

For if not, through A draw J.0 || to BF, so as to meet EL^ 
or ED produced, in 0, and join OF. 

Then A ABC^ A OFF, *.* they are on equal bases and 
between the same lis. I 38. 

But A ABC^ A DEF ; Hyp. 

.-. lOEF'^lDEF, 
the less sa the greater, which id impossible. 
.'. -aO is not I to B^. 
In the same way it may be shewn that no other line passing 
through A but AD is fl to BF, 

.-. AD is D to B^. 

Q. E. D. 

Ex. 1. The straight line, joining the points of bisection of 
two sides of a triangle, is parallel to the base, and is equal to 
half the base. 

Ex. 2. The straight lines, joining the middle points of the 
sides of a triangle, divide it into four equal triangles. 
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pROFOsinoN XLL Thboreh. 

If a pardUUxfram and a triangle be upon the tame hau, and 
between the eame pafraUeU^ the parailelogram ie double of the 
triangle. 




Let the O ABCD and the nBBCheaa the same base BC 
and between the same ||s AE, BC, 

Then mud CJABCD be double of A EBC. 

Join J C. 

Then aABC^ a EBC, v they are on the same base and 
between the same ||s ; I. 37. 

and O ABCD is double of A ABC, v ACIb a diagonal of 
ABCD ; L 34. 

.-. O ABCD is double of A EBC. 

Q. E. D. 

Ex. 1. If from a point, without a parallelogram, there be 
drawn two straight lines to the extremities of the two opposite 
sides, between which, when produced, the point does not lie, 
the difference of the triangles thus formed is equal to half the 
parallelogram. 

Ex. 2. The two triangles, formed by drawing straight lints 
from any point within a parallelogram to the extremities of 
its opposite sides, are together half of the pai&YLeVo^tttOi. 
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Proposition XLII. Problem. 

To describe a pa/rdllelogromi that shall be equal to a given 
tnangUy and have one of its angles equal to a given angle. 




C 

» 

Let ABC be the given A , and D the given l . 

It is required to describe a O eqv>al to A ABC, having one : 
of its Ls^ iD, 

Bisect BC in ^ and join AE. L la 

At J^ make z 0^1^= z D. ^ 123. 

Draw AFG \\ to EC, and from C draw CQ l| to EF. 
Then FECG is a parallelogram. 

"Now aAEB==aAEC, 
V they are on equal bases and between the same (|s. I. 38. 

.-. A ABC is double of A AEC. 
But O FECG is double of A AEC, 

V they are on same base and between same t(s. I. 41. 

/. O FECG= A ABC ; Ax. 6. 

and O FECG has one of its z s, CEF= z 2>. 
,% O FECG has been described as was reqd. 

Q. B. F. 

Ex. 1. Describe a triangle, which shall be equal tp a given 
parallelogram, and have one of its angles equal to a given 
rectilineal angle. 

Ex. 2. Construct a parallelogram, equal to a given triangle, 
and such that the sum of its sides shall be equal to the sum 
of the sides of the triangle. 

Ex. 3. The perimeter of an isosceles triangle is greater than 
the perimeter of a rectangle, which is of the same altitude 
and equal to, the given triangle. 
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Proposition XLIIL Theorxm. 

Tht compUmenU of the paraUdogramSy which are about 
Ike dxaoMUr of any parallelogram, are equal to one another. 




Let ABCD be a O, of which BD is a diagonal, and 
EG, HK the Os about BD, that is, through which BD 
passes, 

and ^AF, FC the other Os, which make up the whole 
figure ABCD, 

and which are .'. called the Complements. 
Then must complement AF^^ complement FC. 

• For •/ BD is a diagonal of CJ AC, 

.'. A ABD-^ A CDB ; L 34. 

and -.' BF is a diagonal of O HK, 

.'. A HBF'-- lKFB ; L 34. 

and '.* FD is a diagonal of O EG, 

.'. A ^irD= A GDF. L 34. 

Hence sum of a s HBF, EFD^^sxun of A s ZIFB, GDF. 

Take these equals from A s ABD, CDB respectirely, 

then remaining O ^jP= remaining O FC, Ax. 3. 

Q. E. D. 

Ex. 1. If through a point 0, within a parallelogram 
ABCD, two straight lines are drawn parallel to the sides, 
and the parallelograms OB, OD are equal ; the point is 
in the diagonal AC, 

Ex. 2. ABCD is a parallelogram, AMN a straight line 
meeting the sides BC, CD (one of them being produced) in 
M, N. Shew that the triangle MBN is equal to the triangle 
MDC. 
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Proposition XLIV. Problem. 

To a given straight line to apply a paraUdograrn^ which 
shall be equal to a given triangle, and have one of its angles 
equal to a given angle. 




Let AB be the given at. line, C the given A, D the 
given I , 

It is required to apply to AB a [JJ ^ aC and ha/ving one 
of its z«= iD, 

Make a 0= A C, and having one of its angled » z D, I. 42. 

and suppose it to be removed to such a position tha^ one of 
the sides containing this angle is in the same st. line with AB, 
and let the O be denoted by BBFG. 

Produce FG to H, draw AH || to BG or BF, and join BE, 

Then •/ FH meets the ||s AH, EF, 

,\ sum of z s AHF, HFE^two rt. z s ; I. 29. 

.*. sum of z 8 BHG, HFE is less than two rt. z s ; 

.'. HB, FE will meet if produced towards B, E, Post. 6. 

Let them meet in K, 

Through K draw KL \\ to EA or FH, 

and produce HA, GB to meet KL in the pts. L, M, 

Then HFKL is a O, and HK is its diagonal ; 

and AG, ME are Os about HK, 

,\ complement jBL= complement BF, I. 43. 

.'.CJBL^ aG. 

Abo the £JBLha& one of its z s, ABM^ z BBG, and 
.: equal to zj). 
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Proposition XLV. Problem. 

To deacribe a jMralldogram, which dtaU be equal to a 
given rectilinear figure, and have one of its angles eqtud to a 
given angle, 

r 





Let ABCD be the giyen rectil. figure, and E the f^ven i . 

It ii required to daoribe a O -■ (o ABCD, having one 

of its 18^ lE, ^ 

Join AC. 

Describe a O FQHK'^ lABC, having i FKH'^ l E. 

1.42. 

To GH apply a O GHML^ a CDA, having z GHM^ l E. 

1.44. 
Then FKML is the O reqd. 

For V z GJETATand z ^ZHare each=- lE; 

.-. iGHM^iFKH, 

.'. sum of z s GITM, GHK^sjim of z s i^ZJET, G-ffZ" 

=two rt z 8 ; I. 29. 

.'. KHM is a at. line. I. 14. 

Again, •/ HG meets the ||b FG, KM, 

L FGB.^ z GtffM, 

.-. sum of z 8 FGILy LGH^sum of z s GHM, LGH 

■=two rt. z 8 ; I. 29. 

/. jP6rX is a St. line. I. 14. 

Then •/ KF is || to HG, and HG is || to LM 

.-. Zi^ is II to LM ; I. SO. 

and KM has been shewn to be II to FL, 

.*. FKML is a parallelogram, 

and ••• FH^ A -450, and G^if = A 02) J, 

.-. £7 i^iif«. whole rectil. fig. ABCD, 

and O i^^Jf has one of its z s, FKM^ z ^. 

In the same iraj a HJ may be constructed eo^^X \ft ^ ^^\i. 
rectil £g, of any Dumher of sides, and having ona ol\\.% «si^v» 
eqiml to a given angle. <^ "L. Y. 
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JlwodZosMoitt ffnnTiMi. 



1, Ir oiM diagoDal of a qandrilatenl bisect tbe oliher^ ifc 
divides tbe qxuidziktenl into two eqxui triainglflB. 

i. If firom »y |Knnt in tbe diagoml, or the diagonal pro- 
duoed, of A paiaDelogtKm, stnigbt lines be drawn to the 
opposite angles^ tbey will oat off equal trianglwi. 

3. In a tnpennm tbe straight liney joining the middle 
points of tbe paiallel sides, bisects tbe tEfpennm. 

4. The diagonals AC, BD of a parsllelogiam intersect in 
0, and P is a point within the tiian^e AOB ; pioye that the 
difference of the triangles CPD^ AFD is equal to the sum of 
the triangles AFC, BPIX 

5. If either diagonal of a panllelognm be eqoal to a 
side of the figure, the other diagonal shall be ^^raater than 
any side of the %ure. 

6. If through the angles of a panllelognm four stnight 
lines be drawn parallel to its diagcnials, another panllelogram 
will be formed, the area of whidi will be double that of the 
original parallelogram. 

7. If two triangles haye two sides respectiTely equal and 
the included angles supplemental, the trian^es are equal 

8. Bisect a given triangle by a straight line dnwn bom 
a given point in one of the sides. 

9. The base AB of a triangle ABC is produced to a point 
D such that BD is equal to AB, and straight lines are dnwn 
from A and D to j&, the middle point of BC; prove that the 
triangle ADE is equal to the triangle ABC. 

10. Prove that a pair of the diagonals of the panDdqgmmB^ 
wblcb are about the diameter of any ]^aisS\j^<cy^gnm,ixft\funIkl 

to each other. 
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Proposition XLVI. Problem. 
To describe a squtvre upon a given straight line, 




Let AB be the giyen st ]me* 
It is required to describe a squa/re on AB» 



From A draw AG ± to AB. 


L 11. Cor. 


In AC mAke AD =AB. 




Through D draw DE \\ to AB. 


1.31. 


Through B draw BE\\Uy A D. 


1.31. 


Then AEia& parallelogram, 




and /. AB^'ED, and AD^BE. 


1.34. 


Bui AB==AD; 


. 


.-. AB, BE, ED, DABieon equal ; 




.*. AE is equilateral 




And z BAD is a right angle. 




.'. AE is a square, 


Def. XXX. 


and it is described on AB. 





Q. E. F. 

Ex. 1. Shew how to construct a rectangle whose sides are 
equal to two given straight lines. 

£x. 2. Shew that the squares on equal straight lines are 
equaL 

Ex. 3. Shew that equal squares must be on equal straL^kt 
lines. 

NoTJE. The theorems in Ex. 2 and 3 aie aasvuHiej^ \il ^\vj2^^ 
In the proof of Prop, XLViu. 
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Proposition XLVII. Theoresl 

In any right-angled triangle the square which is described on 
the side subtending the right angle is equal to the squares 
described on the sides which contain the right angle. 




Let ABC be a right-angled A , having the rt. z BAG, 
Then must sq, on BG^ sum of sqq, on BA, AG. 
On BGj.GAy AB descr. the sqq. BDEGy GKHA, AQFB. 
Through A draw ^X || to jBZ) or GE, and join AD, FG. 
Then '.• i BAG and i BAG are both rt. z s, 

.*. GAG is a 8t. line ; L 14. 

and *.• z BAG and z GAB. are both rt z s ; 

.'. BAH is a st. line. 1. 14. 

Now %• z DBG^ z FBA, each being a rt. z , 
adding to each z ABG, we have 

z ABD= z FBG, Ax. 2. 

Then in A s ABD, FBG, 

v AB--^FBy and BD=BC, and z ABD^ z FBG, 

.-. aABD=aFBG. I. 4 

Now /Z7 BL is double of A ABD, on same base £D and 

between same i| s ALy BD, I. 41. 

and sq. BG is double of A FBG^ on same base FB and be- 

iJir^/i «jz22e lis FB, GG ; 1. 41, 
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Similarlyy by joining AE^ BK it may be shewn that 

O CL=8q. AK. 
Now 8q. on BO^wm of O BL and O CL, 

»sam of sq. £G^ and s^. AK^ 

»8am of sqq. on BA and ^C 

Q.B. D. 

Ex. 1. Prove that the square, described upon the diagonal 
of any given square^ is equal to twice the given square. 

Ex. 2. Find a line, the square on which shall be equal to 
the sum of the squares on three given straight lines. 

Ex. 3. If one angle of a triangle be equal to the sum of 
the other two, and one of the sides containing this angle being 
divided into four equal parts, the other contains three of those 
parts ; the remaining side of the triangle contains five such 
parts. 

Ex. 4. The triangles ABC, DBF, having the angles ACB, 
DFE right angles, have also the sides AB, AG equal to DE^ 
DFf each to each ; shew that the triangles are equal in every 
respect. 

NoTS. This Theorem has been already deduced as a Co- 
rollary from Prop. E, page 43. 

Ex. 5« Divide a given straight line into two parts, so that 
the square on one part shall be double of the square on the 
other. 

Ex. 6. If from one of the acute angles of a right-angled 
triangle a line be drawn to the opposite side, the squares on 
that side and on the line so drawn are together equal to the 
sum of the squares on the segment adjacent to the right angle 
and on the hypotenuse. 

Ex. 7. In any triangle, if a line be drawn from the vertex at 
right angles to the base, the difference between. t\i& ^o^sax^^ <s^ 
the mdes hi equal to the difference between t»)ie «c^t«i& csql ^<^ 
Begmenta of the base. 
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Proposition XLVIII. Theorem. 

If the square described upon one of the sides of a i/riangU he 
jequal to the squares described upon the other two sides of it, the 
angle contained by those sides is a right angle. 




JB a 

Let the sq. on BC, a side of a ABC, be equal to- the sum of 
the sqq. on AB, AC. 

Then must i BAC be a rt. angle. 

From pt. A draw ADi. to -40. 1. 11. 

Make AD=ABy and join DC, 

Then vAD^AB, 

.'. sq. on -42>=sq, on AB ; 1. 46, Ex. 2. 

add to each sq. on AC. 

then sum of sqq. on AD, AC=sxim of sqq. on AB, AC. 

But *.• z DAC is a rt. angle, 

/. sq. on 2>0=sum of sqq. on AD, AC; I. 47. 

and, by hypothesis, 

sq. on BC^sum of sqq. on AB, AC ; 
.'. sq. on jDCs=sq. on BC; 

.\ DO=BC. I. 46, Ex. 3. 

Then in A s ABC, ADC, 

-: AB=AD, and AC is common, and BC=DC, 

.'. iBAC^ iDAC; La 

and I DAC is a rt. angle, by construction ; 
/, z BAC is a tt. an^e. 
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INTRODUCTORY REMARKS. 

Thb geometrical figure with which we are chiefly concerned 
in this book is the Bbctanglb. A rectangle is said to be eonr 
tained by any two of its adjacent sides. 

Thus if ABCD be a rectangle, it is said to be contained by 
AB, ADf or by any other pair of adjacent sides. 




2 ^ 

We shall use the abbreviation red. AB, AD to express the 
words " the rectangle contained by AB, AD'* 

We shall make frequent use of a Theorem (employed, but not 
demonstrated, by Euclid) which may be thus stated and proved . 

Proposition A. Theorem. 

If (he adjacent sides of (me rectangle be equal to the adjacent 
sides of another rectangle, each to each, the rectangles are equal 
in area. 

Let ABCD, EFGH be two rectangles : 

and let AB^EF and BC-^FG. 



/i 



B 



C V o 

Then must red, ABCD^rect, BFOH. 
For if the rect. EFGH be applied to the rect. ABCD, so 
that EF coincides with AB, 
then FG wiU faU on BC, v l EFG= l ABC, 

and (3^ will coincide with 0, '.• BC--:FG. 
Similarly it may be shewn that H will comd^^ m>i)[v Xy^ 
. •. r^t, JSFGH coincidea with and is thexeioi^ ^c^aaX V> "tfc^*. 
JJ^OP. <^ ^ Ti. 
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Proposition I. Theorem. 

If there he two straight lines, one of which is divided irUo 
any nvmher of 'parts, the rectangle contained by the two straight 
lines is equal to the rectangles contained by the undivided line 
and the several parts of the divided line. 



M 




X jr 



Let AB and CD be two given st. lines, 
and let CD be divide^into any parts in B, F. 

Then must red. AB, CD ^ sum of red, AB, CE and reel 
AB, EF and rect. AB, FD, 

From C draw CG ± to CD, and in CG make CH^AB, 
Through JT draw HM \\ to CD. I. 31. 

Through E, F, and D draw EK, FL, DM || to CH. 
Then EK and FL, being eaoh=CH, are each=-4jB. 

Now Cflf =sum of CK and EL and FM, 
And OM=«rect. AB, CD, ',' CH^AB, 

CK^rect AB, CE, v CH^AB, 

EL^rect. AB, EF, \' EK^AB, 

FM^rect, AB, FD, V FL^AB ; 
.'. rect. AB, CD = sum of rect. AB, CE and rect. AB, EF 
and rect. AB, FD. 

Q. E. D. 

Ex. If two straight lines be each divided into any number 
of jmrts^ the rectangle contained by the two lines is equal to 
/iAe rectangles contained by all the pax\a oi >iJafc oii^ \akaTL 
»^F with all the parts of the otTner. 
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Pbopobition IL Tbiorem. 

Tf a itraight Une be divided into any two partSf the reetangUi 
enntairud by the whole and eo/di of, the paarti are together eqwd 
to the eqyuvre on the whole line. 




Let tho tt. line AB be divided into any two parto in (X 

Thenmtut 

tq, on AB'^ivm of red. AB, AC and red. AB, CR 

On AB describe the sq. ADEB I. 46. 

Through C draw CF li to AD. L 31. 

Then AE'^snm of AF and CM. 
Now AE is the sq. on AB, 

AF'^rect Afi, AC, V AD'^AB, 
CJET-rect AB, CB, V BE^^AB, 
,\ sq. on AB'^mm cf rect. AB, AC and rect. AB, CB. 

Q. E. D. 

Ex. The square on a straight line is equal to four time& the 
square on half the lin^ 
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Proposition III. Theorem. 

If a straight line he divided into any two partSy the rectangle 
contained by the whole and one of the parte is equal to the red- 
angle contained by the two pa/rts together with ike square on the 
aforesaid part. 




Let the at. line AB be divided into any two parts in 0. 

ITienmust 

rect, AB, CB=sum of rect. AC, CB and sq, on CB, 

On CB describe the sq. CDEB. I. 46. 

From A draw AF \\ to CD, meeting ED produced in F, 

Then AE=%}xm of AD and CE, 
Now -4^=rect. AB, CB, \' BE^CB, 
AD^rect. AC, CB, v CD^CB, 
0^=sq. on CB, 
.'. rect. AB, C(B=sum of rect. AC, CB and sq. en CB. 

Q. E. D. 

Note. When a straight line is cut in a point, the distances 
of the point of section from the ends of the line are called the 
segments of the line. 

If a line AB be divided in C, 
AC and CB are called the internal segments of AB, 

If a line -4C be produced to B, 
ABtmd CB axe called the external aegmeu^a oi AC. 
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Proposition IV. Theoreil 

If a straight line be divided into any tico partSy the square 
on the whole line is equal to the squares on the two parts together 
with twice the rectangle contained by the parts, 

A a B 



Let the st line AB be diyided into any two parts in C. 
Then must 
sq. on AB'=*8fiim of sqq. on AC, CB and twice rect, ACy CB, 

On AB describe the sq. ADEB. I. 46. 

From AD cut off AH^CB, Therf HD^AC. 

Draw CG H to AD, and HK \\ to AB, meeting CG in F. 

Then •/ BK^AH, ,\ BK^ CB, Ax. i. 

.-. BK, KF, FC, CB are all equal ; and KBCia& rt. z ; 

.'. CK is the sq. on CB, Def. xxx 

Also ^G^=sq. on AC, ',' HF and ED each=^C. 

Now AE'^Bnm of EG, CK, AF, FE, 

AE^w\, on AB, 



and 



JffG=8q. on AC, 
CK=w\. on CB, 
AF^red. AC, CB, 
FE^rect AC, CB, 



V CF=^ CB, 

v FG^AC Kndi FK-^CB. 



:, sq. on ^JS=>sam of sqq. on AC, CB and twice rect. AC, CB, 

Q. E. D. 

Ex. In a triangle, whose vertical angle is a right angle, a 
straight line is drawn from the vertex peipeti^icwW \x> >i}ti^ 
hasa Shew that the rectanf^le, contained \)y tYie ft^^^vMiX^ ol 
iAe baee, is equal to the square on the perpendicv)i\aT. 
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Proposition V. Theorem. 

If a straight line he divided into two equal parts and also 
into two unequal parts, the rectangle contained by the unequal 
farts, together with the square on the line between the points of 
section, is equal to the square on half the line. 



o_ 



I 



JO B 



M 



jB 



:b' 



Let the st. line AB be divided equally in C and ttnequally 

ini>. 

Then must ^ 

rect AD, DB together with sq. on CD=^sq. on CB, 

On CB describe the sq. CEFB. L 46. 

Draw DG \\ to CE, and from it cut oflf DH^DB. I. 31. 

Draw HLK \\ to AD, and AK || to DH, I. 31. 



Then rect. JD^=rect. AL, 
Also iG^=sq. on CD, 



vBF=AC,ajidBD:=CL. 
V LH^CD, and HQ^CD, 



Then rect. AD, DB together with sq. on CJt) 
= AH together with LG 
=sum of AL and CH and L(f 
=sum of DF and CH and LG 
-=CF 
—sq. on CB, 



^ X. d. 
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Proposition YI. Theorbil 

If a itraight line be bisected and jtroduced to any point, the 
rectangle contained by the whole line thus produced and the part 
of it produced, together with the square on half the line bisected, 
is equal to the square on the straight line whidh is made up of 
the half and the part produced. 



S, 



Hi 



W 



Q J^ 



Let the st. line AB be bisected in C and produced to D. 

Then must 

red. AD, DB together with sq, on CB^sq. on CD, 

On CD describe the sq. CEFD. I. 46. 

Draw BG \\ to CE, and cut off BH^BD. I. 31 

Through Jffdraw ^XJf II to ^D 1.31. 
Through A draw AK \\ to CE. 



Kow ••• BG^ CD and BH=BD ; 
r.HG^CB; 
.•. rect. 3f(r=«rect. AL, 

Then rect AD, DB together with sq. on CB 
St sum of AM and LG 
= sum of AL and CM and LG 
■=8um of MG and CM and LG 
^CF 
nsq. on CD, 



Ax. a 

II. A. 



^. "«.. 'Vi, 
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NoTB. We here give the proof of an important theorem, 
which is usually placed as a corollary to Proposition V. 



Proposition B. Theorem. 

Tke, difference between the squares on any two straight lines 
IS equal to the rectangle contained by the sum and difference of 
those lines. 



T> S 




Let ACy CD be two st. lines, of which AC ia the greater, 
and let them be placed so as to form one st. line AD, 

Produce AD to B, making CB^AC. 

Then -4D=the sum of the lines AC, CD, 

and DB^ the diflference of the lines -40, CD, 

Then must difference between sqq. on AC, CD=rect, AD, DB. 

On CB describe the sq. CBFB. I. 46. 

Draw DG \\ to CE, and from it cut oflf DE^DB. I. 31. 

Draw HLK \\ to AD, and AK \\ to DK I. 31. 

Then rect. 2>J^=rect. AL, \'BF^AC, and BD^CL. 

Also iG^=8q. on CD, v LH-^ CD, and HG^-^ CD. 

Then d'fference between sqq. on AC, CD 

—diflference between sqq. on CB, CD 

=8umof OifandD-F 

=sum of CH and AL 

^AH 

»=rect. AD, DH 

=rect. AD, DB, 

Q. E. D. 

-&. Shew that PropositionB Y. atvd VI. ixvi^ht be deduced 
from this JRropoflition. 
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Pbofositiok VII. Thborol 

If a straight line be divided into any tioo parts, the 
squares on the whole line and on one of the parts are equal 
to twiu the rectangle contained by the whole and thaJt part 
together with the square on the other part. 



S—J? 



J> F S 

Let AB be divided into any two parts in C 
Then must 
sqq, on AB, BC— twice rect AB, BC together vnth sq, on AC. 

On AB describe the sq. ADEB. I. 46. 

From AD cut off ^H= CB, 

Draw CF \\ to AD and HGK \\ to AB. I. 31. 

Then HF^sq, on AC, and 0^=8q. on CB. 

I Then sqq. on AB, JBO^sam of AE and CK 
i =sum of AK, HF, QE and CK 

=sum of AK, HF and CE. 



••• BK^BC ; 
V BE=AB ; 



Now -4-^= rect AB, BC, 
I C^=rect. AB, BC, 

I jEF=sq. on AC. 

.*. sqq. on AB, 50= twice rect AB, BC together with sq. on ^ C 

Ex. If straight lines he drawn from G to B wA Itwsi^^ 
to D, shew that BOD im a straight line. 
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Proposition VIII. Theorem. 
If a, itraight Une be diviiUd into <aiy ttm paHty fow 
ti/ma the rtcUingle coniaijied by the Wtoje lint and oJU of the 
pairtt, toge&Br vrith the iq^are on the other part, it eqwU lo 
the iquare on tiie etraigkt line vMch ie madt upoflhtm 
and the Jirit part 



L«t the Bt line AB be divided into any two porta in 
Produce AB to D, no that BD=BC. 



On AD describe the ii. AEFD. L 4lj. 
Tiom AE cat oS AM a.jid MX each-CB: 

Through C, B drew CH, BL to AE. I. 31. 

Through if, X draw MGKN, XPEO \\ to AD. I. 31. 

Now -.- XE-.4C, and XP=.iC, ■■■ -y^-aj- on^ft 

Aiao AG=MP=PL=RF, II. a. 

and CK=-6R-BN~K0 ; IL a. 

.'. BUm of these eight rectangles 

-four times the sum of ^6, CK 
—four timea AK 
— four times recL AB, BC. 
Then four timea rect AB, BC and sq. on AC 
—sum of the eight rectangles and XH 
-ASFD 
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PROFoeiTioN IX. Theorem. 

If a gtraight liru he divided into two equoly and oho into 
two unequal parts, the squares <m the two unequal parts are 
together double of the square on half the line and 0/ thr 
square on the line between the points of section. 




Let AB be divided equally in C and unequally in 2>. 

Thenmvst 
sum of sqq. on AD, DB^iwiee sum of sqq, on AC, CD, 

Draw CE^AC at rt z s to AB, and join EA, EB, 
Draw DFsXrt, z s to AB, meetiDg EB in P, 
Draw FG at rt. z b to EC, and join AF, 

Then •.• i ACE is a rt z , 
.-. sum of z 8 AEC, EAC^b, rt z ; 
and V iAEC=- lEAC, 
.*. z-4^0« half art. z. 
So also z BEC and z EBC are each»half a rt. z . 

Hence z AEF is a rt. z . 
Also, •.• z GEF is half a rt. z , and z EGF is a rt. z 
.-. z EFG is half a rt. z ; 
.-. z EFG=^ z GEF, and .-. EG=GF, 
So also z ^-PD is half a rt z , and BD-^DF. 



1.32. 
L A. 



I. a Cor. 



Now sum of sqq. on AD, DB 

=sq. on AD together with sq. on DF 
=sq. on AF * 1. 47. 

=sq. on AE together with sq. on EF I. 47. 

=sqq. on AC, EC together with sqq. on EGy GF I. 47. 
» twice sq. on -40 together with twic^ bc\. oii GB 
>» twice Bq.onAC together with twice w\r ^^ ^^• 
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Proposition X. Theorem. 

If a straight line he bisected and prodiiced to any point, 
the square on the whole line thus produced and the square on 
the part of it produced are together double of (he square on 
half the line bistcted and of ike square on the line made up 
of the half and the part produced. 




Let the st. line AB be bisected in C and produced to D. 

Then must 

surru of sqq. on AD, BD=^ twice sum of sqq, on AC, CD. 

Draw CEa. to AB, and make CE=AC. 
Join EA, EB and draw EF \\ to AD and DF || to CE. 
Then •/ z s FEB, EFD are together less than two rt. z s, 
/. EB and FD will meet if produced towards B, D 
in some pt. Q, 

Join AG. 

Then •/ z ACE is a rt. z , 
/. z s EAC, AEG together=a rt. z , 

and •.' z EAC= z AEC, I. a. 

.-. zJ[^6'= half art, z. 

So also z s BEC, EBC each=half a rt. z . 

.*. z AEB is a rt. z . 

Also z DBG, which = z EBC, is half a rt. z , 
and .'. z 5Gfi) is half a rt. z ; 

.-. BD^DG. I. B. Cor. 

Again, •.* z FGE^^h&lf a rt. z , and z EFG is art. z , I. 34. 

.-. z i^^G^=half a rt. z , and EF=FG. I. a Cor. 

Then sum of sqq. on AD, DB 
=sum of sqq. on AD, DG 
=sq. on AG 

=sq. on AE together with sq. on EG 
'^sqq. on AC, EC together with sqq. on EF, FG I. 47. 
^ twice sq. on AC together witltt. tmc» ^o^. ora. EF 
^ twice sq. on AC together withtwica %^\. onCX). ^^\>, 



1.47. 
1.47. 
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Proposition XL Problem. 

To divide a given straight line into tvoo parts, so that the rect- 
angle contained by the whole and one of the parts shall be equal 
to the square on the other part, 

JP (f 




^7i 



1.46. 
I. 10. 

1.46. 



Let AB be the given st. line. 

On AB descr. the sq. ADCB. 

Bisect AD in E and join EB, 
Produce DA to F, making EF=^EB. 

On AF descr. the sq. AFGH, 

Then AB is divided in H so thai rect, ABy BH^sq. on AH, 

Produce GH to K. 

Then *.* DA is bisected in E and produced to F, 
.*. rect. DF, FA together with sq. on AE 
— sq. on EF 

=sq. on EBy v EB=EF, 
s=8um of sqq. on AB, AE, 

Take firom each the square on AE, 

Then rect. DF, FA^sq, on AB, 

Now J:£:=rect. DF, FA, v FG=FA, 

.-. FK^AC, 

Take from each the common part AK, 

Then FH^ HO; 
that is, sq. on AH=^Tect AB, BH, •/ BC=AB. 

Thus AB is divided in ^ as was reqd. 

Ex. Shew that the squares on the wlaole line «k3i^ on^fc ol^% 
parts are equal to three times the square on tYie o^et ^mX.. 



II. 6. 
1.47. 

Ax. 3. 
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Proposition XIL Theorem. 

In cbtiM&'angled triangles, if a perpendicular be drawn from 
either, of the acute angles to the opposite side produced, the square 
on the side subtending the obtuse angle is greater than the squares 
on the sides corUaining the obtuse angle, by twice the rectangle 
contained by the side, upon which, when produced, the perpendi- 
cula/r falls, and the straight Une intercepted without the triangle 
between the perpendicuh/r cmd the obtuse omgle. 




Let ABC be an obtuse-angled A, Laving z ACB obtuse. 

From A draw AD ± to BC produced. 
Hien must sq, on AB be greater than sum of sqq, on BC, 
CA by twice rect, BC, CD. 

For since BD is divided into two parts in C, 

sq. on BD^Bum of sqq. on BC, CD, and twice rect. BC, CD, 

II. 4 
Add to each sq. on DA : then 

sum of sqq. on BD, DA »sum of sqq. on BC, CD, DA and 

twice rect. BC, CD. 

Now sqq. on BD, D^nsq. on AB, L 47. 

and sqq. on CD, D^^sq. on CA ; I. 47. 

.*. sq. on -45= sum of sqq. on BC, CA and twice rect. BC, CD. 
.*. sq. on AB is greater than sum of sqq. on BC, CA by 
twice rect. BC, CD. 

Q. E. D. 

Ex. The squares on the diagonals of a trapezium are 
together equal to the squares on its two sides, which are not 
psundlel, and twice the rectangle contained by the sides, which 
^uv parallel 



ILl 
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Proposition XIII. Theorem. 

In every triangle^ the square on the side euhtejiding any of 
Ihe acute angles is less than the squares on the sides containing 
IhaJt angley hy twice ihe rectangle contained by exUitr of these sides 
and the straight line intercepted between the perpendicular, Id 
JaU upon it from the opposite angle, and the acute angle. 

FiaSL 





B C 

Let ABC be any A , having the z ABC acute. 
From A draw AD x to BC or BC produced. 
Then must sq, on AC be less than the sum of sgq, on AB, 
BC, by twice rect BC, BD. 

For in Fig. 1 BC ia divided into two parts in X>, 

and in Fig. 2 BD is divided into two parts in C; 

.*. in both cases 

sum of sqq. on BC, BD^Bum of twice rect. BC, BD and 

sq. on CD. II. 7. 

Add to each the sq. on DA, then 

sam of sqq. on BC, BD, DA'^Bum of twice rect. BC, BD 
and sqq. on CD, DA ; 

.*. sum of sqq. on BC, AB '^aum of twice rect. BC, BD and 
sq. on^O; 1.47. 

.'. sq. on ^0 Ib less than sum of sqq. on AB, BC by twice 
rect. BC, BD. 

The case^ in which the perpendicular AD coincides with AC, 
needs no proof 

Q. £. D. 

Ex. Prove that the sum of the squares on any two sides of 
a triangle is equal to twice the sum of tbe &qyx&ie^ OTL\\a^ *Cgl<^ 
buse and on the line joining the vertical angle m\^ >i)ci<& td^^^c 
point of the base. 
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Proposition XIV. Problem. 

To describe a square that shall be equal to a given rectilinear 
figure. 





Let A be the given rectil. figure. 
It is reqd. to describe a square that shall = A. 

Describe the rectangular O BODE— A. I. 46. 
Then if BE=ED the O BODE is a square, 
and what was reqd. is done. 

But if BE be not= JS;D, produce BE to F, so that EF=EB. 
Bisect BF in G ; and with centre G and distance GB^ 
describe the semicircle BHF. 
Produce BE to H and join GH. 

Then, •.* BF is divided equally in G and unequally in Ey 
.'. rect. BE, EF together with sq. on GE 

=sq. on GF IL 6. 

=sq. on GH 

=sum of sqq. on EH, GE. I. 47. 
Take from each the square on GE. 

Then rect BE, EF^sq. on ER. 
But rect. BE, EF^BD, v EF=ED ; 
.*. sq. on EH—BD; 
.'. sq. on j&JJ= rectil. figure A. 

Q. E. F. 
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Misedlaneoui Exercises an Book II, 

1. In a triangle, whose rertical angle is a right angle, a 
straight line is drawn from the vertex perpendicular to the 
base ; shew that the square on either of the sides adjacent to 
the light angle is equal to the rectangle contained by the 
base and the segment of it adjacent to that side. 

2. The squares on the diagonals of a parallelogram are to- 
gether equal to the squares on the four sides. 

3. If ABCD be any rectangle, and any point either 
within or without the rectangle, shew that the sum of the 
squares on OA^ OC ia equal to the sum of the squares on OB, 
OD. 

4. If either diagonal of a parallelogram be equal to one of 
the sides about the opposite angle of the figure, the square on 
it shall be less than the square on the other diameter, by twice 
the square on the other side about that opposite angle. 

5. Produce a given straight line AB to C, so that the rect- 
angle, contained by the sum and difference of ^^ and AC, may 
oe equal to a given square. 

6. Shew that the sum of the squares on the diagonals of any 
quadrilateral is less than the sum of the squares on the four 
sides, by four times the square on the line joining the middle 
points of the diagonals. 

7. If the square on the perpendicular from the vertex of a 
triangle is equal to the rectangle, contained by the segments 
of the base, the vertical angle is a right angle. 

8. If two straight lines be given, shew how to produce one 
of them so that the rectangle contained by it and the produced 
part may be equal to the square on the other. 

9. If a straight line be divided into three parts, the square 
on the whole line is equal to the sum of the squares on the parts 
together with twice the rectangle contained by each two of the 
parts. 
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10. In any quadrilateral the squares on the diagonals are 
together equal to twice the sum of the squares on the straight 
lines joining the middle points of opposite sides. 

11. If straight lines be drawn from each angle of a triangle 
to bisect the opposite sides, four times the sum of the squares 
on these lines is equal tolbhree times the sum of the squares on 
the sides of the triangle. 

12. CD is drawn perpendicular to AB^ a side of the triangle 
ABQy in which AO^AB. Shew that the square on CD is 
equal to the square on BD together with twice the rectangle 
AD, DB. 

13. The hypotenuse AB of a right-angled triangle ABC is 
trisected in the points D, E ; prove that if CD, CE be joined, 
the sum of the squares on the sides of the triangle CDE is 
equal to two-thirds of the square on AB, 

14. The square on the hypotenuse of an isosceles right-angled 
triangle is equal to four times the square on the perpendicular 
from the right angle on the hypotenuse. 

15. Divide a given straight line into two parts, so that 
the rectangle contained by them shall be equal to the square 
described upon a straight line, which is less than half the line 
divided. 
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NoTB 6. — On iht MwxwtfrMni of AreoM, 

To nutuure a Magnitade, we fix upon some ma^itnde of the 
same kind to serve as a standard or unit; and then any 
magnitade of that kind is measured by the number of times it 
contains this nnit, and this number is called the Mxasurb of 
the quantity. 

Suppose^ for instance, we wisli to measure a straight line 
AB, We take another straight line EF for our standard. 



and then we say 

if ^B contain EF three times, the measure of AB is 3, 

if four 4, 

if X X, 

Next suppose we wish to measure two straight lines AB, 
CD by the same standard EF. 

If AB contain EF m times 
and CD n times, 

where m and n stand for numbers, whole or fractioufll, we nay 
that AB and CD are covnmmturahU, 

But it may happen that we may be able to find a standard 
line EFy such that it is contained an exact number of times in 
AB ; and yet there is no number, whole or fractional, which 
will express the number of times EF is contained in CD. 

In such a case, where no unit-line can be found, such that it 
is contained an exact number of times in touh of two lines 
AB, CD, these two lines are called incorMMntfwrciblt, 

In the processes of Geometry we constantly meet with 
incommensurable magnitudes. Thus the side and diagonal of 
a square are incommensurables ; and so ate tV\& ^xxi^X^t «^^ 
circfimference of a circle. 
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Next, suppose two lines AB, AC to b« ftt right uiglMto 
each other and to be commeosurable, so that AB coDtaini fonr 
times a certain nnit of linear meamrement^ which i> contained 
by AC three times. 



:B 



Divide AB, AC into four and three eqnal parts retpectirelj, 
and draw tinea through the points of diTiaion paraJlel to AC, 
AB reapectivelj ; then the rectan^e ACDB ia divided into a 
number of equal squares, each constructed on a line eqnal to 
the unit of linear measurement 

If one of these squares I>e taken as the unit of area, tl:« 
measure of the area of the rectangle JCD£wiII be the number 
of these squares. 

Now this number will evidentl j be the same as that obtained 
by multipljiiog the measure of AB b; the measure of AC; 
that is, the measure of .iB being 4 and the measuro t>i ACZ, 
the measure of ACDB is 4 X 3 or 12. {Algebra, Art. 38.) 

And generally, if the measures of two adjacent sides of a 
rectangle, supposed to be commenaurabla, be a and b, then the 
measure of the rectangle will be ab. (Algebra, Art. 3fl.) 

If all lines were coiumensurable, then, whatever might be tbe 
length of two adjacent sides of a rectangle, we might select the 
nnit of length, bo that the measures of the two sides should he 
whole numbers ; and then we might apply the procesaei of 
Algebra to establish many Propositions in Geometry by simpleT 
methods than those adopted by Euclid. 

Take, for eiample, the theorem in Book ii. Prop, it. 

If all lines were commensurable we might proceed thu* ; — 
Let the measure oi AChe x, 

of GB ... y. 

Then the measure of AB ia x+y. 

Now (x + yf^x' + y' + 2xy, 

vbieb prove* the fheorem. 
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Baty inasmuch as all lines are not eomTnensuTable, we have 
in Geometiy to treat of magjiibvidM and not of mtnuurui 
that is, when we use the symbol A to represent a line (as 
in I. 22X A stands for the line itself and not, as in Algebra, 
for the number of units of length contained by the line. 

The method, adopted by Eudid in Book II. to explain the 
relations between the rectangles contuned by ceftain lines, is 
more exact than any method founded upon Algebraical prin- 
ciples can be ; because his method applies not merely to the 
case in which the sides of a rectangle are commensurable, but 
also to the case in which they are incommensurable. 

The student is now in a position to understand the practical 
application of the theory of Equivalence of Areas, of which 
the foundation is the 35th Proposition of Book L We shall 
give a few examples of the use made of this theory in Men- 
sniation. 



Arta of a ParcdlelogramL 

The area of a parallelogram ABCD is equal to the area 
of the rectangle ABEF on the same base AB and between 
the same parallels ABy FC, 




Now BE is the altitude of the parallelogram ABCD if 
AB be taken as the base. 
Hence area of O ABCD^recL AB, BE. 
If then the measure of the base be denoted by &, 

and altitude h, 

the measure of the area of the O will be denoted by hh 
That is, when the base and altitude are commQii^\»«X^<^^ 
measare of area= measure of base into measuxQ oi «N\!\\xsA^ 
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Area of a Triangle. 

If from one of the angular points -4 of a triangle ABC, a 
perpendicular AD be drawn to BC, Fig. 1, or to BC product, 
Fig. 2, 

F»o- 1- Fio. 2. 





B DO 

and if, in both cases, a parallelogram ABCE be completed 
of which AB, BC are adjacent sides, 

area of a Jl^C=half of area of O ABCE, 
Now if the measure of BC be 6, 

and AD,., h, 

measure of area of O ABCE is hh ; 

.". measure of area of A ABC is -— • 

Area of a Bhombus. 

Let ABCD be, the given rhombus. 

Draw the diagonals AC and BD, cutting one another in 0. 




It is easy to prove that AC and BD bisect each other at 
right angles. 
Then if the measure of AC be x, 

and BD ... y, 

measure of area of rhombus = twice measure of aACD. 

=twice -^ 
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Area of a Trapezium, 

Let ABCD be the given trapezium, having the sides A B^ 
CD parallel 

Dnir AE at right angles to CB, 




Produce DC to F, making CF=AB. 

Join AFy cutting BC in 0. 

Then in Ln AOB, COF^ 

-.• z BAO^ I CFO, and i AOB" l FOC, and AB^CF ; 

.-. A aOJ?'= A AOB. I. 26. 

Hence trapezium ABCB^^ lADF. 

Now suppose the measures of AB, CD, AE to be m, n, p 
respectively; 

/. measure of DjP=m + n, v CF^AB, 

Then measure of area of trapezium 

«=} (measure of DF X measure of AE) 
a=J(m+w) Xjp. 

That is, the measure of the area of a trapezium is found by 
multiplying half the measure of the sum oi t\i^'^«x^<^i\^«» 
bjr the measure of the perpendicular diatanee Xi^X.'^^c^ ^^ 
parallel sides. 
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Area of an Irregular Polygon. 

There are three methods of finding the area of an irregalar 
polygon, which we shall here briefly notice. 

I. The polygon may be divided into triangles, and the 
area of each of these triangles be found separately. 




J57 D 

Thus the area of the irregular polygon ABCDB is equal 
to the sum of the areas of the triangles ABE, EBD, DBC. 

11. The polygon may he converted into a single triangle 
of equal area. 

If ABCDB be a pentagon, we can convert it into an 
equivalent quadrilateral by the following process : 




Join BD and draw dS" parallel to BD, meeting BD pro- 
duced in E^ and join BE, 

Then will quadrilateral ^[51^^= pentagon ABODE, 

For A BDF=' A BCD, on same base BD and between 
same parallels. 

H then, from the pentagon we remove A BCD, and add 
A BD^ to the remainder, we o\)taYT\ a cvjaaAr^aXKwiJL ABFE 
^guiralent to the pentagon A BCDE. 
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The quadrilateral may then, by a similar process, be con- 
yerted into an equiyalent triangle, and thus a polygon of any 
number of sides may be gradually converted into un equiva- 
lent triangle. 

The area of this triangle may then be found. 

IIL The third method is chiefly employed in practice by 
Surveyors. 




Let ABCDEFG be an irregular polygon. 

Draw AEj the longest diagonal, and drop perpendiculars 
on AE horn, the other angular points of the polygon. 

The polygon is thus divided into figures which are either 
right-angled triangles, rectangles, or trapeziums ; and the areas 
of each of these figures may be readily calculated. 
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Note 7. On Projections. 



The projection of a point B, on a straight line of unlimited 
length AE, is the point M at the foot of the perpendicular 
dropped from B on AE. 

The projection of a straight line BC, on a straight line of 
unlimited length ^^, is JkfJV, — ^the part of AE intercepted 
between perpendiculars drawn from B and 0. 

When two lines, as AB and AE, form an angle, the pro- 
jection of AB on AE is AM. 




■3r 



We might employ the term projection with advantage to 
shorten and make clearer the enunciations of Props, xii. and 
XIII. of Book IL 

Thus the enunciation of Prop. xii. might be : — 

" In oblique-angled triangles, the square on the side sub- 
tending the obtuse angle is greater than the squares on the 
sides containing that angle, by twice the rectangle contained 
by one of these sides and the projection of the other on it." 

The enunciation of Prop. xiii. might be altered in a similar 
maimer. 
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Note 8. On Loci. 

Sappose we. have to determine the position of a point, 
which is equidistant from the extremities of a ^ven straight 
line BC. # 

There is an infinite number of points satisfying this con 
dition, for the vertex of any isosceles triangle, described on 
BC as its base, is equidistant from B and C. 




Let ABC be one of the isosceles triangles described on 
BC, 

I 

K BC be bisected in D, MN, a perpendicular to BC 
drawn through D, will pass through A. 

It is easy to shew that any point in MNy or MN produced 
in either direction, is equidistant from B and 0. 

It may also be proved that no point out of MN is equi- 
distant from B and C, 

The line MN is called the Locus of all the points, infinite 
in number, which are equidistant from B and 0. 

Dbf. In plane Geometry Locus is the name given to a 
line, straight or curved, all of whose points satisfy a certain 
geometricftj condition (or have a commoii '^lo^etV.'f^, \.<i "vk^a 
exclusion of all other points. 
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Next, suppose we have to determine the position of a point, 
which is equidistant from three given points Ay B, 0, naLiii 
the same straight line. 



-E\ /-D 




If we join A and B, we know that all points equidistant 
from A and B lie in the line PD, which bisects AB at right 
angles. 

If we join B and C, we know that all points equidistant 
from B and C lie in the line QE, which bisects BC at right 
angles. 

Hence 0, the point of intersection of FD and QE, is the 
only point equidistant from A, B and C. 

PD is the Locus of points equidistant from A and By 
QE iJand 0, 

and the Intersection of these Loci determines the point, 

which is equidistant from A, B and C. 

» 

Examples of Lod, 
Find the loci of 

(1) Points at a given distance from a given point. 

(2) Points at a given distance from a given straight line. 

(3) The middle points of straight lines drawn from a 
given point to a given straight line. 

(4) Points equidistant from the arms of an angle. 

(5) Points equidistant from a given circle. 
(6) Points equally distant from tvjo b^x^a^JdJc. 'N^^ -^Vvvch 
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Novi 9. Oi» t)^ MfKhodA emplo^fid in the ioliUum of 

Froblems, 

In the Bolntion of Geometrical Exercises, certain methods 
may be applied with success to particular classes of questions. 

We propose to make a few remarks on these methods, so far 
as they are applicable to the first two books of Euclid's 
ISlementB. 

The Mdhad of SyrUheni. 

In the Exercises, attached to the Propositions in the pre- 
ceding pages, the construction of the diagram, necessary for the 
solution of each question, has usually been fully described, or 
suffici^tly suggested. 

The student has in most cases been required simply to 
apply the geometrical feust, proyed in tdie Proposition preceding 
the exercise, in order to anive at the conclusion demanded in 
the question. • 

This way of proceeding is called Synthesis (avvB€<n£^ com- 
podtion), because in it we proceed by a regular chain of reason- 
ing firom what is given to what is sought. This being the 
method employed by Euclid throughout the Elements, we haye 
no need to exemplify it here. 

The Method of Ancdysie, 

The solution of many Problems is rendered more easy by 
tuppoiing (he problem solved and the diagram constructed. 
It is then often possible to observe relations between lines, 
angles and figures in the diagram, which are suggestive of the 
steps by which the necessary construction might have been 
effected. 

This is called the Method of Analysis (di/aXv(r«£= resolution). 
It is a method of discovering truth by reasoning concerning 
things unknown or propositions merely supposed, as if the one 
were given or the other were really true. The process can 
best be explained by the following examples. 

Our &r8t example of the Analytical proce&a ^i[ka^!L\>^X^<^^\*<i^ 
Hqpasition of Euclid's First Eook. 
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Ex. 1. To draw a straight line through a given point pa/raUd 
to a given straight line. 

Let A be the given point, and BC be the given straight line. 

Suppose the problem to be effected, and EF to be the 
straight line required. 

E A J* 

B 3J U 

Now we know that any straight lii;e AD drawn from A to 
meet BC makes equal angles with UF and BC, (i. 29.) 

TMs is a fEkct from which we can work backward, and arrive 
at the steps necessary for the solution of the problem ; thus : 

Take any point D in BC, join AD, make z EAD= l ADC, 
and produce EA to F : then EF must be parallel to BG, 

Ex. 2. To inscribe in a triangle a rhombus, having one of its 
angles coincident with an angle of th^e triangle. 

Let ABC be the given triangle. 

Suppose the problem to be effected, and DBFE to be the 
rhombus. 




Then if EB be joined, z DBE=: l FBE. 

This is a fact from which we can work backward, and deduce 
the necessary construction ; thus : 

Bisect z ABC by the straight line BE, meeting ^C in ^. 
Draw UD and EF parallel to BC and AB respectively. 
Then I}BFE is the rhombus reqmied. (.^e^^iL. 4,>^^:^ 
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Ex. 3. To determine the point in a given straight line, at 
which sh-aight lines, drawn from two given jtoints, on the savu 
side of the given line, make eqval angles with it. 

Let CD be the given line, and A and B the given points. 
Suppose the problem to b^ effected, and P to be the point 
required. 




We then reason thus : 

If BP were produced to some point A\ 

L CP^', being- l BPD, will be= z APC. 
Again, if PA' be made equal to PA, 

A A' will be bisected by CP at right angles. 

This is a fact from which we can work backward, and find 
the steps necessary for the solution of the problem ; thus : 

From A draw ^0 ± to CD. 
Produce ^0 to -4', making OA''=OA. 
Join BA'y cutting CD in P. 
^en P is the point required. 

Note 10. On Symmetry, 

The problem, which we have just been considering, suggests 
the following remarks : 

If two points, A and A', be so situated with respect to a 
straight line CD, that CD bisects at right angles the straight 
line joining A and A', then A and A' are said to be symmetrical 
with regard to CD. 

The importance of £rymmetrical relatione, aa ^vx^eaMv?^ ^^ 
methods for the solution of problems, caniiol \>ft ixxJ^l ^«^xt 
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to a learner, who is unacquainted with the properties of the 
oirde. The following example, however, wUl Ulustrate this 
part of the subject sufficiently for our purpose at present 

"Find a point in a given gtr<Ught line, iuch that (he stim ofitt 
distances from two fixed points onUhe same side of the line is a 
fninvnmm, thaJt is, less thorn the swm of the distances of any other 
point in the line from the fixed points. 

Taking the diagram of the last example, suppose CD to be 
the given line, and A^ B the given points. 

Now if A and A' be S3rmmetrical with respect to CD, we 
know that emery point in CD is equally distant from A and A'. 
(See Note 8, p. lOa) 

Hence the sum of the distances of any point in CD from A 
and B is equal to the sum of the distances of that point from 
A' and B. , 

' But the sum of the distances of a point in CD from A' and 
B is the least possible when it lies in the straight line joining 
^'and^ 

Hence the point P, deUrmi/Md as in the last example, is the 
point required. 

Note. Propositions iz., z.,. xi., xil of Book L give good 
examples of symmetrical constructions. 



Note 11. HucUds Froof of L 6. 

The angles at the hetse of an isosceles triangle are equal to one 
another ; and if the equal sides be produced, the angles upon the 
other side of the base shall be equal. 

Let ABC be an isosceles A , having AB*»A C. 

Produce AB, AC to DmdE. 

Thm must- 1 ABC^ L ACB, 

1^ and L D6C» L £CB. 



Botital L * IL] EUCLWS PROOF OF /. 5. 



109 



In BJ) take any pi. F, 

From AE cnt o?lAG^AF. 
Join FC and GB, 




Then in a s ^^C, AGB^ 

v FA^OAy and JC-=^B, and iFAC= i GAB, 

.'. FC^GB, and z ^J'C" z ^^5, and z J CF-= z ^^^ 

1.4. 

Again^ •/ AF^AG, 

of which the parts AB, AC are equal, 

/. remainder £-F«= remainder CG, Ax. 3, 

Then in A s BFC, CGB, 
•.• BF^CG, and FC=^GB, and z 52^C« z CG^B, 

.-. z ZBC- z (?aB, and z 50^^= z CBG^, I. 4. 

Now it has been proved that z ACF= z ^BG^, 
of which the parts z BOJP and z CBG^ are equal ; 

.'. remaining z -4 C5a= remaining z J.50. Ax. 3. 

Also it has been proved that z i^5C= z CrCB^ 
tbat is, / i>^(7-. z ^CB. 

c^. "^. '^. 
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Note 12. Evdids Proof of L 6. 

If two angles of a tria/ngle be equal to one another^ ihs 
eides dUo, whick mbteiid the equcd angles, shall be equal to 
<yne a/noiher. 




B 

In A^^Clet lACB^iABO. 
Then must AB^AO. 
For if not, AB is either greater or less than A(X 
Suppose AB to be greater than AC. 
From AB cut off BD^AC, and join IfC. 
Then in as DBC, ACB, 
'.' DB'^AC, and BG is common, and z DBC^ l ACB^ 

.% aDBC^aACB; I. 4. 

that is, the less = the greater ; which is absurd. 
.*. AB is not greater than A C. 
Similarly it may be shewn that AB is not less than AC; 

.\ AB^AC. 

Q. B. D. 

Note 13. Eudid^s Proof of L 7. 

Upon the same base and on the samve side of t^ ^htre 
cannot be two trUmgles ihaJb ha/ve their sides which are ter- 
minated in one extremity of the base equal to one arwihvr^ 
a/nd thevr sides which a/re terminated in the other extremity 
of the base equal also. 

If it be possible, on the same base AB, and on the same 
side of it^ let there be two A s ACB, ADB, such that ^0«-^D, 
ojjd also BC^BD, 
Join CD. 
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Fint, wheiA the vertex of each of the as U outiide the 
other A (Fig. 1.) ; 

Pio 1. Fm. 2. 





I. 0. 



Bat lACD'iB flpreater than z 7iC7> ; 

/. z ^i>C* ia fpreatcr than z /^^'/J ; 

much more is z £Z>0 greater than z i^C/>. 

Again, •.• Bd^BD, 

.\ L BDC^ L BCD, 

that % I EDO is both equal to and ^cater than z BCD ; 
vhich is abBord. 

Secondly, when the Tcrtex I) of one of the a h falls vnthin 
the other a (Fig. 2) ; 

Produce A C and ADtoE and F 

Then v Aa=AlX 

.\ L E(ir)= z FDa 1. 5. 

But z ECD is greater than z BCD ; 

.•. z ^i>C is greater than z 7iC7) ; 
much more is z BI)(^ greater than z i^CZ>. 
Again, •/ BC^BJ), 

.'. L BDC^ z BCD ; 

that is, z JBJDC is both equal to and greater than z BCD ; 
which is absurd. 

Lastly, when the vertex T) of one of l\\o N\\ ^v^"*» «tv ^ 
gjde jBO of the other, it is plain that iJ(> ttT\i\ Bl) excrov^iN. 
be eqtmL i^ Y.. \i. 
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Note 14. EuclicCs Proof of L 8. 

If two triangles ha/oe two sides of the one equal to tm 
tides of the other y each to each, and have likewise fheir hose 
equal, the angle which is contained by the two sides of th 
one must be equal to the angle contained by the two sides o 
the other. 





Let the sides of the A s ABC, DEF be equal, each to each 
that is, AB^DE, AC=DF and BC-^EF, 

Then must i BAC= l EDF. * 



Apply the a ABC to the a DEF. 

so that pt. B is on pt. E, and BC on EF, 

Then •/ BC=:EF, 

.*. C will coincide with F, 

and BC will coincide with EF. 

Then AB and AC must coincide with DE and DF, 

For if AB and AC have a different position, as GE, GF 
then upon the same base and upon the same side of it then 
can be two A s, which Jiave their sides which are terminated ir 
one extremity of the base equal, and their sides which are ter 
minated in the other extremity of the base also equal : whid" 
is impossible. I. 7. 

/. since base BC coincides with base ^J', 

AB must coincide with DE, and AC with DF ; 

- *. z BA C coincidea w\t\i and \s ec^"8\ \^ l EDF. 



Booki L * IL] ANOTHER PROOF OF /. 24. . 11.^ 



Note 15. Another Proof of I. 24. 

In the A 8 ABCj DEF, let AB-^DE and ^C-jbf , and 
let L BAC be greater than z EDF, 
Then mwt BC he greater than EF. 





Apply the A DBF to the A ABC 
80 that DE coincides with AB. 

Then %• i EDFSs less than z BAC, 
D^will fall between £^ and ACj 

and ^ will fall mt, or o^ove, or below, BC, 

I. K -P &U on BC, 

BF is less than BC ; 
.-. EF is less than BC 

II. If > fall above BC, 

BF, FA together are less than 

BC, CA, 
and FA^CA ; 

/. BF is less than BC ; 

.% ^f is less than BC 





in. Ifi^foUfte/ow^^C. 
let JjP cut BC in 0. 



Then BO, OF together are greater than BF, I. 20. 

and 00. AO AC; I. 20. 

.'.BC,AF B2?; ^0 together, 

and AF'^AC, 
,'. BOia greater than BF ; 
and . '. ^^ 18 lesa than jBC <^ "e*. ^. 
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Note 16. Euclid's Proof of L 26. 

If two triangles have two angles of the one equal to two angles 
of the other, eoc^ to ea^ch, and one side equal to one side, 
viz., either the sides adjacent to the equal angles, or the sidei 
opposite to equal angles in each ; then shaU the other sides ht 
equal, each to each ; and also the third angle of the one to thi 
third angle of the other. 





a :b 

In AS ABC, DEF, 
Let I ABC = z DEF, and z ACB = z DFE ; 
Bud first. 

Let the sides adjacent to the equal z s in each be equal, 

that is, let BC=^EF. 
Then must AB=DE,siid. AC^DF,wid. z BAC = z EDF. 

For if AB be not=i>J&, one of them must be the greater. 
Let AB be the greater, and make GB=DE, and join GC. 

Then in A s GBC, DEF, 
'.' GB^DE, and BC=EF, and z GBC = z DEF, 

.'. z GCB=^ J. DFE. 1. 4. 

But A ACB = I DFE by hypothesis ; 

/. z GCB=^ z ACB ; 
that is, the less &= the greater, which is impossible. 
.*. AB is not greater than DE. 

In the same way it may be shewn that AB is not less thar 

DE; 

.'. AB^DE. 

Then in A s ABC, DEF, 

'.' AB==DE, and BC^E^, and l ABC-- l DEF, 

.-. AC^DF, and l BAQ^ l EDF. V 
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'Stad^ let the sides which are opposite to equal angles in each 
trian^e be equal, viz., AB^DE, 
3%e» miwf AC^DF, and BC=EF, and i BAC = i EBF. 





For if BG be not=^l^, let BC be the greater, and make 
IiH=EF, and join AH. 

Then in A s ABH, DEF, 

V AB^'DE, and BH=EF, and z ABH=- l DEF, 

.'. L AHB^ I DFE. 1. 4. 

Bat z JICB = z DFE, by hypothesis, 

.-. z ^HB = z ^CB ; 
tiiat is, the exterior z of A ^^C is equal to the interior and 
opposite z ACB, which is impossible. 

.'. BC is not greater than EF. 

In the same way it may be shewn that BC is not less than 

.\ BC^EF. 
Then in AS ^BC,DEif', 

•/ AB^DE, and BC=EF, and z ABC= z DJE^JP*. 

/. AC=I)F, and z B^C= z ^DjF'. . I. 4. 



Q. E. D. 
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Mwdlanumi Hxercises on Books I. and IL 

1. AB and CD are equal straight lines, bisecting one another 
at right angles. Shew that ACBD is a square. 

2. From a point in the side of a parallelogram draw a line 
dividing the parallelogram into two equal parts. 

3. In the triangle FDC^ if FCB be a right angle, and angle 
FDC be double of angle CFD, shew that FD is double 
of DC. 

4. If ABC be an equilateral triangle, and AD, BE be per- 
pendiculars to the opposite sides intersecting in F ; shew that 
the square on AB is equal to three times the square on AF. 

6. Describe a rhombus, which shall be equal to a given 
triangle, and have each of its sides equal to one side of the 
triangle. 

6. From a given point, outside a given straight line, draw 
a line making with the given line an angle equal to a given 
rectilineal angle. 

7. If two straight lines be drawn from two given points to 
meet in a given straight line, shew that the sum of these lines 
is the least possible, when they make equal angles with the 
given line. 

8. ABCD is a parallelogram^ whose diagonals J.0, BD in- 
tersect in ; shew that if the parallelograms AOBP^ DOCQ 
be completed, the straight line joining P and Q passes through 

9. ABCDf EBCF are two parallelograms on the same base 
BCf and so situated that CF passes through A. Join DF, 
and produce it to meet BE produced in K ; join FB, and 
prove that the triangle FAB equals the triangle FEK. 

10. The alternate sides of a polygon are produced to meet ; 
shew that all the angles at their points of intersection together 
with four right angles are equal to all the interior angles of 
^epoljrgojh 

21' Shew that the perimeter of a tecta-n^^ \a «\:?iv^^ \gc«QXKt 
tihaa that of the square equal to t\ie xectaii%\«i. 
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12. Shew that the opposite sides of an equiangular hexagon 
are parallel, though they be not equal. 

13. If two equal straight lines intersect each other anywhere 
at right angles, shew that the area of the quadrilateral formed 
by joining their extremities is inyariable, and equal to one-half 
the square on either line. 

14. Two triangles ACBj ADB are constructed on the same 
side of the same base AB, Shew that if AC^BD and 
AD^BOy then CD is parallel to .IB ; but if AC^BCtsiA 
AJ)»BD^ then CD is perpendicular to AB. 

15. AB is the hypotenuse of a right-angled triangle ABC : 
find a point D in AB^ such that DB may be equal to the per- 
pendicular from D on AC, 

Id. Find the locus of the vertices of triangles of equal area 
on the same base, and on the same side of it. 

17. Shew that the perimeter of an iBosoeles triangle is less 
than that of any triangle of equal area on the same base. 

18. If each of the equal angles of an isosceles triangle be 
equal to one-fourth the vertical angle, and from one of them a 
perpendicular be drawn to the base, meeting the opposite side 
produced, then will the part produced, the perpendicular, and 
the remaining side, form an equilateral triangle. 

19. If a straight line terminated by the sides of a triangle 
be bisected, shew that no other line terminated by the same 
two aides can be bisected in the same point. 

20. Shew how to bisect a given quadrilateral by a straight 
line drawn from one of its angles. 

21. Given the lengths of the two diagonals of a rhombus, con- 
struct it. 

22. ABCD 18 a quadrilateral figure: construct a triangle 
whose base shall be in the line AB, such that its altitude shall 
be equal to a given line, and its area equal to that of the 
quadrilateral 

23. If from any point in the base of an isosceles triangle 
perpendiculars be drawn to the sides, their sum will be equal 
to the perpendicular from either extremity of the base upou 
the opposite side. 
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24. If ABO be a triangle, in which is a ri^ht angle, and 
BE be drawn from a point D in AC at right angles to AB, 
prove that the rectangles AB, AE and AC^ AD are equals 

25. A line is drawn bisecting parallelogram ABCD, and 
meeting AD, BCmE and F : shew that the triangles EBF, 
CED are equal 

26. Upon the hypotenuse BC and the sides CA^ AB of a 
right-angled triangle ABC, squares BDEC, AF and AG are 
described : shew that the squares on DG and EF are together 
equal to five times the square on BC. 

27. If from the vertical angle of a triangle three straight 
i lines be drawn, one bisecting the angle, the second bisecting 
i the base, and the third perpendicular to the base, shew that 
' the first lies, both in position and magnitude, between the 

other two. 

28. If ABC be a triangle, whose angle ^ is a right angle, 
and BE, CF be dr&wn bisecting the opposite sides respectiyely, 
shew that four times the sum of the squares on BE and OF is 
equal to five times the square on BC, 

29. Let ACB, ADB be two right-angled triangles having 
a common hypotenuse AB* Join CD and on CD produced 
both ways draw perpendiculars AE, BF. Shew that the sum 
of the squares on OE and OF is equal to the su^ of the squares 
on DE and DF. 

30. In the base AC of a triangle take any point D : bisect 
AD, DC, AB, BC at the points E, F, G, M respectively. 
Shew that EG is equal and parallel to FH. 

31. If AD be drawn from the vertex of an isosceles triangle 
ABC to a point D in the base, shew that the rectangle BD, DC 
is equal to the difference between the squares on AB and AJ), 

32. If in the sides of a square four points be taken at equal 
distances from the four angular points taken in order, the 
figure contained by the straight lines, which join them, shall 
also be a square. 

33. If the sides of an equilateral and equiangular pentagon 
ife produced to meet, shew that l\ie ^um oi tL^ angles at the 

points of meeting is equal to two xi^t au^ea. 
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34. Describe a square that shall be equal to the difference 
between two given and unequal squares. 

35. ABCD, AECFare two parallelograms, EA, AD being 
in a straight line. Let FO, drawn parallel to ^0, meet BA 
produced in O. Then the triangle ABE equals the triangle 
ADQ. . 

36. From ACy the diagonal of a square A BCD, cut off JJS 
equal to one-fourth of AC, and join BE, D£, Shew that the 
figure BADE is equal to twice the square on AE, 

37. If ABC be a triangle, with the angles at B and C each 
double of the angle at A, prove that the square on AB is 
equal to the square on BC together with the rectangle AB, 

BO. 

38. If two sides of a quadrilateral be parallel, the triangle 
contained by either of the other sides and the two straight 
lines drawn from its extremities to the middle point of the 
opposite side is half the quadrilateral 

39. Describe a parallelogram equal to and equiangular with 
a given parallelogram, and having a given altitude. 

40. If the sides of a triangle taken in order be produced to 
twice their original lengths, and the outer extremities be 
joined, the triangle so formed will be seven times the original 
triangle. 

41. If one of the acute angles of a right-angled isosceles 
triangle be bisected, the opposite side will be divided by the 
bisecting line into two parts, such that the square on one will 
be double of the square on the other. 

42. ABC is a triangle, right-angled at B, and BD is drawn 
perpendicular to the base, and is produced to E until ECB is 
aright angle ; prove that the square on BC is equal to the sum 
of the rectangles AD, DC and BD, DE. 

43. Shew that the sum of the squares on two unequal lines is 
{greater than twice the rectangle contained by the lines. 

44. From a given isosceles triangle cut off a trapezium^ 
having the haae of the triangle for one oi i\A '^^acnXi'^ ^\\^^ 

and baring the other three sides equal. 
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45. If any number of parallelograms be constmcted having 
their sides of given length, shew that the sum of the squares 
on the diagonals of each will be the same. 

46. ABCD is a rightHmgled parallelogram, and AB is double 
of BC ; on AB an equilateral triangle is constmcted : shew 
that its area will be less than that of tJie parallelogram« 

47. A point is taken within a triangle AlBG, such that the 
angles BOO, CO Ay AOB are equal ; prove that the squares on 
jBC, CA, AB are together equal to the rectangles contained by 
OB, OC; 00, OA ; OA, OB; and twice the sum of the 
squares on 0-4, OB, OC. 

48. If the sides of an equilateral and equiangular hezagOD 
be produced to meet, the angles formed by these lines are 
together equal to four right angles. 

49. ABC is a triangle right-angled at ^ ; in the hypote- 
nuse two points D, E are taken such that BD=BA and 
CE= CA ; shew that the square on DE is equal to twice the 
rectangle contained by BE, CD. 

50. Given one side of a rectangle which is equal in area to a 
given square, find the other side. 

61. AB, AC are the two equal sides of an isosceles triangle ; 
from B, BD is drawn perpendicular to AC, meeting it in D; 
shew that the square on BD is greater than the square on CD 
by twice the rectangle AD, CD. 
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POSTULATB. 

A POIHT is within, or without, a circle, according as its 
distance from the centre is less, or greater than, the radios of 
thedide. 

BsF. L A straight line, as PQ, drawn so as to cat a circle 
^BCDy is called a Sbcakt. 




That such a line can onlj meet the circumference in two 
points may be shewn thus : 

Some point within the circle is the centre ; let this be 0. 
'^oin OA, Then (Ex. 1, i. 16) we can draw one, and only one, 
^traight line from 0, to meet the straight line PQy such that 
it shall be equal to OA. Let this line be OC. Then A and 
^ are the only points in FQ, which are on t\ie e\ic\3Axvl«t^\!kRfe 
^f the circle, 

8 E, It, 

9 
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Def. II. The portion AC oi the secant P§, intercepted by 
the circle, is called a Chord. 

Def. III. The two portions, into which a chord divides 
the circumference, as ABC and ABCy are called Arcs. 




Def. IV. The two figures into which a chord, divides the circle, 
as ABC and ADC, that is, the figures, of which the boun- 
daries are respectively the arc ABC and the chord AC, and. 
the arc ADC and the chord AC, are called Segments of the 
circle. 

Def. V. The figure AOCD, whose boundaries are two radii 
and the arc intercepted by them, is called a Sector. 

Def. VI. A circle is said to be described about a rectilinear 
figure, when the circumference passes through each of the 
angular points of the figure. 





**- ^ BM8wdtabein«cnb€d"mV)cL^^\t<2^^. 
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Proposition I. Theorem. 

T^ lintj which hisecU a chord of a circle cU right angles, 
mui contain the centre. 




a: 

« 



Let ABC be the given © . 
Let the st. line CE bisect the chord AB at rt. angles in £>. 

Then the centre of the ® must lie in CE. 

For if not, let 0, a pt. out of CE, be the centre ; 
and join OA, OD, OB, 

Then, in A s OB A, ODB, 
*.* AD *= JBjD, and DO is common, and OA = OB ; 

/. I ODA = L ODB ; I. c. 

and .-. z ODB is a right z . I. Def. 9 

But z CDB is a right z , by construction ; 

.*. z ODB = z CDB, which is impossible ; 

/. is not the centre. 

Thus it may be shewn that no point, out of CE, can be the 
Centre, and .*. the centre must lie in CE. 

Cor. If the chord CE he bisected m F, thw* F %» ll^A wtvXTt 
c/'the circle. 
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Proposition IL Theorem. 

If any tiro faiiiU he taken in the circumference q 
ihe straight liney which joins them, must fall v 
circle. 




Let A and B be any two pts. in the Oce of the 

Then must the sL line ABfaU within the 

Take any pt. D in the line AB. 

Find the centre of the . I 

Join OA, OD, OB, 

Then •/ z OAB = z OBA, 

and z ODB is greater than z OAB, 

.'. z ODB is greater than z OB A ; 

and .*. OB is greater than OD. 

.'. the distance of D firom is less than the radios 

and .*. D lies within the . 
^nd the same may be shewn of any other pt. in A 
.*. AB lies entirely within the . 
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Profosition III. Theorem. 

If a gtra/ight line, drawn through the centre of a cvrde, bisect 
41 chord of the circle, which does not pass through the centre, it 
^rnust cut it at right angles : and conversely, if it cut it at right 
angles, U must Usect it 




In the ABCy let the chord AB, which does not pass 
through the centre 0, be bisected mEhj the diameter CD, 

Then must CD be ± to AB. 

Join OA, OB. 
Then in A s AEG, BEO, 
V AE=BE, and EG is common, and OA=GB, 

.-. /. GEA^ L OEB. 1. c. 

Hence OJ^ is ± to AB, I. Def. 9. 

that IB, CD IB ± to AB. 

Next let OD be ± to AB. 

Then mvst CD bisect AB. 

For •.• OA=GB, and OE is common, 

in the right-angled A s AEG, BEO, 

.'. AE=BE, 
that is, CD bisects AB. 

Ex. 1. Shew that, if CD does not cut AB at right angles, 
it cannot bisect it 

Ex. 2. A line, which bisects two parallel chords in a circle, 
is also perpendicular to them. 

Ex. 3. Through a given point within a circle, whicli ia liat 
the centre, drsir a chord which shall \>e \>\&ecle^ ^ai^(!ckSi^^\s&< 



I. B. Cor. p. 43. 

Q. E. D. 
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Proposition IV. Theorem. 

If in a circle two chords, which do not both pcLss through the 
centre, cut one another, they do not bisect each other. 




Let the chords AB, CD, which do not both pass through the 
centre, cut one another, in the pt. E, in the ACBD. 

Then AB, CD do not bisect each oiher. 

If one of them pass through the centre, it is plainly not 
bisected by the other, which does not pass through the centre. 

But if neither pass through the centre, let, if it be possible, 
AE^EB and CE=-ED ; find the centre 0, and join OE. 

Then •/ OE, passing through the centre, bisects AB, 

.-. z OEA is a rt, z . III. 3. 

And •.* OE, passing through the centre, bisects CD, 

.-. z OEG is a rt. z ; III. 3. 

.'. z OEA= L OEC, which is impossible ; 

.*. AB, CD do not bisect each other. q. e. d. 

Ex. 1. Shew that the locus of the points of bisection of all 
parallel chords of a circle is a straight line. 

Ex. 2. Shew that no parallelogram, except those which are 
rectangal&r, can be inscribed in a circle. 
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Proposition V. Theorem. 
If two cwdes cut one another, they cannot have the same centre. 




If it be possible, let be the common centre of the © s 
^BCj ADCf which cat one another in the pts. A and C. 

Join OA, and draw OEF meeting the © s in ^ and F. 
Then •/ is the centre of © ABC, 

.'.OE^OA; I. Def. 13. 

and •.• is the centre of © ADC, 

,\OF=OA; I. Def. 13. 

.'. 0E= OF, which is impossible ; 
.*. is not the common centre. 

Q. E. D. 

Ex. Two circles, whose centres are A and B, intersect in 
C ; through C two chords DCE, FCG are drawn equally in- 
clined to AB and terminated by the circles : prove that DE 
and FG are equal. 

Note. Circles which have the same centre are called C(ynr 
centric. 
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Note 1, On the Contact of Circles, 

Dep. VIL Circles are said to touch each other, whi 
but do not cut each other. 

One circle is said to touch another intemcdly, w 
point of the circumference of the former lies on, and 
withorU, the circumference of the other. 

Hence for internal contact one circle must be smal 
the other. 

Two circles are said to touch externally, when one 
the circumference of the one lies on, and no point w 
circumference of the other. 

N.B. No restriction is placed by these definition: 
number of points of contact, and it is not till we rea 
xiiL that we proye that there can be but one point of < 



Book SOLI PROPOSITION VL 129 



Proposition VI. Theorem. 

1/ OM eirde touch another internally y they cannot have the 

tmeeerUre. 




Let © ADE touch © ABC internally, 

and let J. be a point of contact 
Then some point JSr in the Oce ADE lies within © ABC. 

Def. 7. 
If it be possible, let be the common centre of the two ©s. 
Join OA, and diaw OECy meeting the Ooes in JSr and C 
Then '.• is the the centre of © ABCj 

.\OA = OC; I. Def. 13. 

and *.• is the centre of © ADE, 

.\OA=^OE. I. Def. 13. 

Hence 0E=^ OC, which is impossible ; 

.'. is not the common centre of the two ©s. 

Q. E. D. 



10 
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Proposition VII. Theorem. 

If from any point wiikin a circle, which is not the centre, 
straight lines be dra/wn to the drcmnf&ren/ie, the greaUst of these 
lines is that which passes through the cenl/re. 




Let ABC be a , of which is the ceutre. 

From P, any pt. within the , draw the st. line PA, pass- 
ing through and meeting the Oce in ^. 

Then must PA be greaier than any other st line, 
drawn from P to the Oce. 

For let PB be any other st line, drawn from P to meet tho 
Oce in B, and join BO. 

Then '.• AO=BO, 

.'. ^P=sum of BO and OP. 
But the sum of BO and OP is greater than BP, I. 20. 

and .*. AP is greater than BP. " Q. e. d. 

Ex. 1. If AP be produced to meet the circumference in 
D, shew that PD is less than any other straight line that can 
be drawn from P to the circumference. 

Ex. 2. Shew that PB continually decreases, as B passes 
from ^ to D. 

Ex. 3. Shew that two BtTaAg\itAiiie&,\)\v\.TiQ\>V)DXft^^\}bAlihaU 
W equal, can be drawn from P to tVvfc caiCi\3L\Blct«itf5». 
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Proposition VIIL Theorem. 
If from cmy point without a circle straight lines be dravm to 
the cvrcymferefncCj the least of these lines is that which, when pro- 
duced, passes through the centre, and the greatest is thai which 
passes through the centre. 




Let ABC be a ©, of which is the centre. 
From F any pt. outside the ©9 draw the st line PAOC, 
meeting the Oce in ^ and C, 

Then must PA he less, and PC greater, than any other st, line 

dravm from P to the Oce, 

For let PB be any other st. line drawn from P to meet the 
Oce in £, and join BO, 
Then •.• sum of PB and BO is greater than OP, I, 20. 

.'. sum of PB and BO is greater than sum of AP and AO. 

BvLtBO=AO; 

.*. PB is greater than AP, 
Again •.* PB is less than the sum of PO, OB, 
.-. PB is less than the sum of PO, OC ; 
.-. PB is less than PC, 

Ex. 1. Shew that PB continually increases as B passes 
from A to C, 

Ex. 2, Shew that from P two straight lines, but not three, 
that shall be equal, can be drawn to the circumference. 

NoTB. From Props, vii. and viii. we deduce the following 
Corollary, which we shall use in the proof of Props, xi. and xiii. 

Cor. If c point be taken, vnthin or without a cvrcle,^ of M 
straight lines drawn from ti to the circumJeTeuoe, IVa ^twjJi^X. >* 
thai iMch meets tke circumference after ]9<x8s%ug.iKTOurj\\, ^\^ t«t\.\irf 



1.20. 



Q. E. D. 
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Proposition IX. Theorem. 

If a point be taken within a circle, from which there faU more 
than two equal straight lines to the circumference, that point is 
the centre of the circle. 




Let be a pt. in the ABC from which more than two st. 
lines OA, OB, OC, drawn to the Oce, are equal. 

Then must he the centre of the . 

Join AB, BC, and draw OD, OE j. to ABy BC. 
Then *.• OA=OB, and OD is common, 
in the right-angled as AOD, BOD, 

.', AD=DB ; I. E. Cor. p. 43. 

.*. the centre of the is in DO, III. 1. 

Similarly it may be shown that 

the centre of the is EG ; 
/. is the centre of the 0. 

Q. E. D. 
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Proposition X. Theorem. 

Two drdea cannot have more than two points common to 
bothy vnthout coinciding entirely. 




If it be possible, let ABC and ADE be two ©s which have 
more than two pts. in common, as A, By C, 

Join ABy BC. 

Then •/ AB is a chord of each circle, 

.*. the centre of each circle lies in the straight line, which 
bisects AB at right angles ; III. 1. 

and •." BC is a chord of each circle, 

.*. the centre of each circle lies in the straight line, which 
bisects BC at right angles. III. 1. 

.*. the centre of each circle is the point, in which the two 
straight lines, which bisect AB and BC at right angles, meet. 

.*. the ©s ABCy ADE have a, common centre, which is 
impossible ; III. 5 and 6. 

.*. two ©s cannot have more than two pts. common to both. 

Q. £. D. 

Note. We here insert two Propositions, Eucl. iii. 25 and 
IV. 5, which are closely connected with TheoieToa \. ^wJl'x^ ^1 
this hook. The learner should compare m\Xi \)cl\^ ^cyjJCvsvi. '^'v 
the subject the note on Loci, p. 103. 
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Proposition A. Problem. (EucL iil 25.) 

An a/rc of a circle being given, to complete the circle of which 
it 18 a pa/rt 




Let ABC be the given arc. 

It is required to complete the © of which ABC is a part 

Take B, any pt. in arc ABC, and join AB, BC. 

From D and E, the middle pts. of AB and BC, 

draw DO, EG, ± s to AB, BC, meeting in O. 

Then *.• AB is to be a chord of the ©, 

.*. centre of the © lies in DO ; m. 1. 

and *.• BC is to be a chord of the ®, 

.'. centre of the © lies in EO. III. 1. 

Hence is the centre of the © of which ABC is an arc, 
and if a ® be described, with centre and radius OA, this 
will be the © required. 

Q. E. F. 
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Proposition B. Problkm. (EucL it. 5.) 
To describe a circle abotU a given triangle. 




Let ABC be the given A . 

It is required to describe a about. the A. 

From D and E, the middle pts. of AB and ACy draw DO, 
SOf ±Bto ABf AC, and let them meet in 0. 

Tlien *.* AB is to be a chord of the 0, 

.*. centre of the lies in DO, III. 1. 

And *.* AC is to be a chord of the 0, 

.*. centre of the lies in EO, III. 1. 

Hence is the centre of the which can be described 
about the A , and if a be described with centre and radius 
OA, this will be the required. 

Q. E. F. 

Ex. If BAC be a right angle, show that will coincide 
with the middle point of BC. 
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Proposition XI. Theoreic 

If one circle touch another internally at any point, the 
centre of the interior circle must lie in thai radius of the 
other circle which passes through thai point of contact. 




Let the © ADE touch the © ABC internally, and let A be 
a pt. of contact. 

Find the centre of © ABC, and join OA. 

Then must the centre of ® ADE lie in the radius OA, 

For if not, let P be the centre of © ABE, 

Join OPf and produce it to meet the Oces in D and B, ^ 

Then •/ P is the centre of © ADE, and from are drawn 
to the Oce of ADE the st. lines OA, OD, of which OD passes 
through P, 

/. OD is greater than OA, III. 8, Cor. 

But OA = OB; 

,', OD is greater than OB, 

which is impossible. 

.*. the centre of © ADE is not out of the radius OA, 

.*. it lies in OA. 
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Proposition XIL Theorem. 

Xf two circles touch, one another externally at any point, the 
straight Une joining the centre of one with that point of contact 
must when produced poM through the centre of the other. 




Let © ABC touch © ADE externally at the pt A, 
Let be the centre of ® ABC, 
Join OAy and produce it to E, 

Then must the centre of ® ADE lie in AE. 

For if not, let P be the centre of © ADE, 

Join OP meeting the © s in J5, D ; and join AP, 
Then v OB=OA, 
and PD^AP, 

,\ OB and PD together = OA and AP together ; 
.*. OP is not less than OA and AP together. 
But OP is less than OA and AP together, L £C. 

which is impossible ; 

.'. the centre of ® ADE cannot lie out of AE, 

Q. E. D. 

Ex. Three circles touch one another externally, whose 
centres are Ay B, C, Shew that the difference between AB 
and -40 is half as great as the difference between the diametet^ 
of the circles, whose centres are B and C. 
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Proposition XIII. Theorem. 

Ont circle cannot touch another at more points than one, 
whether it touch it internally or extemaUy. 

First let the © J DE touch the © A BC internally at pt. -4. 
Then there can he no other point of contact. 




Take the centre of © ABC 

Then P, the centre of © ADE, lies in OA. IH. 11. 

Take any pt. E in the Qce of the © ADE, and join OE. 

Then •.• from 0, a pt. within or without the © ADE, two 
lines OA, OE are drawn to the Qce, of which OA passes 
through the centre P, 

.•. OA is greater than OE, III. 8, Cor. 

and /. ^ is a point within the © ABC, Post. 

Similarly it may be shewn that every pt of liie Qce of the 
© ABE, except A, lies within the © ABC ; 

.\ Aia the only point at 'wldicli the © a meet ^ 
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Next, let the 08 ABC^ ADE touch externally at the pt A. 
Then there can be no other point of contact. 







Take the centre of the ABC. 

Then P, the centre of the ABE^ lies in OA produced. 

III. 12. 

Take any pt. D in the 0<^ of the ADEy and join OD. 
Then *.* firom 0, a pt. without the ADE^ two lines OA^ 
OD are drawn to Uie Qce, of which OA when produced passes 
through the centre P, 

.*. OD is greater than OA ; III. 8. 

.*. D is a point without the ABC. Post. 

Similarly, it may be shewn that every pt. of the Qce oi 
ADE, except A, lies without the ABC ; 

.'. Ais the only point at which the s meet 

Q. E. D. 

Def. VIII. The distance of a chord from the centre is 
measured by the length of the perpendicular drawn from the 
centre to the chord. 
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Proposition XIV. Theorem. 

Equal chords in a circle are equally distant from {he centre; 
and conversely f those which are equally distant from the centrej 
are equal to one another. 




Let the chords AB, CD in the © ABDC be equaL 

Then must AB and CD he equally dista/nt from the centre 0. 

Draw OP and OQ ± to AB and CD ; and join AO, CO. 
Then P and Q are the middle pts. of AB and CD : III. 3. 

and •/ AB=CD, /. AP^^CQ. 
Then •.* AP^CQ, and AO^CO, 
in the right-angled as AOP, COQ, 

.-. OP=OQ; I. E. Cor. p. 43 

and /. AB and CD are equally distant from 0. Def. 8 

Next, let AB and CD be equally distant from 0. 

Then must AB=CD. 

For •/ OP=OQ, and AO=-CO, 
in the right-angled as AGP, COQ^ 

.\ AP=CQ, I. E. Cor 

said .\ AB=CD. 

Q. B. D. 

"Ex. In a circle, whose diameter is 10 inchos, a chord i 
drawn, which is 8 inches long. If another chord be drawn, a 
a distance of 3 inches from the ceTilxe, ^e^ \j\iVi\X\».x\\»\&^cvjia 
or not to the former. 
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Proposition XV. Theorem. 

I%e dioMeUT is ihe greatest chard in a circle, and of all others 
tTuit which is nearer to the centre is always greater than one 
more remote ; and the greater is nearer to the centre than Vie 

kiS. 




Let AB be a diameter of the ABDC, whose centre is 0, 
&nd let CD be any other chord, not a diameter, in the , 
nearer to the centre than the chord EF. 

2%en wust AB be greater than CD, and CD greater than EF, 
Draw OP, OQ J. to CD and EF ; and join DC, CD, OE. 

Then -r AO^CO, and OB=OD, I. Def. 13. 
.-. ^5= sum of CO and OD, 
and .*. AB is greater than CD, I. 20. 

Again, *.• CD is nearer to the centre than EF^ 

.-. OP is less than OQ, Def. 8. 

Now *.• sq. on 00= sq. on OE, 
•'. sum of sqq. on OP, P0= sum of sqq. on OQ, QE, 
But sq. on OP is less than sq. on OQ ; 
.'. sq. on PC is greater than sq. on QE ; 
.*. PC is greater than QE ; 
and .'. CD is greater than EF, 

Next, let CD be greater than EF, 

Then must CD he nea/r&r to the centre than EF. 

For ',' CD ia greater than EF, 

.'. PC is greater than QE. 



1.47. 
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Now the sum of sqq. on OT^ PC7=sum of sqq. on OQ, C^. 

But sq. on P(7 is greater than sq. on QB ; 

.*. sq. on OT is less than sq. on OQ ; 

.-. OT is less than OQ ; " 

and .'. CD is nearer to the centre than "EF. 

Q. E. D. 

Ex. 1. Draw a chord of given length in a given circle, which 
shall be bisected by a given chord. 

Ex. 2. If two isosceles triangles be of equal altitude, and 
the sides of one be equal to the sides of the other, shew that 
their bases must be equal. 

Ex. 3. Any two chords of a circle, which cut a diameter in 
the same point and at equal angles, are equal to one another. 

Def. IX. A straight line is said to be a Tangent to, or to 
touch, a circle, when it meets and, being prodiiced, do€9 wA cut 
the circle. 

From this definition it follows that the tangent meets the 
circle in one point only, for if it met the circle in two points 
it would cut the circle, since the line, joining two points in the 
circumference is, being produced, a secant. (IIL 2.) 

Def. X. If from any point in a circle a line be drawn at 
right angles to the tangent at that point, the line is called a 
Normal to the circle at that point. 

Def. XL A rectilinear figiure is said to be described abovi a 
circle, when each side of the figure touches the circle. 




And the circle is said to "be in^mh^ xssl 'Cda ^^gixe. 
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Proposition XVI. Theorem. 

The straight Unt drwvon at right angles to the diameter of a 
drcUffrom (he extremity ofitj is a tangent to the circle. 




Let ABC be a , of which the centre is 0, and the diameter 
A OB. 

Through B draw DE at right angles to AOB. I. 11. 

Tlien must DE be a tangent to the®. 

Take any point P in DE, and join OP. 

Then, •.• z OBP is a right angle, 

.*. z OPB is less than a right angle, I. 17. 

and .'. OP is greater than OB, I. 19. 

Hence P is a point without the © ABC. Post. 

In the same way it may be shewn that every point in DE, 
OP D^ produced in either direction, except tie point B, lies 
without the ©; 



.'. DE is a tangent to the © . 



Def. 9. 



^^'Su'^. 
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Proposition XVII. Problem. 

To draw a straight line from a given point, either without 
or ON the ci/rcvmferencey which shall touch a given circle. 




Let A be the given pt., without the © BCD. 
Take the centre of © BCDy and join OA. 
Bisect OA in E, and with centre E and radius EO describe 
© ABOD, cutting the given © in 5 and D. 

Join AB, AD, These a/re tangents to the © BCD, 

Join BO, BE. 

Then •/ OE=BE, ,', l OBE^ l BOE ; L a. 

.-. L AEB =twice l OBE ; I. 32. 

and •.• AE=-BE, ,\ z ABE= l BAE ; I. a. 

.-. z OEB=twice z ABE ; I. 32. 

.-. sum ofzs AEB, 0^5= twice sum ofza OBE, ABE, 

that is, two right angles = twice z OB A ; 

.'. z OB A is a right angle, 
and .*. AB is a tangent to the © BCD, III. 16, 
Similarly it may be shewn that AD is a tangent to © BCD. 
Next, let the given pt. be on the Qce of the ©, as A 
Then, if BA be drawn ± to the radius OB, 

BA is a tangent to the © at B, III. 16. 

• Q. E. D. 

Ex. 1. Shew that the two tangents, drawn from a point with- 
out the circumference to a circle, are equal. 

Ex. 2. If a, quadrilateral ABQD be described about a circle, 
shew that the sum of AB and CD is ec^a\ Vi VJtia ^oaa. ^1 Ali 
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Pboposition XVIII. Theorkh. 

If a stradglU Une touch a cirde, the ttraighi line draumfrom 
the centre to the point of contact mtut be perpaidictdar to the 
line tovdwng the circle. 




Let the st line DE touch the © ABC in the pt C. 
find the centre, and join 0(7. 

Thm muit OCbe±to DE. 

For if it be not, diaw OBF± to DE, meeting the Ooe in B. 

Then •/ z OFC is a rt angle, 

•*. z OCF is less than a rt angle, I. 17. 

and .•. OC is greater than OF, I. 19. 

But 00=05, 

.*• OB is greater than OF, which is impossible ; 

/. OF IB not ± to DE, and in the same way it may be 
shewn that no other line drawn from 0, but OC, is ± to DE ; 

.-. 00 is J. to D^. 

Q. £. D. 

Ex. If two straight lines intersect, the centres of all circles 
touched by both lines lie in two lines at right angles to each 
other. 

NoTS. Prop. XVIII. might be stated thus : — All radii of a 
cirde are normals to the circle at (he points where \)m!^ ifsJfJ^ ^(ifsA 
eircum/erenee. 
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Proposition XIX. Theorem. 

If a stra/igkt Ime touch a circle, and from the point of con- 
tact a straight Une be drawn at right angles to the Umching line, 
the centre of the circle must he in that line. 




Let the st. line DE touch the © ABC at the pt. C, and 
from C let CA be drawn x to DE. 

Then must the centre of the he in CA, 

For if not, let JF be the centre, and join FC, 

Then *.• DCE touches the ©, and JFC is drawn from centre 
to pt of contact, 

.*. z FCE is a rt. angle. III. 18. 

But I ACE is a rt angle. 

.'. z FCE = z ACEj which is impossible. 

In the same way it may be shewn that no pt. out of CA 
can be the centre of the © ; 

.*. the centre of the © lies in CA. 

Q. E. D. 

Ex. Two concentric circles being described, if a chord of 
the greater touch the less, the parts of the chords intercepted 
between the two circles, are equal. 

Note. Prop. xix. miglit\)© B\A\«A.^\i&\~Eww^n<>r^^ 
a circle jpasaes through the centre. 
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Proposition XX. Tiirorem. 

The angle at the centre of a circle is doMe of the angle at the 
circumference^ sviftended by the same arc. 

Let ABC be a ©, the centre, 
BC any arc, A any pt in the Ooe. 

Then must l B0C=^ twice l BAC. 

Firsts Buppose to be in one of the lines containing the 
'I BAC. 




Then %• OA « 00, 

.\iOCA^lOAC\ 

,*. sum of z 8 0G4, 0^0«twice^ OAC. 

Bat L BOC - sum of z s 0(74, OAC, 

.'. I BOC 'T^ twice I OAC. 

that is, z BOC = twice i BAC. 



I. A. 



L32. 



Of' 



I. 
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Next, suppose to be within (fig 1), or without {M, 2) the 
L BAG. 




Join AO, and produce it to meet the Ooe in 2). 

Then, as in the first case, 

z COD « twice i CAD, 

and z BOD = twice z BAD ; 

.*., fig. 1, sum of z s CODf BOD =* twice sum of z b CAD^ 
BAD, 

that is, z BOC = twice z jB^C. 

And, fig. 2, difference of z s (70Z>, BOD = twice diffeiesoe 
of z s CAD, BAD, that is, z BOC = twice z JB-4a 

Q.]fi.D. 

Ex. 1. The centre of the circle CBED is on the drcam- 
ference of ABD, If from any point A the lines ABC and 
AED be drawn to cut the circles, the chord BE is parallel to 
CD, 

Ex. 2. From any point in a straight line, touching a dick^ 
a straight line is drawn through the centre, and is terminated 
by the circumference ; the angle between these two straight 
lines is bisected by a straight line, which intersects the straight 
line joining their extremities. Shew that the angle between 
the last two lines is half a right an^^ 
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NoTX % On Flat and ReJUx Angles, 

We have already explained (Note 3, Ptook I., p. 28) how 
Eadid's definition of an angle may be extended with advan- 
tage, 80 as to include the conception of an angle equal to two 
light angles : and we now proceed to shew how the Definition 
given in that Note may be extended, so as to embrace angles 
greater than two right angles. 




"^ 



Let WQ be a straight line, and QE its continuation. 

Then, by the Definition, the angle made by WQ and QE, 
which we propose to call a Flat Angle, is equal to two right 
angles. 

Now suppose QP to be a straight line, which revolves about 
the fixed point Q, and which at first coincides with QE. 

When QPj revolving firom right to left, coincides with QW, 
it has described an angle equal to two right angles. 

When QP has continued its revblution, so as to come into 
the position indicated in the diagram, it has described an 
auj^ EQP, indicated by the dotted line, greater than two 
right angles, and this we call a Keflex Angle. 

To assist the learner, we shall mark these angles with dotted 
lines in the diagrams. 

Admitting the existence of angles, equal to and greater than 
two right angles, the Proposition last proved may be extended, 
as we now proceed to shew. 
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Proposition 0. Theorem. 

The angle, not less than two right angles^ aJt the centre of a 
circle is dovble of the angle aJt the drcvrnference^ svhtendei h^ 
the same a/rc. 



Fig. 1. 



Fig. 2. 





In the © ACBD, let the angles AOB (not less than twc 
right angles) at the centre, and ADB at the circumference^ hi 
subtended by the same arc ACB, 

Then must i AOB = twice L ADB. 
Join DO^ and produce it to meet the arc ACB in (7. 

Then •.• L ^OC=twice i ADO, III. 20. 

« 

and L BOC=^ twice z BDO, III. 20. 

.'. sum of z s AOC, jBOC= twice sum of z s ADO, BDO, 
that is, z -4 05= twice z ADB. 

Q. E. D. 

Note. In fig. 1, z ^05 is drawn a flat angle, 
and in fig. 2,1 AOB is drawn a reflex angle. 

Di^. XII. The angle in a segment is the angle contained by 
two straight Jines drawn from any -^oiiifem ^Saa ^<i ta Uie ex- 
tremities of the chord. 
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Proposition XXL Thioreic. 

Tht angles in the same sajmerU of a circle are etpial to one 
another. 



Fig. 1. 




Let BACf BDC be angles in the same segment BADC. 

Then must L BAC^ l BDC, 
FiiBty when segment BADC is greater than a semicircle. 

From 0, the centre, draw OB, OC. (Fig. 1.) 

Then, •/ z 50(7=twicez BAG, III. 20. 

and I 50(7= twice i BDC, III. 20. 

,\iBAC= lBDC. 
Next, when segment BADC is less than a semicircle, 

Let E be the pt of intersection of AC, DB. (Fig. 2.) 
Then ••• i ABE^ l DCE, by the first case, 

and z BEA'^ l CED, 1. 15. 

.-. I EAB= L EDC, I. 32. 

that is, L BAC== l BDC q. e. d. 

Ex. 1. Shew that, by assuming the possibility of an angle 
being greater than two right angles, both the cases of this 
proposition may be included in one. 

Ex. 2. If two straight lines, whose extremities are in the 
circumference of a circle, cut one another, the triangles formed 
by joining their extremities are equiangular to each other. 
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PBOFOsmoir XXII. THSOREir. 

TV apposikt imgUs ufamiff qwtdnlaJberal figwrt^ i'Mcribed in 
acirxh^ an to^slker efmal to two rij^ angUs, 




Let ABCD be a qmidnktiaal %. inscribed mad. 

T%m must mk4 pair of Us opposite z s bs together equal to 
two rt.z«. 

Draw tbe diagonals AC, BD. 

Th»L V z .1DB= z ACB^ in the sune segment^ IIL 21. 

and z Bi>C= z B^C; in the sune segm^t ; IIL 21. 

.-. sum of z s ADBy JBDC^som <rfz a ^GJB; B^O; 

that is, z jLDC=sam disACB, BAa 

Add to eadi z ABC 

Then z a ^DC, -IBC t(»ether=siutt ofza ACK BAC, 
ABC, 

and .-. z s -IDC; ^BC togetber«two rig^zs. L 3i. 

Simikrly, it may be shewn, 

that z s B^D, BCD t(^ether=two n^tz a. 

Q.B.IX 

^ page 177. 
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Ex. 1. If one side of a qoadrilateTal figure inscribed in a 
circle be prodaced, the exterior angle is equal to the opposite 
angle of the quadrilateraL 

Ex. 2. If the sides AB, DC of a quadrilateral inscribed in 
a circle be produced to meet in E^ then the triangles EBG^ 
EAD will be equiangular. 

Ex. 3. Shew that a circle cannot be described about a 
rhombus. 

Ex. 4. The lines, bisecting any angle of a quadrilateral figure 
inscribed in a circle and the opposite exterior angle, meet in 
the circumference of the circle. 

Ex. 5. ABf a chord of a circle, is the base of an isosceles 
triangle, whose vertex C is without the circle, and whose 
equal sides meet the circle in D, J? : shew that CD is equal 
toCi^. 

Ex. 6. If in any quadrilateral the opposite angles be to- 
gether equal to two right angles, a circle may be described 
about that quadrilateraL 

Propositions xxni. and xxiy., not being required in the 
method adopted for proying the subsequent Ftopositions in 
this book, are remoyed to the Appendix. Proposition xxv. 
has been already proyed. 



NoTB 3. Ofi t^ Method of Superposition^ as applied 

to Oirdes, 

In Props, xxvi. xxvii. xxyiii. xxix we proye certain 
relations existing between chords, arcs, and angles in equal 
circles. As we shall employ the Method of Superposition, we 
most state the principles which render this method appli- 
cable, as a teat of equaditj, in the case oi ^goxo&m^CtoL wtcniSiAit 
boundarieB, 
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Def. XIIL Equal cvrcles a/re Oiose, of which (he radii are 
equal. 





For snppose ABCy A'BC to be drdes, of which the radii 
are equal 

Then if © A'B'C be applied to © ABCy so that CK, the 
centre of A^B^C, coincides with 0, the centre of ABC, it is 
evident that any pa/rHculaa" point A^ in the Qce of the former 
must coincide with some point ^ in Qceot the latter, because 
of the equality of the radii (XA^ and OA, 

Hence Qce A!B!(J must coincide with Qoe ABC, 
that is, © A'BfC=- ®ABC. 

Further, when we have applied the circle A'B!Cf to the 
circle ABC, so that the centres coincide, we may imagine ABC 
to remain fixed, while A*B!C revolves round the common 
centre. Hence we may suppose any particular point W in the 
circumference of A'BfC to be made to coincide with any paa> 
ticular point B in the circumference of ABC 

Again, any radius OA^oi the circle A'BIC may be made to 
coincide with any radius OA of the circle ABC 

Also, if J.'jB' and AB be equal arcs, they may be made to 
coincide. 

Again, every diameter of a circle divides the circle into 
equal segments. 

For let AOB be a diameter of the 
circle A CBD, of which is the centre. 
Suppose the segment ACB to be ap- 
plied to the segment ABB, so as to 
keep AB a common boundary : then 
the arc A CB must coincide with the 
arc ADB, because every point m 
«^ isf equally distant from O. 
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Proposition XXVL Thsorbx. 

In eqtud eircUsy the arcs, which subtend equal angles^ wheiher 
they heaJtthe centres or at the circumferences^ must he equal. 





Let ABC, DBF be equal circles, and let z s BGC, EUF at 
their centres, and i s BAC, EDF at their Oce&, be equal 

Then must arc BKC^arc ELF, 

For, if © ^jBObe applied to © DEF, 
80 that G coinddes'with H, and GB &lls on HE, 

then, '.• GB^HE, ,\ B will coincide with E, 
And •/ z jBOC- z EHF, ,\ GC will fall on HF ; 

and ••• GC=HF, :, C will coincide with F. 
Then •/ B coincides with E and C with F, 
.'. arc BKG wiU coincide with and be equal to arc ELF, 

Q. B. D. 

CoR. Sector BGCK is equal to sector EHFL, 

Note, This and the three following Propositions are, and 
will hereafter be assumed to be, true for the same cvrde as well 
as for egtial circles. 
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Proposition XXVII. Thfx)rem. 

In equal circles, the angles, which are subtended by equal arcs, 
whether they are at the centres or aithe ci/rcwmferences, must bs 
equal. 





Let ABC, DBF be equal circles, and let i s BGG, EHF at 
their centres, and z s BAG, EDF at their Qces, be subtended 
by equal arcs BKC, ELF, 

Then must L BGG-=^ l EHF, and iBAG^i EDF, 

For, if © ABG be applied to © DBF, 
so that G coincides with H, and GB falls on HE, 
then •/ GB^HE, .\ B will coincide with E ; 
and •/ arc BKC^bxq ELF, /. C will coincide with F, 
Hence, GG will coincide with HF, 
Then •/ BG coincides with EH, and GC with HF, 

.'. I BGG will coincide with and be equal to z EHF, 
Again, •/ 1 5-4 C= half of z BCfC, III. 20. 

and z ^jDl?'=half of z EHFy III. 20. 

,\ I BAC^ z EDF, I. Ax. 7. 

Q. E. D. 

Ex. 1. If, in a circle, AB, CD be two arcs of given magni- 
tude, and AC, BD be joined to meet in E, shew that the angle 
AEB is invariable. 

fix. 2. The straight lines joining the extremities of the 
chords of two equal arcs of the same circle, towards the same 
parts, are parallel to each other. 
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PBOPosinoir XXVIII. Theorem. 

In eg[iud circUs, (he arcsj trAicA are tnbtended by eqwd 
tkordMy mud he equal, (he gnaitr to the greater, and the lest to 
the lese. 





"Lest ABC, DBF be equal circles, and BC, EF equal chords, 
sabtending the major arcs BAG, EDF, 

and the minor arcs BGC, EHF. 

Then muet are BAG ^ a/re EDF, and arc BGG^ are EHF. 

Take the cej;|itres K, L, and join KB, KG, LE, LF. 
Then •.• KB=^LE, and KC=^LF, and BG=^EF, 

.-. I BKG = z ELF. I. a 

Hence, if © ABG be applied to © DEF, 
so that K coincides with L, and KB falls on LE, 
then •/ 1 BKG = z ELF, .'. KG wiU fall on LF ; 
and •/ KG = LF, .'. G will coincide with F. 
Then •/ B coincides with E, and G with F, 
.'. arc BAG will coincide with and be equal to arc EDF, 
and arc jBOC. EHF. 

Q. £. D. 

Ex 1. If, in a circle ABGD, the chord AB be equal to the 
chord DG, AD must be parallel to BG. 

Ex. 2. If a straight line, drawn from A the middle point 
of an arc BG, touch the circle, shew that it is parallel to the 
chord BG. 

Ex 3. If two equal chords, in a giyen circle, cut one am- 
oiher, the segments of the one shall be equal \iC> ^"fe ^<fe^aissc^s^ 
of the other, each to each. 
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Proposition XXIX. Theorem. 

In equal circks, the chords, which suht&nd equal a/rcs, must 
be equal. 





Let ABC, DBF be equal circles, and let BC, EF be chords 
subtending the equal arcs BGG, EHF. 

Then must ch(yrd BC = chord EF, 

Take the centres K, L, 

Then, if © ABC be applied to © DEF, 

so that K coincides with L, and B with E, 

and arc BGC falls on arc ERF, 

\' arc BGC =0X0 EHF, ,\ G will coincide with F, 

Then •/ B coincides with E and C with F, 

•*. chord BG must coincide with and be equal to chord EF, 

Q. E. D. 



Ex. 1. The two straight lines in a curde, which join the 
extremities of two parallel chords, are equal to one another. 

^x, 2, If three equal chords of a e\id^ cxi\> oti^ %si^l\\&t in 
the same poiaU within the circle, tlaat "^o\xi\» '\& ^^ ^xAjtfe, 
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Note ^ OnQyt Symmetrieal properties of the Circle with 

regard to ite diameter. 

The brief remarkB on Symmetry in pp. 107, 108 may now 
be extended in the following way : 

A figure is said to be Bymmetrical with regard to a line, 
when ereiy perpendicular to the line meets the figure at 
points whieh are equidistant from the line. 

Hence a Girde is Symmetrical with regard to its Diameter, 
because the diameter bieeets eyery chord, to which it is per- 
pendionlaCi 




Further, suppose AB to be a diameter of the circle 
ACBD, of which is the centre, and CD to be a chord 
perpendicular to AB. 

Then, if lines be drawn as in the diagram, we know that 
i.B bisects 

(1.) 1^ chord CD, III. 1. 

(2.) The arcs CAD and CBD, III. 26. 

(3.) The angles CAD, COD, CBD, and the reflex 
' angle DOa 1.4. 

Also, chord CB = chord DB, L 4. 

and chord ^C= chord AD. L 4. 

These Symmetrical relations should be carefully observed, 
because ihey are often suggestiye of metibo^ iox V}gl^ ^hK^vs^^siik 
afproblema. 
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Proposition XXX. Problem. 
To bisect a given arc 




Let ABC be the given ara 

It 18 required to bisect the cure ABC 

Join ACy and bisect the chord ACm D, L 10. 
From D draw D5x to -40. L 11. 

Then will the a/rc ABC be bisected in B, 

Join BA, BC 

Then, in lb ADB, CDB, 

V AD=^CDf and DB is common, and i ADB — i CDB, 

.\BA^BC. 1.4. 

But, in the same circle, the arcs, which are subtended by 
equal chords, are equal, the greater to the greater and the 
less to the less ; III. 28. 

and '.* BDf if produced, is a diameter, 

•*• each of the arcs BA, BC, is less than a semicircle, 

and .*. arc jB^=arc BC 

Thus the arc ABC is bisected in B. 

Q.B. F. 

Ex. If^ from any point in the diameter of a semicircle, 
there be drawn two straight lines to the circumference, one 
to the bisection of the circumference, and the other at right 

tmgleB to the diameter, the squaiea on t\i^^ two lines are 

^getter double of the square on t\io ta.di\]^ 
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Proposition XXXI. Theorem. 

In a eireUj the angle in a semicircle is a right angle ; and 
the angle in a segment greater than a semicircle is less than a 
right angle ; and the angle in a segment less than a semicircle 
is greater than a right angle. 




Let ABC be a , its centre, and BC a diameter. 

Braw AC, dividing the © into the segmenta ABC, ADC, 

Join BA, AD, DC, AG. 

Then must (he i in (he sefmicvrde BAC he a rt, L , and l in 
i^gntient ABC, greater them a semicircle, less than art, l, and l 
i)i se^meTit ADC, less than a semicircle, greater than art, i , 

First, •.• BO^AO, ,', lBAO^ l ABO ; I. a. 

.-. L 60^ « twice lBAO\ I. 32. 

and •.• CO^AO, ,\ l CAO-^ l ACQ ; I. a. 

.-. I BOA = twice i CAO ; I. 32. 

.'. sum of z 8 CO A, J?0-4= twice sum of z s BAO, CAO, that 
^ two right angles = twice z BAC. 

.'. L BAC is a right angle. 

Next, *.• L BAC is a rt. z , 

.'. z ABCS& less than a rt. z . I. 17. 

Lastly, •.* sum of z s ABC, ADC=\mo rt. z s, HI. 22. 

and z ABC is less than a rt. z , 

. '. z ADC is greater thasi Oi tV>. l . c^. ^e^ \i, 

Mote, — for a simpler proof see page lift. 

12 
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Ex. 1. If a circle be described on the radius of another circle 
as diameter, any straight line, drawn from the point, where 
they meet^ to the outer circumference, is bisected by the in- 
terior one. 

Ex. 2. If a straight line be drawn to touch a circle, and be 
parallel to a chord, the point of contact will be the middle 
point of the arc cut off by the chord. 

Ex 3. If, from any point without a circle, lines be drawn 
touching it, the angle contained by the tangents is double ol 
the angle contained by the line joining the points of contact, 
and the diameter drawn through one of them. 

Ex 4. The vertical angle of any oblique^ngled triangle 
inscribed in a circle is greater or less than a right angle, by the 
angle contained by the base and the diameter drawn from the 
extremity of the base. 

Ex 5. If, from the extremities of any diameter of a given 
drde, perpendiculars be drawn to any chord of the circle that 
b not parallel to the diameter, the less perpendicular shall be 
equal to that segment of the greater, which is contained between 
the circumference and the chord. 

Ex 6. If two circles cut one another, and from either point 
of intersection diameters be drawn, the extremities of these 
diameters and the other point of intersection lie in the same 
straight line. 

Ex. 7. Draw a straight line cutting two concentric circles, 
so that the part of it which is intercepted by the circumference 
of the greater may be twice the part intercepted by the circum- 
ference of the less. 
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Proposition XXXII. Theorbk. 

If a straight line touch a circle, and from the point of cont€iet 
a tfyraight line he drawn cutting the circle, the angles made by 
this line with the line touching the circle must he equal to the 
angles^ which are in the altemcUe segments of the circle. 




Let the st. line AB touch the CDEF in F. 
Dnw the chord FD, dividing the into segments FCD, FED, 
Then must l DFB^ l in segment FCD, 
and L DFA =^ lin segment FED, 
From F draw the chord FC± to AB. 

Then ^0 is a diameter of the . III. 19. 

Take any pt ^ in the arc FED, and join FE, ED, DC, 
Then •/ FDC is a semicircle, /. a FDC is a rt. z ; III. 31. 
/. sum of z 8 FCD, CFD=^& rt. z . I. 32. 

Also, sum of z s DFB, CFD^& rt. z . 
/. sum of z s DFB, CFD=sum of z s FCD, CFD, 
and /. z DFB= z FCD, 
that is, z DFB=^ z in segment FCD, 

Again, *.* CDEF is a quadrilateral fig. inscribed in a , 
.-. sum of z 8 FED, FGD=tYfo rt. z s. III. 22. 

Also, sum of z s DFA, DFB=^two rt. z s. I. 13. 

.-. sum of z s DFA, DFB=s\im of z s FED, FCD ; 
and z DFB has been proved = z FCD ; 

,', I DFA=^ L FED, 
that is, z DFA=- z in segment FED. 

Q. E. D. 

Sjc Hie chord joining the points of contafit* ol -^^^^^ \dx^* 
ffenta is a diameter. 
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Proposition XXXIII. Problem. 
On a givm straight line to describe a segment of a drde 
capable of containing an angle equal to a given angle. 





Let AB be the given st. line, and C the given z . 
It is required to describe on AB a segment of a S which 
shaM cmiUdn wa l ^ lG. 

At pt. A in St. line AB make l BAD— l G. I. 23. 
Draw AEjLlo AB, and bisect AB in F. 
From F draw JPG^ x to AB^ meeting AE in Q. Join GB. 

Then in AS AGF,BGF; 
V AF=BF, and FG is common, and i AFG= l BFG ; 

.\GA = GB. L4. 

With G as centre and GA as radius describe a © ABH. 

Then will AHB be the segment reqd. 
For *.• AD isx to AE, a line passing through the centre, 

.-. AD is a tangent to the © ABH. III. 16. 

And '.• the chord AB is drawn from the pt. of contact A, 
.'. L BAD= L in segment AHB, III. 32. 

that is, the segment AHB contains an z = z O, 
and it is described on AB, as was reqd. 

Q. B. F. 

Ex 1. Two circles intersect in A, and through A is drawn 

a straight line meeting the circles again in P, Q. Prove that 

the angle between tne tangents at P and Q is equal to the 

an;^le between the tangents at A, 

Ex. 2. From two given pointa on t\i^ «aAiL<& side of a straight 

^ne, given in position, draw two atmg!a\.^iTie&^\i\Osv^ibSLtfc^^ 

t^ju f, ^ — HDgle* and be terminatAd in >Jaft ©.N^iiXaft, 
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PnoFOSinoN XXXIV. Problkm. 

To cut off a tegment from a given circUy capable of con- 
taining an angle equal to a given angle. 





Let ABC be the given , and D the given i . 

It is reqaired to cut off from ABC a segment capable of 
containing an l ^ lD, 

Draw the st. line EBF to touch the circle at B. 

At B make i FBC = i D, 

Then *.' the chord BC is drawn from the pt. of contact B, 

/. I FBC = z in segment BAC, III. 32. 

that is, the segment BAC contains an z = z 2) ; 
and .*. a segment has been cut off from the , as was reqd. 

Q. E. F. 

Ex. 1. If two circles tonch internally at a point, any straight 
line passing through the point will divide the circles into seg- 
ments, capable of containing equal angles. 

Ex. 2. Given a side of a triangle, its vertical angle, and the 
radius of the circumscribing circle : construct the triangle. 

Ex. 3. Given the base, vertical angle, and the perpendicular 
from ate extremity of the base on the opi^o&\\A ^\<^<^ \ ^^xsis^uc^^ 
the triangle. 
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PEOPosinoit XXXV. TnoRKK. 
If two tlu>rdt in, a eirde e<it on« aaoOmr, the redangU wn- 
iaituA b]i the ugvumit of one of than, u eqital to the rectangle 
eonlaiaed by the legnenU of th« other.. 




Iiet the chords AC, BP in the @ ABCD intersect in the pt. P. 

Then must rect. AP, FC-TiO. BP, PD. 

From 0, the centre, draw OM, ON a. e to AC, BI>, 

and join OA, OB, OP. 

Then '.' ^ is divided equallf in M and unequally in P, 

.: rect. AP, PC with sq. on MP-sq. on AM. TL 6. 

Adding to each the sq. on MO, 

root. AP, PC with aqq. on MP, M0=8qq. on AM, MO ; 

.: rect. AP, PC with sq. on OP-sq. on OA, I. 47. 
In the Htme way it may be shewn that 

reot. BP, PD with sq. on 0P=8q. on OB. 
Then ■.■ sq. on 0.i=Bq, on OB, 
.: rent. AP, PC with aq. on OP-reot BP, PD with sq 
onOPi 

.■. rroL A P. FC=rtcL BP, PD. Q. s. t,. 

Bx. 1. A imA B are fixed points, and two circles ara 

dMwlW IMtwiiiK thr.>ii;:h tbem ; PCQ, P'CQ' are chords of 

. .rt^_,.^i._ ^ -^f^pj^,,^ in C; a point in AB ; shew that the 

Q U i»ix\»l %o tb» lectMif^ OP, C</. 

Igh my point in the common chord of two 

OM Mtothn, UiBie be drawn any two 

K i.'Hi^ tfenK ^ibi»x tool exA.I«1a\*IA>«^D^i^ 
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Proposition XXXVI. Theorem. 

Ify fnym any 'point without a drde, two straight lines 
he drawny one of which cuts the circle, and the other touches 
it ; the rectangle contained hy the whole line which cuts ihe 
drde, and the pa/rt of it toithout the cvrde, fwast he equal to 
the square on ihe line which touches it. 




Let D be any pt. without the © ABCy 

and let the at. lines DBA^ DC be drawn to cut and touch the . 

Then nmst rect, AD, DB=^sq. on DC. 

From 0, the centre, draw OM bisecting AB in M, 

and join OB, 00, OD. 
Then •.' AB is bisected in M and produced to D, 
,\ rect. AD, DB with sq. on MB=sq. on MD, II. 6. 
Adding to each the sq. on MO, 
rect. AD, DB with sqq. on MB, ikfO=8qq. on MD, MO. 
Now the angles at M and C are rt. z s ; III. 3 and 18. 
.*. rect. AD, DB with sq. on 0B=^8q. on OD ; 
/. rect. AD, DB with sq. on OB = sqq. on OC, DC. I. 47. 
And sq. on 0J5=sq. on 00; 
.*. rect. AD, i)B=sq. on DC, q. e. d. 
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Proposition XXXVII. Theorem. 

If^ from a 'point without a cvrcle, there be drawn two straight 
lineSf one of which cuts the circle, and the other meets it ; if 
the rectcmgU conta/ined by the whole line which cuts the circle^ 
and {he part of it without the cvrclcy be equ(d to the square on 
the line which meets it, the line which Tneets iMut touch the cirele. 




Let J. be a pt. without the © BCD, of which is the centre. 
From A let two st. lines ACD, AB be drawn, of which 
ACD cuts the and AB meets it. 

Then if rect DA, AC=sq, on AB, AB must touch the 0. 

Draw AE touching the © in ^, and join OB, OA, OE, 

Then '.' ACD cuts the ©, and AE touches it, 

.'. rect. DA, AC=8q. on AE, III. 36. 

But rect. DA, AC=sq, on AB ; Hyp. 

.'. sq. on AB =sq, on AE ; 
.-. AB=AE. 
Then in the A s OAB, OAE, 
V OB=^OE, and OA is common, and AB=AE, 



.-. z ABO = z AEO, 
But z AEO is a rt. z ; 
.'. z ABO is a rt. z . 
Now BO, if produced, is a diameter of the ; 

.*. AB touches the © . 



I. 0. 
IIL 18. 



III. 16. 

Q. E. D. 
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MueeUaneoui Exercuei on Book IIL 

L The segments, into which a circle is cat by any straight 
line, contain angles, whose difference is equal to the inclination 
to each other of the straight lines touching the circle at the ex- 
tcnnitifli of the straight line which divides the oirde. 

S. If tnm the point in which a number of cirdes touch each 
other, a straight line be drawn cutting all the drdes, shew 
that the lines which join the points of intersection in each drde 
with its centre will be all parallel 

3. From a point Q in a circle, QN is drawn perpendicular to 
a chord FP'y and QM perpendicular to the tangent at P : shew 
that the triangles NQP*, QPM are equiangular. 

4 AB, AC are chords of a circle, and 2>, J7 are the middle 
points <^ their arcs. If DE be joined, shew that it will cut 
off equal parts from AB, AC. 

5. One angle of a quadrilateral figure inscribed in a circle is 
a right angle, and from the centre of the circle perpendiculars 
are drawn to the sides, shew that the sum of their squares is 
equal to twice the square of the radius. 

6. ^ is the extremity of the diameter of a circle, any 
point in the diameter. The chord which is bisected at sub- 
tends a greater or less angle at A than any other chord through 
0, aooarding as and A are on the same or opposite sides of 
the centre. 

7. If a straight line in a circle not passing through the centre 
be bisected by another and this by a third and so on, prove that 
the points of bisection continually approach the centre of the 
circle. 

8. If a circle be described passing through the opposite 
angles of a parallelogram, and cutting the four sides, and the 
points of intersection be joined so as to form a hexagon, the 
straight lines thus drawn shall be parallel to each other. 

9. If two circles touch each other externally and any third 
circle touch both, prove that the difference of the di&to2Qs«& ol 
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the centre of the third circle from the centres of the other tw 
is invariable. 

10. Draw two concentric circles, sach that those chords c 
the outer circle, which touch the inner, may equal its diametei 

11. If the sides of a quadrilateral inscribed in a circle b 
bisected and the middle points of adjacent sides joined, tfa 
circles described about the triangles thus formed are aU equi 
and all touch the original circle. 

12. Draw a tangent to a circle which shall be parallel to 
^ven finite straight line. 

13. Describe a circle, which shall have a given radius, an 
its centre in a given straight line, and shall also touch anothe 
straight line, inclined at a given angle to the former. 

14. Find a point in the diameter produced of a given circl< 
from which, if a tangent be drawn to the circle, it shall b 
equal to a given straight line. 

15. Two equal circles intersect in the points Ay B, an 
through B a straight line CBM is drawn cutting them again 1 
C, M. Shew that if with centre C and radius BM a circle b 
described, it will cut the circle ABC ia a point L such that ai 
AL=a,vQ AB, 

Shew also that LB is the tangent at B, • 

16. AB is any chord and AC a, tangent to a circle at A 
CDE a line cutting the circle in D and E and parallel to Al 
Shew that the triangle ACD is equiangular to the triang] 
EAB.. 

17. Two equal circles cut one another in the' points A, B 
BC is a chord equal to AB ; shew that J.C is a tangent to th 
other circle. 

18. Ay B are two points ; with centre B describe a circle 
such that its tangent from A shall be equal to a given line. 

19. The perpendiculars drawn from the angular points of 
triangle to the opposite sides paaa t\iio\]L!ft\i tlcL^ «wnft ^int 
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SO. If perpendicalan be dropped from the angular points of 
a triai^e on the opposite sides, shew that the sum of the 
squares on the sides of the triangle is equal to twice the snm of 
the reetan^^es, contained by the perpendicolars and that part of 
each interoqited between the angles of the triangles and the 
point of intersection of the perpendicolars. 

81. When two circles intersect^ their common chord bisects 
their common tangent. 

22. Two circles intersect in A and B. Two points C and D 
sre taken on one of the circles ; CA^ CB meet the other circle 
in B^ Fy and DA, DB meet it in &, JET : shew that FO is 
parallel to J?ir. 

23. A and B are fixed points, and two circles are described 
pasdng through them ; CF, CP' are drawn from a point C on 
AB produced, to touch the circles in P, P'; shew that 
OP'^CF'. 

24. From each angular point of a triangle a perpendicular is 
let £5^11 upon the opposite side ; prove that the rectangles con- 
tained bj the segments, into whidi each perpendicular is divided 
by the point of intersection of the three, are equal to each other. 

25. If from a point without a circle two equal straight lines 
be drawn to the circumference and produced, shew that they 
will bft at the same distance from the centre. 

26. Let 0, (X be the centres of two circles which cut each 
other in A, A\ Let B, R be two points, taken one on each 
circumference. Let C, C^ be the centres of the circles BAB', 
BA'Bf, Then prove that the angle CBO is the supplement of 
the angle OA'Cy, 

27. The common chord of two circles is produced to any 
point F ; FA touches one of the circles in A ; FBC is any 
chord of the other : shew that the circle which passes through 
A, B, C touches the circle to which FA is a tangent. 

28. Given the base of a triangle, the vertical angle, and the 
length of the Une drawn from the vertex to \ik<^m<^^^ '^\s^ ^ 
the base : oonatruct the triangle. 
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29. If a circle be described about the triangle ABC^ and a 
straiglit line be drawn bisecting the angle BAG and cutting 
the circle in 2), shew that the angle DOB will be equal to half 
the angle BAG, 

30. If the line AB bisect the angle A in the triangle ABCy 
and BD be drawn without the triangle making an angle with 
^C equal to half the angle BAG, shew that a circle may be 
described about ABGD, 

31. Two equal circles intersect in ^, ^ : FQT perpendicular 
to AB meets it in 7 and the circles in P, Q. AP, BQ meet in 
B ; J.Q, BF in 8 ; prove that the angle BT8 is bisected by 
TF. 

32. If the angle, contained by any side of a quadrilateral and 
the adjacent side produced, be equal to the opposite angle of 
the quadrilateral, prove that any side of the quadrilateral will 
subtend equal angles at the opposite angles of the quadrilateral. 

33. If DE be drawn parallel to the base BG of a triangle 
ABGj prove that the circles described about the triangles ABG 
and ADE have a common tangent at A. 

34. Describe a square equal to the difference of two ^ven 
squares. 

35. If tangents be drawn to a circle from any point without 
it, and a third Hue be drawn between the point and the centre 
of the circle, touching the circle, the perimeter of the triangle 
formed by the three tengents will be the same for all positions 
of the third point of contact 

36. If on the sides of any triangle as chords, circles be de- 
scribed, of which the segments external to the triangle conttdn 
angles respectively equal to the angles of a given triangle, those 
circles will intersect in a point. 

37. Prove that if ABG be a triangle inscribed in a circle, 
such that BA =BG, and AA' be drawn parallel to BG, meeting 
the circle again in A\ and A^B be joined cutting AGm E, BA 
touches the circle described about the triangle AEA\ 

38. Describe a circle, cutting the sides of a given square, so 
tJiat its circumference may be divided «^ t\i« i^mta of inter- 

BeotioD into eight equal arcs. 
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39. AB 18 the diameter of a semicircle, D and E any two 
points on its circumference. Shew that if the chords joining 
A and B with D and E^ either way, intersect in F and O, the 
tangents at D and E meet in the middle point of the line FG, 
and that FO produced is at right angles to AB. 

40. Shew that the square on the tangent drawn from any 
point in the outer of two concentric circles to the inner equals 
the difference of the squares on the tangents, drawn from any 
pointy without both circles, to the circles. 

41. If from a point without a circle, two tangents PT, PTy 
at ri^t angles to one another, be drawn to touch the circle, 
and if from T any chord TQ be drawn, and from T a pcrpen- 
dicdar T'itfbe dropped on TQ, then TMm.QM. 

42. Und the loci : 

(1.) Of the centres of circles passing through two given points. 

(2.) Of the middle points of a system of parallel chords in a 
drde. 

(3.) Of points such that the difference of the distances of each 
from two ^yen straight lines is equal to a given straight line. 

(4.) Of the centres of circles touching a given line in a given 
point. 

(5.) Of the middle points of chords in a circle that pass 
through a given point. 

(6.) Of the centres of circles of given radius which touch a 
given circle. 

(7.) Of the middle points of chords of equal length in a circle. 

(8.) Of the middle points of the straight lines drawn from a 
given point to meet the circumference of a given circle. 

43. If the base and vertical angle of a triangle be given, find 
the locus of the vertex. 

44. A straight line remains parallel to itself while one of its 
extremities describes a circle. What is the locna of tSi<^ Qt]b&\ 
extremity f 
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45. A ladder slips down between a vertical wall and a 
horizontal plane : what is the locus of its middle point ? 

46. ABC is a line drawn from a point A, without a cirde, 
to meet the circumference in B and 0. Tangents are drawn 
to the circle at B and C which meet in D. What, is the locos 
ofJD? 

47. The angular points A, C of a parallelogram ABCD move 
on two fixed straight lines OA, OC, whose inclination is equal 
to the angle BCD ; shew that the points B, D will move on 
two fixed straight lines passing through 0. 

48. On the line AB is described the segment of a circle, in 
the circumference of which any point C is taken. If AC, BC 
be joined, and a point P taken in J. so that CP is equal to 
CB, find the locus of P. 

49. Find the locus of the centres of the circles circumscribing 
two trapeziums, into which a parallelogram is divided by any 
line equal to one of its shorter sides. 

50. If a parallelogram be described having the diameter of 
a given circle for one of its sides, and the intersection of its 
diagonals on the circumference, shew that the extremity of 
each of the diagonals moves on the circumference of another 
circle of double the diameter of the first. 

51. One diagonal of a quadrilateral inscribed in a circle is 
fixed, and the other of constant length. Shew that the sides 
will meet, if produced, on the circumferences of two fixed 
circles. 
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We liere insert Euclid's proo& of Props. 23, 24 of Book IIL 
first oboerring that he gives the following definition of similar 
segments: — 

Djet. SmmIot tegmmU of circles are those in which Vts angles 
are eqwd, or whid^ contain eguai atngU^ 



Proposition XXTIL Tuborex. 

Upon ti^ saine straight line, and, upon the same side of it, 
Hure cannot be two sinUlar segments of circles, n<^ coinciding 
mth each other. 




If it be possible, on the same base AB, and on the same side 
(tf it) let there be two similar segments of s^ ABC, ABB, 
whidi do not coincide. 

Because ABB cuts ^CB in pts. A and B, they cannot 
cat one another in any other pt., and .*. one of the segments 
must fall within the other. 

Let ABB fell within ACB. 

Draw the st. line BBC and join CA, BA, 

Then *.* segment ABB is similar to segment ACB, 

.\lABB^ lAGB. 

Or the extr. z of a A =the intr. and opposite i , which Is 
inipossible ; 

.*. the segments cannot Wt co\xvc\dL<^ 
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Proposition XXIV. Theorem. 

Simila/r segments of circles, upon equal strcdght lin 
equal to one another. 





ji J) 



Let ABC, DBF be similar segments of s on equal s 
AB, DE, 

Them must segm,ent ABC =^ segment DBF, 

For if segment ABC be applied to segment DBF, g 
A may be on D and AB on DB, then B will coincide ^ 
and AB with DB ; 

.*. segment ABC must also coincide with segment D2 

1 

/. segment J.£0= segment DBF. 

Q.3 



We gave one Proposition^ C, page 160, as an example 
way in which the conceptions of Flat and Keflex Angle 
be employed to extend and simplify Euclid's proofs. ^ 
give the proofs, based on the same conceptions, of the : 
tant propositions xxii. and xxxi. 
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PROPO6IT10V XXIL TnBOREiL 



Tkt opponU anglei of any quadrUaUral fiffure^ intcribed in 
a emU, are together equal to two right anglee. 




Let ABCD be a quadrilateral fig. iii8cril)ed in a 0. 

IW fMut each pa/vr of iU opposite is he together equal to 
H.LS, 

From 0, the centre, draw OB^ OD. 

Then •/ i J50D=twice i BAD, III. 20. 

and the reflex z D0J5=twice z BCD, III. C. p. 160. 
.*. som of z s at 0= twice sum of z s BAD, BCD. 
But sum of z s at 0=4 right z s ; I. 15, Cor. 2. 

.*. twice sum of z s BAD, BCD=4 right z s ; 
.'. sum of z 8 BAD, BCD^iwo right z s. 
Similarly, it may be shewn that 

sum of z s ABC, ADC^two right z s. 

Q. £. D. 



la 
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Proposition XXXL Theorem. 

In a circle^ ike angle in a semicircle is a right angle; and the 
angle in a segment greater than a semicvrcle is less than a right 
angle; and the angle in a segment less than a senddrcle is 
greater than a right angle. 




Let ABC be a ©, of which is the centre and BC a 
diameter. 

Draw AC, dividing the © into the segments ABC, ADC. 

Join BA, AD, DC 

Then must the i in the semicvrcle BAC he a rt.i, and i in 
segment ABC, greater than a semicircle, less than art. l , and l 
in segment ADC, less than a semicircle, greater than art. i . 

First, r the flat angle BOO=twice z BAC, III. C. p. 150. 

.'. z BACia a rt. z . 

Next, •/ z BAC is a rt. z , 

.'. z ABC is less than a rt. z . I. 17. 

Lastly, •.• sum of z s ABC, ADC^two rt. z s, III. 22. 

and z ABC is less than a rt. z , 

/. z ADC is greater than a rt z . 



BOOK IV. 



INTROIXJCTORY REMARKS. 

Euclid giTes in this Book of the Elements a series of 
Problems relating to cases in which circles may be described 
in or aboat triangles, squares, and regular polygons, and of the 
l38t-mentioned he treats of three only : 

the Pentagon, or figare of 5 sides, 

„ Hexagon, „ 6 „ 

„ Quindecagon, „ 16 „ . 

^e Student will find it useful to remember the following; 
^eorems, which are established and applied in the proofit of 
^ Propositions in this Book. 

I The bisectors of the angles of a triangle, square, or 
'egolar polygon meet in a point, which is the centre of the 
inscribed circle. 

IL Hie perpendiculars drawn from the middle points of the 
sides of a triangle, square, or regular polygon meet in a point, 
^hich is the centre of the circumscribed circle. 

III. In the case of a square, or regular polygon the inscribed 
and circumscribed circles have a common centre. 

IV. If the circumference of a circle be divided into any 
number of equal parts, the chords joining each pair of consecu- 
tive points form a regular figure inscribed in the circle, and the 
tangents drawn through the points form a regular figure de- 
scribed about the circle. 



U% 
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Proposition I. Problem. 

In a given circle to draw a chord eqttal to a given stradgk 
line, which is not greater than the diameter of the circle. 




Let ABC be the given © , and D the given line, not greate: 
than the diameter of the . 

It is required to draw in the Q ABC a chord=D, 

Draw EC, a diameter of © ABC. 

Then if EC=D, what was required is done. 

But if not, EC is greater than D. From EC cut off ^F^D 
and with centre E and radius EF describe a © AFB, cutting 
the © ABC in A and B ; and join AE. 

Then, •/ E is the centre of © AFB, 

,\ EA=EF, 

and .-. EA=D. 

Thus a chord EA equal to D has been drawn in © ABC. 

9. £. F. 

Ex, Draw the diameter of a circle, which shall pass at a 
given distance from a given point. 
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Proposition II. Problem. 

In a given circle to imorihe a triangle, equiangular to a given 
triangle. 




Let ABC be the given © , and DEF the given A . 

It 18 required to intcribe in ABC a A , equiangtdar 
to A DEF. 

Draw GAH touching the ABC at the pt A. III. 17. 

Make z GAB^ l BEE, and iHAC^l DEF. I. 23. 

Join BC. Then will A ABC be the required A . 

For *.* GAH is a tangent, and AB a chord oif the 0, 

.-. L ACB^ L GAB, III. 32. 

that is, L ACB^ l DFk 

So also, I ABC^ l HAC, III. 32. 

that is, z ABC== l DEF ; 

.*. remaining l 5-40= remaining l EDF; 

.*. A ABC is equiangular to A DEF, and it is inscribed in 
the © ABC. 

Q. £. F. 

Ex. If an equilateral triangle be inscribed in a circle^ ijtove 
that the radii, drawn to the angular pom\s,\i\afeQX. SJcifc «Ck>^'®» ^ 
the triangle. 
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Proposition III. Problem. 

About a given circle to describe a triangle, equiangular to a 
given triangle. 





Let ABC be the given ©, and DEF the given a . 

It is required to describe about the ® a A equiangular 
to A EDF. 

From 0, the centre of the © , draw any radius 00, 

Produce EF to the pts. Gy H, 
Make i 00 A = z DEO, and L OOB^ l DFH, I. 23. 
Through A, B, draw tangents to the © , meeting in i, My JVL 
Then will LMN be the A required. 
For '.* MLy LNy NM are tangents to the ©, 
.*. the z s at -4, jB, are rt. z s. III. 18- 

Now z 8 of quadrilateral AOOM together = four rt z s. ; 
and of these z 0*AM and z OGM are rt. z s ; 

.*. sum of z s GO Ay AMG =^two rt. z s. 
But sum of z s BEG, DEF=two rt z s ; I. 32. 

.-. sum of z s GO Ay AMG=siim of z s DEGy DEFy 
and z GO A = z DEGy by construction ; 
.-. iAMG=^lDEF; 
that is /.LMN^iDEF. 
Similarly, it may be shewn that z LNM=^ z 2)^J& ; 
/. also z MLiV^= z ^Di^. 
'ThuB a A, equiangular to a DEFy is described about the 0. 
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Pboposition IV. Problem. 
To VMcrOit a circle in a given triangle. 




C 

Let ABC be the giv«n A . 
It is required to inecribe a Q in the £i ABC. 

Bisect I 8 ABC, ACS by the st lines BO, CO, meeting 

in 0. I. 9. 

From draw OA OE, OF, ±s to AB, BC, CA. I. 12. 

Then, in a s EBO, DBO, 

V I EBO= L DBO, and I BEO= l BDO, and OB is common, 

/. 0E= OD, I. 26. 

Similarly it may be shewn that OE==OF. 
If then a be described, with centre 0, and radius OD, 
tiiis will pass through the pts. D, E, F ; 

and '.' the z s at 2>, J^ and ^ are rt. is, 
.', AB, BC, CA are tangents to the © ; III. 16. 

and thus a © DEF may be inscribed in the A ABC. 

Q. K F. 

Ex. 1. Shew that, if OA be drawn, it wUl bisect the angle 
BAG, 

Ex. 2. If a circle be inscribed in a right-angled triangle, the 
difference between the hypotenuse and the sum of the other 
sides is equal to the diameter of the circle. 

Ex. 3. Shew that, in an equilateral triangle, the centre of 
the inscribed circle is equidistant from the three angular points. 

Ex. 4. Describe a circle, touching one side of a triangle and 
the other two produced, (Note. T\\\a \a csiJ^^^ ^Tk. «Acn)a«A. 
circlej 
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Note. Euclid's fifth Proposition of this Book has 
already given on page 135. 



Proposition VI. ^Problem. 
To inscribe a squa/re in a given drde, f 
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liCt ABCD\iQ the given ®. 

It is required to inscrihe a square inthe ®. 

Through 0, the centre, draw the diameters AC, BD, 
each otlier. 

Join AB, BC, CDy DA. 
T?lien •.' the z s at are all equal, being rt. z s, I. P< 
.-. the arcs AB, BO, CD, DA are kU equal, II 

and .*. the chords AB, BC, CD, DA are all equal ; I] 
and I ABC, being the z in a semicircle, is a rt. z . I] 
So also the z s BCD, CD A, DAB are rt z s ; 
.*. A BCD is a square, 

and it is inscribed in tlie 2i& >n^ x^o^jiired. 
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Proposition VII. Problem. 
To describe a square abotU a given cirde. 




III. 17. 
III. 16. 

1.27. 



Let ABCD be the given 0, of which is the centre. 
It is required to describe a square about the . 

Draw the diameters AC, BD, ± to each other. 

Through A, By O, D dmw EF, FG, GH, HE 

touching the 0. 

Then the z s at A, B, (7, !D are rt. is. 
Now *.* the z 8 at A, 0, C are all rt. z s, 

.-. FE, BDy and GH are all || ; 
and *.* the z s at JS, 0, D are all rt z s, 
.-. FGy AC, and EH are all |1 ; 
.-. FE and GH each = BD, 
and FG and EH each ^AC. 

And \' BD=^AC, 

,\ FE, GH, FG, EH, are all equal 

Again, •.• FOiavkCJ, 

.-. z AFB = z AOB, 

and .'. z AFB is a rt. z . 

So also the z s at Cr, H, and E are rt. z s. 

Hence EFGH is a square, and it is described about the . 

Q* £• Vt 

ISx. In a given circle inscribe four circles, equal to each 
oUier, and in mutual contact with. eJBicla. oXJast ^xA ^^Sbl '^'^k 
given circle. 



1.34. 
1.34. 



1.34. 
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Proposition VIII. Problem. 
To inscribe a cvrde in a given square. 




Let ABCD be the given square. 

It is required to inscribe a Q in the squcvre. 

Bisect AB, AD in E, F, I. 10. 

and draw EQ \\ to AD or EC, and FH \\ to AB or DC. 
Let EG and FH intersect in 0. 
Trfen -.-^OisaO, 
.-. OE=FA and OF=EA. 1. 34. 

But •.• AB=^AD, and E, F are the middle pts. of AB, AD, 

.'.FA^EA, 

and.-. OE=OF. 

Similarly, it may be shewn that OG=OF, and OH=OE, 

and .-. OE, OF, OG, OH Sive all equal ; 

and a 0, described with centre and radius OE, 

will pass through E, F, G, H, 

and it will be touched by each of the sides of the square, 

•.• the z s at ^, ^, 6?, J3r are rt. z s. III. 16. 

Thus a © EFGH may be inscribed in the sq. ABCD. 

Q. E. F. 

Ex. 1. In what parallelograms can circles be inscribed ? 

Ex. 2. If, from any point in the circumference of a circle, 
Btr&^ht lines be drawn to the angular points of the inscribed 
square, the sum of the squares on lYifi&e ioivicc lines will be 
doable of the square on the diametei. 
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Proposition IX. Problem. 
To describe a circle about a given square. 




Let ABCD be the given square. 

It is required to describe a © about the square. 

Draw the diagonals AC, BD, intersecting each other in 0. 

.Then *.• z DAC ^ i ACD, La. 

and iBAC=^ alternate l A CD, I. 29. 

,\iDAC= iBAC, 

Thus the diagonal .^C bisects z BAD, 

and .*. I 0-4jB=half a rt. z . 

Similarly it may be shewn that z OBA=hali a rt. z ; 

.-. z DBA = z GAB ; 

.\OA = OB. Lb. Cor. 

Similarly it may be shewn that OC=OB, and OD=OA ; 

.-. OA, OB, OC, OD are all equal ; 

and .'. a ©, described with centre and radius OA, will 
pass through A, B, C, D, and will bo described about the 
pquare, as was required. 
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Proposition X. PROBLidf. 
To describe an isosceles triangle^ hamng each of the angles at 
the hose double of (he third angle. 




Take any st. line AB and divide it in G, 

so that rect ABy BC= sq. on AC, II. 11. 

With centre A and radius AB describe the BDE, 
and in it draw the chord BD=AC; and join AD, IV, 1. 

Then mil A ABI) have each of the is at the hoM double 
of L BAD, 
Join CD, and about the A AGD describe the © ACD, IV. 5. 
Then •/ rect. AB, B0= sq. on AC, and BD=AC, 
,', rect. AB, BC = sq. on BD, 
and .-. BD touches the © AGD, III. 37. 

Then •.' BD touches © AGD, and DC is a chord of the ® 

.-. z BDG = I CAD, III. 32. 

Add to each z GDA, 
Then i BD A =s\}m of z s CAD, CD A, 

,\ L BDA = L BCD, I. 32. 

But L BDA = L CBD ; I. a. 

.-. L BCD = L CBD, 

and .-. BD = CD. I. B. Cor. 

But BD^CA', 
,\ CA = CD, 
and .-. z CD A = z CAD, I. a. 

Hence sum of z s CD A, CAD = twice z CAD, 

.', L BCD = twice z BAD, I. 32. 

But z ABD and z ^DJ5 are each = z jBCD, 
. •. z -4-M> and z ADB are each. = \.m<ifc l B AI> \ 
and thus an isosceles A J.BD \iaa \ife^u ^^^cn^^ ^ ^^ 
reouired, ^.^.^« 
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Proposition XI. Problem. 
To inscribe a regular penittgon in a given cirde. 




Let ABODE be the given © . 

It is reqwired to inscribe a regular pentagon in the Q. 

Make an isosceles A FOH, having each of the z s at Gy H 
double ofitttF. 
Jn® ABODE inscribe a a -4 CD equiangular to a FGH, rv. 2. 

having zs at A, 0, D=thezs at F, G, JT, respectively. 

Then z ^DC^twice z DAO, and z ^OD^twice z DAO, 

Bisect the z s ADC, ACJD by the chords DB, OE. 
Join AB, BO, DE, EA. 
Then will ABODE be a regular pentagon. 
For *.• z s ADO, AOD are each == twice z DAO, 
and z s -4D0, ^ CD are bisected by DB, OE, 
.-. z s ADB, BDO, DAO, EOD, AOE, are aU equal ; 
and .-. arcs AB, BO, OD, DE, EA are all equal ; III. 26. 
and .-. chords AB, BO, OD, DE, EA are all equal III. 29. 
Hence, the pentagon ABODE is equilateral. 
Again, *.* arc CD = arc AB, 
adding to each arc AED, we have 
arc AEDO=aic BAED, 
and .-. z ABO-^ z BOD. III. 27. 

Similarly, z s ODE, DEA, EAB each= z ABO, 

Hence, the pentagon ABODE is equiangular. 
Thus a regular pentagon has been inscribed in the . 

Ex. Shew that CE is parallel to BA, 
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Proposition XII. Problem. 



To describe a regular pentagon about a gwesn circle. 




Let ABODE be the given 0. 
It is required to describe a regida/r pentagon ab&ut the © . 

Let the angular pts. of a regular pentagon inscribed in the 
be at Ay B, C, D, E, 

so that the arcs AB, BG, CD, DE, EA are all equal- 
Through A, By C, D, E draw GH, B.K, KL, LMy MG 
tangents to the ; 

take the centre 0, and join OB, OK, 00, OL, OD. 

Then in A s OBK, OOK, 

v 0B=00, and OK is common, and KB=KC, 

I. E. Cor. 

.-. z BKO=- L CKO, and z BOK= l COK, 
that is, z BKG=tmce l CKO, and z jBOO= twice z COK 
So also, I DLG=^ twice z CLO, and l DOC=Wv:fc l 001.. 
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Now •/ arc BC-^src CD^ 

.-. z BOC- z DOC, 

and .-. z COJK^= z COL. 

Hence in A a OCJ^, OCL, 

-.• z OOJK^- z COi, and rt z OGBC-rt z OCA and 00 is 
oonunon, 

.-. z CKO^ z CLO, and CK^CL, L b. 

and /. z HKL=^ z AfZjK, and -ffX«twice KG. 
Similarly it may be shewn that z s KHG, B.GM, QML each 

.'. the pentaf;on OJBKLM is equiangular. 
And since it has been shewn that £X» twice KCf 
and it can be shewn that jETfa^ twice KB, 

and •/ KB^KC, L E. Cor. 

•*• SK^KL, 
In like manner it may be shewn that HO, GM, ML, each 

.*. the pentagon GHKLM is equilatexaL 
Thus a regular pentagon has been describe(f. about the 0. 

0. E. F. 
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Proposition XIII. Problem. 
To msoribe a circle in a given regular pentagon. 




Let ABODE be tlie given regular pentagon. 

It is required to i/nsoribe a® in (he pentagon. 
Bisect 4 s BCD, CDE by the st lines CO, DO, meeting in 0. 

Join OB, OA,OE. 

Then, in A s BCO, DGO, 

V BC=DC, and CO is common, and z 500= z DCO, 

.\ L OBC= L ODC. I. 4. 

Then, •.• z u4J50= z CDE, Hyp. 

and z OjDJ^=twice z ODO, 

.-. z u4jB0= twice z OjBO. 

Hence 0J5 bisects z uIjBO. 

In the same way we can shew that OA, OE bisect 

the z s BAE, AED. 

Draw 0^, 00, Oif, OZ^, Oi± to -4J5, BC, CD, DE, EA. 

Then, in A s GOC, HOC, 

•.• z OCO^ L HCO, and z OGC= z OSO, 

and 00 is common, 

,\OG=OH. 1.26. 

So also it may be shewn that OF, OL, OK are 
each=OOOT OH; 
.-. OF, OG, OH, OK, OL are all equal 
Hence a described with centre and radius OF 
will pass through G, H, K, L, 
and will touch the sides of the pentagon, 
•/thezsatF, G, H,K, L«t^T\».L^. III. 16. 
Thus a © wiU be dnacribed Vxi ^\ie ^erAaL^otu ^. ^ ^. 
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Proposition XIV. Problem. 
To describe a circle about a given regular pentagon. 




Let ABODE be the given regular pentagon. 

It is required to describe a © ahout the pentagon. 

Bisect the z s BCD, CDE by the st. lines (70, DO, meeting 
inO. 

Join OB, OA, OE. 

Then it may be shewn, as in the preceding Proposition, thut 

OB, OA, OE bisect the z s CBA, BAE, AED, 

And ••• z BCD= z CDE, 

and z OCD=half z ^OJD, and z Oi)0=half z CJD^, 

.-. z 00I>= z OJDC, 

and.-. OD=OC, 

In the same way we may shew that OB, OA, OE 

each=OD or OC ; 

:, OA, OB, OC,OD, OE are all equal, 

and a described with centre and radius OA will pass 
through B, C, D, E, 

and will be described about the pentagon. 
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Proposition XV. Problem. 
To inscribe a regular hexagon in a given circle, 

A 




Let ABCDEF be the given © , of which is the centre. 
It is required to inscribe a regular hexagon in the © . 

Draw the diameter AOB, 
and with centre D and radius DO describe a © EOCG 
Join EO^ COf and produce them to B and F. 
Join AB, BG, CD, DE, EF, FA, 
Then *.• is the centre of © ACE, ., OE^OD; 
and -.* D is the centre of © GCE, ,; OD^DE ; 

,'. OED is an equilateral A, 
and .*. z ^OD=the third part of two rt. z-s. I. 32. 

So also z D0(7== the third part of two rt. z a, 
and .*. z J50C=the third part of two rt. z s. I. 13. 

Thus z s EOD, DOC, BOC are all equal ; 
and to these the vertically opposite z s BOA, AOF, FOE 
are equal ; I. 15. 

.-. z s AOB, BOC, COD, DOE, EOF, FOA, are all equal, 
and .-. arcs AB, BC, CD, DEf EF, FA are all equal 

III. 26. 
and .-. chords AB, BC, CD, DE, EF, FA are all equal 

III. 29. 
Thus the hexagon ABCDEF is equilateral. 

Also *.* each of its z s= two-thirds of two rt. z s, 
. '. the hexagon ABCDEF is equiangular. 
Thus a regular hexagon has \)eeii ViiBct\\)e^Vxi>iXift <5) . 
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Proposition XVL Problem. 
To inscribe a regular quindecagon in a given circle 




Let ABC be the given . 
It is required to inscribe in the ® a regular quindecagon. 

Let AB be the side of an equilateral A inscribed in iho , 

IV. 2. 

and AD the side of a regular pentagon inscribed in the . 

IV. 11. 

Then of such equal parts as the whole Oce ABC contains 
fifteen^ 

arc ADB must contain five, 

and arc AD must contain three, 

and .'. arc DB^ their difference, must contain two. 

Bisect arc DB in E. III. 30. 

Then arcs DE^ EB are each the fifteenth part of the whole 
Oce. 

If then chords DE, EB be drawn, 

and chords equal to them be placed all round the Oce, FV. 1. 

a regular quindecagon will be inscribed in the 0. 
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Miscellaneous Exercises on Boole TV, 

1. The perpendiculars let fall on the sides of an equ 
triangle from the centre of the circle, described abc 
triangle, are equal 

2. Inscribe a circle in a given regular octagon. 

3. Shew that in the diagram of Prop. X. there is a 
triangle, which has each of two of its angles double of th 

4. Describe a circle about a given rectangle. 

6. Shew that the diameter of the circle which is d€ 
about an isosceles triangle, which has its vertical angle 
of either of the angles at the base, is equal to the 1 
the triangle. 

6. The side of the equilateral triangle, described i 
circle, is double of the side of the equilateral triangle, ii 
in the circle. 

7. A quadrilateral figure may have a circle describee 
it, if the rectangles contained by the segments of the dj 
be equal 

8. The square on the side of an equilateral triangle, ii 
in a circle, is triple of the square on the side of the 
hexagon, inscribed in the same circle. 

9. Inscribe a circle in a given rhombus. 

10. ABC is an equilateral triangle inscribed in a 
tangents to the circle at A and B meet in M. She^ 
diameter drawn from M", and meeting the circumference i 
C, bisects the angle AMB, and that DC is equal to twi 

11. Compare the areas of two regular hexagons, 
scribed in, the other described about, a given circle. 

12. Inscribe a square in a given semicircle. 

13. A circle being given, describe six other circles, 
them equal to it, and in contact v?it\i ea.c\i o\\\^t ^xv.^ ^ 

Kiven cirde. 
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14. Giyen the angles of a triangle, and the perpendiculan 
from any point on the three sides, construct the triangle. 

15. Having given the radius of a circle, determine its centre, 
when the circle touches two given lines, which are not parallel 

16. If the distance between the centres of two circles, which 
eat one another at right angles, is equal to twice one of the 
ndii, the common chord is the side of the regular hexagon, 
inscribed in one of the circles, and the side of the equilateral 
tiriaogle, inscribed in the other. 

17. If from 0, the centre of the circle inscribed in a triangle 
i^C, ODy OE, OF be drawn perpendicular to the sides BC, 
Ci, AB, respectively, and from any point P in OP, drawn 
Penile] to JJBf perpendiculars PQ, PJR be drawn upon OD 
»nd OE respectively, or these produced, shew that the triangle 
QRO is equiangular to the triangle ABC. 
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Euclid, Pajpers set in ihe Mathematical Tripos at Cambridge 

fr<m 1848 to 1872. 



Questions arising ont of the Propositions, to which they 
are attached, have been proposed in the Euclid Papers ti) 
Candidates for Mathematical Honours since the year 1848. 

A complete set of these questions, so far as they refer to 
Books i.-iy., is here given. The figures preceding each question 
denote the particular Proposition to which the question was 
attached. It is expected that the solution of each question is 
to be obtained mainly by using the Proposition which precedes 
it, and that no Proposition which comes later in Euclid's order 
should be assumed. 

Of some of the questions here given we have already made 
use in the preceding pages. As examples, however, of what 
has been hitherto expected of Candidates for Honours, and in 
order to keep the series of Papers complete, we have not 
hesitated to repeat them. 

1848. I. c. How does it appear that the two triangles are 

equiangular and equal to each other ? 

I. 34. If the two diagonals be drawn, shew that a 
paraT/jlogram will be divided into four equai 
parts. In what case will the diagonal bisect 
the angle of parallelogram ? 

III. 15. Shew that all equal straight lines in a circle 
will be touched by another circle. 

IIL 20. If two straight lines AEBy CED in a circle 
intersect in E^ the angles subtended hj AC 
and J5D at t\ve ceiL\.T^ ac^ Xa^'i'Oftst daiible of 
the aLg;le A EC. 
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1849. I. 1. By a method similar to that used in this pro- 
blem, describe on a given finite straight line 
an isosceles triangle, the sides of which shall 
be each eqoal to twice the base. 

II. 11. Shew that in Euclid's figure four other lines 
beside the given line, are divided in the re- 
quired manner. 

IV. 4. Describe a circle touching one side of a triangle 
and the produced parts of the other two. 

1850. I. 34. If the opposite sides, or the opposite angles, of 

any quadrilateral figure be equal, or if its 
diagonals bisect each other, the quadrilateral 
is a parallelogram. 

II. 14. Given a square, and one side of a rectangle 
which is equal to the square, find the other 
side. 

11L 31. The greatest rectangle that can be inscribed in 
a circle is a square. 

III. 34. Divide a circle into two segments such that the 

angle in one of them shall be five times the 
angle in the other. 

IV. 10. Shew that the base of the triangle is equal to 

the side of a regular pentagon inscribed in the 
smaller circle of the figure. 

1851. 1. 38. Let ABG^ ABD be two equal triangles, upon 

the same base AB and on opposite sides of ' 
it : join CD, meeting AB in E : shew that 
CE is equal to ED. 

h 47. If ABC be a triangle, whose angle AisB. right 

angle, and BE, CF be drawn bisecting the 

opposite sides respectively, shew that four 

times the sum of the squares on BE and CF 

/ is equal to five times the square on BC. 

ni. 22. If a polygon of an even number of sides be in- 
scribed in a circle, the sum of the alteciva.<jib 
angles together with two iigJaX* mv^^Sa^^^ 
to as many right angles aa tiae ^^\vi^\i2ka«A«a»« 
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1851. IV. 16. In a given circle inscribe a triangle, whose 

angles are as the numbers % 5 and 8. 

1852. I. 42. Divide a triangle by two straight lines into 

three parts, which, when properly arranged, 
shall form a parallelogram whose angles are 
of given magnitude. 

IT. 12. Triangles are described on the same base and 
having the difference of the squares on the 
other sides constant : shew that the vertex of 
any triangle is in one or other of two fixed 
straight lines. 

lY. 3. Two equilateral triangles are described about 
the same circle : shew that their intersections 
wiU form a hexagon equilateral, but not gene- 
rally equiangular. 
■ 853. i.B. Cor. If lines be drawn through the extremities of the 

base of an isosceles triangle, making angles 
with it, on the side remote from the vertex, 
each equal to one third of one of the equal 
angles, and meeting the sides produced, prove 
that three of the triangles thus formed are 
isosceles. 
I. 29. Through two given points draw two lines, form- 
ing with a line, given in position, an equi- 
lateral triangle. 

u. 11. In the figure, if jET be the point of division of 
the given line AB^ and DA be the side of the 
square which is bisected in ^ and produced 
to Fy and if DJBT be produced to meet B¥ in 
i, prove that DL is perpendicular to BF^ and 
is divided by BB similarly to the given line. 

ni. 32. Through a given point without a circle draw a 
chord such that the difference of the angles 
in the two segments, into which it divides the 
circle, may be equal to a given angle. 

III. 36. From a given point as centre describe a circle cut- 
ting a given line in two points, so that the rect- 
angle contamed.\iy \\mT ^?,\5Kcvcfc^\twsi.^^<5^d 
point in the\mem'a:^\i^ co^\^\\Ai«i.^^^Tv^Qiaac5» 
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154. L 43. If JE^ be the common angular point of the paral- 
lelograms about the diameter, and BD the 
other diameter, the difference of the paral- 
lelograms is equal to twice the triangle BKD. 

n. 11. Produce a given straight line to a point such 
that the rectangle contained by the whdle 
line thus produced and the part produced 
shall be equal to the square on the given 
straight line. 

III. 22. If the opposite sides of the quadrilateral be pro- 
duced to meet in P, Q, and about the tri- 
angles so formed without the quadrilateral 
circles be described meeting again in JR, shew 
that F, By Q will be in one straight line. 

IV. 10. Upon a given straight line, as base, describe an 
isosceles triangle having the third angle 
treble of each of the angles at the base. 

355. J. 20. Prove that the sum of the distances of any point 

from the three angles of a triangle is greater 
than half the perimeter of the triangle. 

I. 47. If a line be drawn parallel to the hypotenuse 
of a right-angled triangle, and each of the 
acute angles be joined with the points where 
this line intersects the sides respectively oppo- 
site to them, the squares on the joining lines 
are together equal to the squares on the hypo- 
tenuse and on the line drawn parallel to it. 

i;. 9. Divide a given straight line into two parts, such 
that the square on one of them may be 
double of the square on the other, without 
employing the Sixth Book. 

iiL 27. If any number of triangles, upon the same base 
BCy and on the same side of it, have their 
vertical angles equal, and perpendiculars 
meeting in D be drawn from 5, C upon the 
opposite sides, find the loc\i& oi D^ %xA ^^^ 
that aH the lines which \i\aec^ ^iScift \«i^<^'BT>^ 
pass through the same point. 
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1855. lY. 4. If the circle inscribed in a triangle ABG toach 

the sides AB, -4.0 in the points D, E^ and a 
straight line be drawn from A to the centre 
of the circle, meeting the circumference in G^, 
shew that Q is the centre of the circle in- 
scribed in the triangle ADE, 

1856. I. 34. Of aU paraUelograms, which can be formed with 

diameters of given /length, the rhombus is 
the greatest. 

II. 12. If ABy one of the equal eides of an isosceles 
triangle ABG^ be produced beyond the base 
to D, so that BD=^ABj shew that the square 
on CD is equal to the square on AB together 
with twice the square on BG. 

IV. 15. Shew how to derive the hexagon from an equi- 
lateral triangle inscribed in the ciicle, and 
from this construction shew that the side of 
the hexagon equals the radius of the circle, 
and that the hexagon is double of the tri- 
angle. 

1857. I. 36. ABC is an isosceles triangle, of which A is the 

vertex: AB, AG are bisected in D and E 
respectively ; BE^ CD intersect in F : shew 
that the triangle ADE Ls equal to three times 
the triangle DEF. 

IL 13. The base of a triangle is given, and is bisected 
by the centre of a given circle, the circum- 
ference of which is the locu& of the vertex : 
prove that the sum of the squares on the two 
sides of the triangle is invariable. 

ni. 22. Prove that the sum of the angles in the four 
segments of the circle, exterior to the quadri- 
lateral, is equal to six right angles. 

IV. 4. Circles are inscribed in the two triangles formed 
by drawing a perpendicular from an angle of 
a triangle upon the opposite side, and analo- 
gous circles ate deactVVi^^ Vsi ii^\a.tvon to the 
two other Uke pexpen^VcviNacca ♦. ^tQ»^^>(k^\>^^ 
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8am of the diameters of the six circles toge- 
ther with the sum of the sides of the original 
triangle is equal to twice the sum of the three 
perpendiculars. 

^58. L 28. AjKuroing as an axiom that two straight lines 

cannot both be parallel to the same straight 
line, deduce Euclid's sixth postulate as a 
corollary of the proposition referred to. 
IL 7. Produce a given straight line, so that the sum 
of the squares on the given line and the part 
produced may be equal to twice the rectangle 
contained by the whole line thus produced and 
the produced part, 
ni. 19. Describe a circle, which shall touch a given 
straight line at a given point and bisect the 
circumference of a given circle. 

859. I. 41. Trisect a parallelogram by straight lines drawn 

from one of its angular points. 
II. 13. Prove that, in any quadrilateral, the squares 
on the diagonals are together equal to twice 
the sum of the squares on the straight lines 
joining the middle points of opposite sides. 

III. 31. Two equal circles touch each other externally, 
and through the point of contact chords are 
drawn, one to each circle, at right angles to 
each other: prove that the straight line, 
joining the other extremities of these chords, 
is equal and parallel to the straight line 
joining the centres of the circles. 

IV. 4. Triangles are constructed on the same base with 
equal vertical angles : prove that the locus 
of the centres of the escribed circles, each of 
which touches one of the sides externally 
and the other side and base produced, is an 
arc of a circle, the centre of which is on the 
circumference of the circle circumscribing the 
trmnglea. 
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1860. L 35. If a straight line BME be drawn through the 

middle point M of the base BG of a triangle 
ABG, so as to cut off equal parts -4D, AE 
from the sides ABy AG, produced if neces- 
sary, respectively, then shall BD be equal to 
GE. 
II. 14. Shew how to construct a rectangle which shall 
be equal to a given square ; (1) when the 
sum, and (2) when the difference of two ad- 
jacent sides is given. 

III. 36. If two chords AB, -40 be drawn from any point 

A oi 2k circle, and be produced to D and Ej 
so that the rectangle AG^ AE is equal to the 
rectangle AB, AD, then, if be the centre 
of the circle, -40 is perpendicular to DE. 

IV. 10. If A be the vertex, and BD the base of the 

constructed triangle, D being one of the points 
of intersection of the two circles employed in 
the construction, and E the other, and AE 
be drawn meeting BD produced in F^ prove 
that FAB is another isosceles triangle of the 
same kind. 

1861. I. 32. If ABG be a triangle, in which is a right 

angle, shew how, by means of Book L, to 
draw a straight line parallel to a given 
straight line so as to be terminated by GA 
and GB and bisected by AB, 

IL 13. If ABG be a triangle, in which is a right 
angle, and DE be drawn from a point D in 
-40 at right angles to AB, prove, without 
using Book III., that the rectangles AB, AE 
and -40, AD will be equaL 

III. 32. Two circles intersect in A and jB, and GBD is 
drawn perpendicular to AB to meet the 
circles in and D ; if EAF bisect either the 
interior or exterior angle between 0-4 and 
DA, prove t\iat t\i^ laa^'svi^a ta the circles at 
E and F intexaect m «t ■^cAiA. on AB \«tcA\^sisdk. 
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161. lY. 4. Describe a circle touching the side BG of the 

triangle ABCy and the other two sides pro- 
duced, and prove that the distance between 
the points of contact of the side BQ with the 
inscribed circle, and the latter circle, is equal 
to the difference between the sides AB and 
AQ. 

(62. I. 4. Upon the sides ABy BC, and CD of a parallelo- 
gram ABGD, three equilateral triangles are 
described, that on BC towards the same parts 
as the parallelogram, and those on AB^ CD 
towards the opposite parts. Prove that the 
distances of the vertices of the triangles on 
ABf CD, from that on BC, are respectively 
equal to the two diagonals of the parallelo- 
gram. 

u. 10. Divide a given straight line into two parts, so 
that the squares on the whole line and on 
one of the parts may be together double of 
the square on the other part 

m. 28. A triangle is turned about its vertex, until one 
of the sides intersecting in that vertex is in 
the same straight line as the other previously 
was : prove that the line, joining the vertex 
with the point of intersection of the two 
positions of the base, produced if necessary, 
bisects the angle between these two positions. 

IV. 10. Prove that the smaller of the two circles, em- 
ployed in Euclid's construction, is equal to 
the circle described about the required tri- 
angle. 

863. I. 47. Two triangles ABC, A'BO have their sides 

respectively parallel BBx, CCi are drawn 
perpendicular to B'C; CCt^ AA^ to C'A'i and 
AAt, BBz to A^B', Prove that the sum of the 
squares on ABi, BCt, CAt together, is equal 
to the sum of those on ACi, B A^ CBt\x^^^<s^. 
iL 11, Divide a given straight line \iiU> Vwo ^?cs\ft^«Q.^ 
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that the rectangle contained by the ^riiole and 
one part may be equal to that contained by 
the other part and a given straight line. 

1863. iiL 28. Two equal circles intersect in ^, £ ; FQT 

perpendicalar to AB meets it in T, and the 
drdes in P, §. AF^ BQ meet in R ; AQ^ 
BP in 8 : prove than the angle RTS is bi- 
sected by TP. 

1864. L 38. If a quadrilateral figure have two ndes paraOeL 

and the parallel sides be bisected, the line 
joining the points of bisection shall pass 
through the point in which the diagonals cut 
one another. 

IL 14. IMyide a given straight line (when possible) 
into three parts such that the rectangle con- 
tained by two of them shall be equal to a 
given rectilineal figure, and that the squares 
on these two parts shall together be equal to 
the square on the third. 

IIL 36. If from a given point A without a given circle 
any two straight lines AFQ, AB8, be drawn, 
making equal angles with the diameter which 
passes through A, and cutting the circle in 
P, Q, and B, 8, respectively, then PS, QB^ 
shall cut one another ill a given point. 

IV. 11. If a figure of any odd number of sides have all 
its angular points on the same circle, and all 
its angles equal, then shall its sides be equal 

1865. L 20. Give a geometrical construction for finding a 

point in a given straight line, the diJSerence of 
the distances of which from two given points 
on the same side of the line shall be the 
greatest possible. 

II. 12. The base BC of an isosceles triangle ABC is 
produced to a point D ; AD is joined, and in 
AD a point E is taken, such that the rect- 
angle J.D, A E , is ec\vx«\ \iO >iJii<ft ^o^«sQ on either 
of the equal sides AB, AC.^l NJaa ^jcvsaw^^ 
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prove that the rectangle i>X>, CD is equal to 
the rectangle AD^ ED. 

1865. lu. 18. A given straight line is drawn at right angles 

to the straight line joining the centres of two 
given circles : prove that the difference be- 
tween the squares on two tangents drawn, 
one to each circle, from any point on the 
given straight line, is constant 

lY. 5. Having given one side of a triangle, and the 
centre of the circumscribed circle, determine 
the locus of the centre of the inscribed circle. 

1866. L 33. Prove that a quadrilateral, which has two op- 

posite sides and two opposite obtuse angles 
equal, is a parallelogram. 

Shew that the figure is not necessarily a paral- 
lelogram, if the equal angles are acute. 

IL 9. Prove this also by superposition of the squares 
or their halves. 

III. 32. If four circles be drawn, each passing through 
three out of four given points, the angle be- 
tween the tangents at the intersection of two 
of the circles is equal to the angle between 
the tangents at the intersection of the other 
two circles. 

[V. 2. lu a given circle inscribe a triangle such that 
two of the sides of the triangle shall pass 
through given points and the third side be at 
a given distance from the centre of the given 
circle. 

1867. I. 16. Any two exterior angles of a triangle are together 

greater than two right angles. 

L 43. What is the greatest value which these comple- 
ments, for a given parallelogram, can have ? 

C. 11. Divide a given straight line into two parts such 
that the squares on the whole line and on one 
of the parts shall be togfe\i\iW ^o\5\\^ <i^. >iask 
squiire on the other parU 
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1867. III. 22. If the chords, which bisect two angles of a 

triangle inscribed in a circle, be equal, prove 
that either the angles are equal, or the third 
angle is equal to the angle of an equilateral 
triangle. 

1868. I. 41. OKBM and OLDN are parallelograms about 

the diameter of a parallelogram ABCD. In 
MNy which is parallel to BA, take any point 
P and prove that, if PC, produced if neces- 
saiy, meet KL in Q, BP will be parallel 
toDQ. 

II. 12. In a triangle ABG, D, E, F are the middle 
points of the sides BCj CA, AB respectively, 
and K, X, M are the feet of the perpendi- 
culars on the same sides from the opposite 
angles. Prove that the greatest of the rect- 
angles contained by BC and DK, GA and 
EL, AB and FM, is equal to the sum of the 
other two. 

III. 35. Through a point within a circle, draw a chord, 
such that the rectangle contained by the whole 
chord and one part may be equal to a given 
square. 

Determine the necessary limits to the magni- 
tude of this square. 
IV. 4. If two triangles ABC, A'BfG be inscribed in 
the same circle, so that AA' BB! CC meet 
in one point 0, prove that, if be the centre 
of the inscribed circle of one of the triangles, 
it will be the centre of the perpendiculars of 
the other. 

1869. I. 40. ABC is a triangle, E and F are two points ; if 

the sum of the triangles ABE and BCE be 
equal to the sum of the triangles ABF and 
BOF, then under certain conditions EF will 
be parallel Uy AC. Find these conditions, 
and deteinmie w\i<eiSL \^^ ^c&^^ss&sca instead of 
the sum oi l\ie tnSiTi^^ tqsx&\»\^ \»kssL. 
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i9. n. 11. Shew that the point of section lies between the 
extremities of the line. 
m. 33. An acate-angled triangle is inscribed in a 
circle, and the paper is folded along each of 
the sides of the triangle : Shew that the 
circumferences of the three segments will pass 
through the same point State the equivalent 
proposition for an obtuse-angled triangle. 
IV. 11. Shew that the circles, each of which touches 
two sides of a regular pentagon at the ex- 
tremities of a third, meet in a point 

^0. I. 26. ABCD is a square and E a point in BG \ a 
straight line EF is drawn at right angles to 
AE, and meets the straight line, which bisects 
the angle between CD and BC produced in a 
point F : prove that AE i^ equal to EF. 
XL 9. The diagonals of a quadrilateral meet in Ey and 
F is the middle point of the straight line 
joining the middle points of the diagonals : 
prove that the sum of the squares on the 
straight lines joining E to the angular points 
of the quadrilateral is greater than the sum of 
the squares on the straight lines joining F to 
the same points by four times the square 
on^^. 
ni. 32. ^AB, CD are parallel diameters of two circles, 
and AC cuts the circles in P, Q : prove that 
the tangents to the circles at P, Q are paralleL 
iv. 10. Hence shew how to describe an equilateral 
and equiangular pentagon about a circle with- 
out first inscribing one. 

>7l. L 38. Through the angular points Ay By 0, of a 
triangle are drawn three parallel straight lines 
meeting the opposite sides in A', Bfy (7 re- 
spectively : prove that the triangles ABfCy 
BCA'y CA'B' are all equal 
II. 10. Produce a given straight line so that the square 
on ik^ whole line t\ma pio^w^^^ Tfi3s<j \a 
double \hQ square on the paT\> "^to^*^^ 

15 
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1871. III. 32« The opposite sides of a quadrilateral inscribed 

in a circle are produced to meet in P, Q^ and 
about the four triangles thus formed circles 
are described : prove that the tangents to these 
circles at P and Q form a quadrilateral equal 
in all respects to the original, and that the 
line joining the centres of the circles, about 
the two quadrilaterals, bisects PQ. 

iV. 5. A triangle is inscribed in a given circle so as 
to have its centre of perpendiculars at a given 
point : prove that the middle points of its 
sides lie on a fixed circle. 

1872. I. 47 If 0^, BJ) be the squares described upon the 

side J. (7, and the hypotenuse J.P, and if 
^B, CD intersect in P, prove that A'F bi- 
sects the angle lEFJ). 

III. 22. Two circles intersect in ,4, B : PAP\ QAQ^ are. 

drawn equally inclined to AB to meet the 
circles in P, P', ft ^ : prove that Fr is 
equal to QQ^, 

IV. 4. Having given an angular point of a triangle, the 

circumscribed circle, and the centre of the in- 
scribed cirde, construct the triangle. 



BOOK V. 

SECTION 1. 
On Multiples and Equimultiples, 

Def. I. A GREATER magnitnde is a MuUHple of a less magni- 
tade, when the greater contains the less an exact number 
of times. 

Def. n. A less magnitude is a Sulnnultiple of a greater 
magnitude, when the less is contained an exact number of 
times in the greater. 

These definitions are applicable not merely to Geometrical 
magnitudes, such as Lines, Angles, and Triangles ; but also to 
such as are included in the ordinary sense of the word Magni- 
tude, that is, anything which is made up of parts like itself, 
such as a Distance, a Weight, or a Sum of Money. 

Postulate. 

Any one magnitude being given, let it be granted that any 
nomber of other magnitudes may be found, each of which is 
equal to the first 

Method op Notation. 

Let A represent a magnitude, not as one of the letters used 
b Algebra to represent the meamre of a magnitude, but let A 
stand for the magnitude itself. Thus, if we regard A as rei^re- 
sentii^ a weight, we mean, not the number ol ^Otxm.^ ^^^^ 
imed in the weifrbt, but the weight itself. 
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Let the words A^ B together represent the magnitude obtained 
by putting the magnitude B to the magnitude A, 

Let A, A together be abbreviated into 2Af 

Af Ay A together 3-4, 

and so on. 

Let AfA repeated m times be denoted by mA, 

m standing for a whole number. 

Let mA, mA repeated n times be denoted by nmA^ 

where nm stands for the arithmetical product of the whole 
numbers n and m. 

Let {m+n) A stand for the magnitude obtained by patting 
nA to mAi m and n standing for whole numbers. 

These, and these only, are the symbols by which we propose 
to shorten and simplify the proofs of this Book : capital 
letters standing, in all cases, for rtuign'Uudes ; and small letters 
standing for whoU numhen. 

Scales op Multiples. 

By taking a number of magnitudes each equal to A, and 

putting two, three, four of them together, we obtain a set 

of magnitudes, depending upon A^ and all known when A is 
known ; namely, 

A, 2Ay 3Ay 4JL, 6A ;atid so on ; 

each being obtained by putting A to the preceding one. 

This we call the Scale op Multiples of A. 

If m be a whole number, mA and mB are called Bqui- 
multiples of A and B, or, the same multiples of A and B 
respectively. 

Axioms. 

1. Equimultiples of the same, or of equal magnitudes, are 
equal to one another. 

£. llioee magnitudes, of wliicYi \3ie v&m^) oit ^o^^Ts^asg^- 
^^ are equimultiples, are equa\ to otift «iio>L\vet. 
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3. A multiple of a greater magnitude is greater than the 
same multiple of a less. 

4. That magnitude, of which a multiple is greater than the 
same multiple of another, is greater than that other magni- 
tude. 

Note 1. If ^ and B be two commensurable magnitudes, it 
is easy to show that there is u/vm multiple of Ay which is 
equal to wmjt multiple of "B, 

For let jftf be a conunon measure of A and B ; then the 
scale of multiples of 3f is 

3f, 2M, ZM, 

Now OM of the multiples in this scale, suppose j^Jlf, is equal to A^ 
and OTM suppose qM.^ B, 

Hence the multiple qpM is equal to qAy Y. Ax. 1. 

and the same multiple is equal to ^B\ 
and therefore q^A «« fB. I. Ax. 1. 



Proposition I. (EucL v. 1.) 

If any nwmber of magnitudes he equimultiplee of ae many, 
each of eack ; whaJtefoer multiple any one of them is of its sub- 
mutUpU, the same mtdtiple must all ihef/rst m4ignitudes, taken 
together, be of all the other, taken together. 

Let A be the same multiple of C that JB is of D. 
Then must A, B together be the same multiple of C7, D together 
ihaJtAisofC. 

Let A mm C, Cf 0. repeated m times. 

Then B ■= D,D,D repeated m times. 

.'. A, JB together = C,Di C,D; C,D; repeated m times. 

.',AfB together is the same multiple of C, D together that 
ibofO. ^^^ 
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Proposition II. (Eucl. v. 2.) 

If (hejvtsi he (he same multiple of (he second that the third is 
of the fourth, and the fifth the same multiple of the second (hat 
the sixth is of the fourth ; the first together with thefifUi must he 
the sam>e multiple of the second, that the third together with the 
sixth is of the fourth, . 

Let A, B, C, D, E, F be six magnitudes, such that 
A is the same multiple of B, that is of D, and 
E is the same multiple of B, that jP is of 2>. 
Then mvM A, E together he the same multiple of B, 
that C, F together is of D, 

Let A = B, B, B, repeated m times ; 

then C = D,D,D, repeated m times. 

Also, let E = B, B, B, repeated n times ; 

then F = D,D,D, repeated n times. 

.*. A, E together = B, B, B, rep;eated m+n times, 

and C, F together = D,D,D, repeated m+n times. 

/. A, E together is the same multiple of B, 
that C, F together is of D. 

Q.E.D. 

Proposition III. (EucL v. 3.) 

If the first he the same multiple of the second tlwJt the third 
IS of the fourth ; and if of the fvrst and third there he taken 
equimultiples, these mv^t he equi/m/altiples, the otie of the seco^id, 
and the other of the fourth. 

Let A be the same multiple of B that C7 is of D ; 
and let E and F be taken equimultiples of A and C, 
Then must E and F he equimultiples ofB and D, 

For let J. = J5, By repeated m times=m5 ; 

then = D, Z), repeated m timesstitD. 

Again, let j&= A, A, repeated n times ; 

then F = C, C, repeated n times. 

.'. E = mB, mB, repeated n times=nmjB ; 

andF = mD, mD^ repeated n times =nwi?. 

.*. B IB the same multiple oi B \SaaX. ¥ S& ^11). 
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SECTION II. 

On Ratio and Proportion. 

Det. nL If A and B be magnitudes of the same kind, the 
relatiye greatness of A with respect to £ is called the batio of 
A\^B, 

Note 2. When A and B are wmm^miwrohU^ we can estimate 
their relative greatness by considering what multiples they are 
of some common standard. But as this method is not appli- 
cable when A and B are incommensurable, we have to adopt 
a more general method, applicable both to commensurable and 
inconunensurable magnitudes. 

If A and B be magnitudes of the same kind, commensurable 
or inconmiensurable, the scale of multiples of ^ is 

A,2A.. .mA, (m + 1)-4 . . .2m A, (2m + 1)-4 . . .ZmA . . .nmA . . . 

and the Batio of £ to ^ is estimated by considering the posi- 
tion which B, or some multiple of B, occupies among the 
multiples of A, 

If A and B be commensurable, a multiple of B can be found, 
such that it would occupy (he same place among the multiples 
of A, which is occupied by sc/me one of the multiples of A ; 
that is, this particular multiple of B represents the same 
magnitude as that, which is represented by some one of the 
multiples of A, See Note 1, p. 213. 

If, for example, the 7th multiple in the scale of 5 represents 
the same magnitude as that which is represented by the 5th 
multiple in the scale of -4, or in other words, if 7B = SA^-^v. 
are enabled to fom^ an exact notion oi lYift ^T^^Xjaeea. ^"l ^ 
relatively to A. 
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When A and B are incommensurable, the relation mA ^nB 
can have no existence ; that is, no pair of i»altiples, one in 
each of the scales of multiples of A and B, represent the same 
magnitude. But we can always determine whether a par- 
ticula/r multiple of B be greater or less than some one of the 
multiples of A ; that is, we can always find between what two 
successive multiples of A any given multiple of B lies. 

Hence, whether A and B be commensurable or incommen- 
surable, we can always form a third scale, in which the 
multiples of B are distributed among the multiples of A. 

Suppose, for example, we discover the following relations 
between particular ijuultiples of A and B : 

B greater than A and less than 2A, 
2B greater than 3 JL and less than ^A, 
SB greater than 5 A and less than 6 A, 

and so on ; the third scale will commence thus 

A, By 2 A, 3 A, 2B, 4A, 6 A, ZB, 6^, 

and so on ; the scale not being formed by any law, but con- 
structed by special calculations for each term. 

Such a scale we call the Scale of Eelation of A and B, 
and we give the following Definition : — 

The Scale of Eelation of two magnitudes of the same kind 
is a list of the multiples of both ad infinitumy all arranged in 
order of magnitude, so that any multiple of either magnitude 
being assigned, the scale of relation points out between which 
multiples of the other it lies. 



Note 3. It may here be remarked that, if A and B be 
two finite magnitudes of the samu kind, however small B may 
be, we may, by continuing the scale of multiples of B suflfi- 
ciently far, at length obtain a multiple of B greater than A. 

Also, if ^ be less than A, one multiple (U least of the scale 

of B wUJ lie between each two consecutive multiples of the 

«ca7e of ^, Prom these consideialVoiis n»^ ^laaJ^. \^ y^&^&^Vs. 
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(1.) That we can always take mB greater than A or than fA, 

(2.) That we can always take nB such that it is greater than 
IP A but not greater than qA^ provided that B is less 
than J., and j) than q. 

We can now make an important addition to Definition iii., 
o that it will run thus ; — 

If A and B be magnitudes of the same kind, the relative 
i^tness of A with respect to JB is called the Batio of ^ to JB, 
iid this Batio is determined by, that is, depends solely upon, 
^e order in which the multiples of A and B occur in the 
>cale of Relation of A and B. 



Def. IV. Magnitudes are said to have a Ratio to each other, 
^hich can, being multiplied, exceed each the other. 



This definition is inserted to point out that a ratio cannot 
^ist between two magnitudes unless two conditions be ful- 
Hed:— first, the magnitudes must be of the same kind; 
econdly, neither of them may be infinitely large or infinitely 
tnalL See Note 3. 



Def. V. When there are four magnitudes, and when any 
[^uimultiples of the first and third being taken, and any equi- 
lultiples of the second and fourth, if, when the multiple of the 
rst is greater than that of the second, the multiple of the 
lird is greater than that of the fourth, and when the multiple 
f the first is equal to that of the second, the multiple of the 
lird is equal to that of the fourth, and when the multiple of 
le first is less than that of the second, the multiple of the 
[lird is less than that of the fourth, then the first of the 
ngina] iowc magnitudes is said to liave to >i»ki<^ ^iy^^:;Qpci^ ^^ 
me ratio which the third has to the io\XTtl[i. 
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NoTB 4.— To make Del v. denier we give the following 

illustration. Suppose A, B, 0, i> to be four magnitudes ; the 
scales of their multiples will then be — 

A,'i,A,^A mA 

B, 2B,ZB iiB , 

G, 2C, 3C mC , 

D,2D, 3D nD ; 

where mA, mC stand for any equimultiples of A and O, &nd 
»S, nD stand for any equimultiples of B and i); then the 
Definition may be stated more brieflj thus : 

A is s^d to have the same ratio to B which C hafi to D, 
when mA is found in the same position among the multiples 
of -B, in which mC ia found among the multiples of i> ; or, 
which is the same thing, when the order of tiie mitUipUt of A 
caid B in the Scaie of Relation of A and B, ii precady Qit same 
aa Oie order of the muUi^let of C and D in the Scale of RdaHtm 
of C and D ; or, when every multiple of .4 ia found in the same 
position among the multiples of B, in which the same multiple 
of Cis found among the multiples of D. 

Note 5. The use of I>ef. v. will be better understood by 

the following application of it. 



Let AC, ac be two rectangles of equal altitude. 

Let B, B' and £, If stand for the bases and the areas ot 
tbeee raetengles respectively. 

Take AD, DE, EF, .th iin»M(Aiei,KD.4s&w^asi, 

Audad, dei^jfg^gh, u va TiMOi^iei, ami iii ti^"^ 
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Complete the rectangles, as in the du^^ranu 

Then base AF « mh, 

base ah => nS, 

rectangle AT = mRy 

rectangle a'p = »i^', 

Now we can prove, by superposition, that if AF be greater 

than dhy AP will be greater than apy and if equal, equal ; and 

if less, less. 

That is, if mB be greater than nJB^, mB is greater than nBf; 
and if equal, equal ; and if less, less. 
Hence, by Def. v., 

JBisto^asiiistoi^. 
Hence we deduce two Corollaries, which are the foundation 
of the proofs in Book vi. 

Cob. I. Pa/raUelograms of equal dliitude are to one another 
as their haaes. 

For the parallelograms are equal to rectangles, on the same 
bases and between the same parallels. 

Cor. IL Triangles of equal altitude are to one another as 
ihei/r hoses. 

For the triangles are equal to the halves of the rectangles, 
on the same bases and between the same parallels. 

N.B, — ^These Corollaries are proved as a direct Proposition 
m EucL VL 1. Cor. 11. could not, consistently with Euclid's 
method, be introduced in this place, for it assumes Proposi- 
tion XI. of Book v. 

Def. VI. Magnitudes which have the same ratio are called 
Proportionals. 

Ji Af B, C, D he proportionals, it is usually expressed by 
saying, AiatoBaaCistoD, 

The magnitudes A and C are called the Antecedents of the ratios. 
^andZ> Conseqv>ents 

The antecedents are said to be homologous to one anothft^^ 
that is, occupying the same position in tide ToAaoa (^^\L^v^o^^%si.^ 
the oonsequenta axe said to be homologoxxa \>o o\i^ ^aioJCwKt. 
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Def. Yn. When of the eqiriimilti^eo of four mogmtodeo, 
taken as In Bet v., the mnltiple <^ the fiist is greater than [or 
Is equal to] the mnltiple <^ the second, bat the multiple of the 
thizd is not greater than [or Is less than] the multiple of the 
fimrthy then the first Is said to have to the second a greater 
latiOy than the thizd has to the fourth. 

Note 6. The meaning of Del tii. inaj be expressed, after 
taking the scales of multiples as in the explanation of Del v., 
thus: — 

A is said to have to B a greater ratio than Ohas to D, 
when two whole numbeis m and n can be found, such that 
mA is greater than ilB, but mG not greater than %D \ or, 
such that mA is equal to nB^ but mC kos than mD. 
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SECTION III. 

Containing the Propositions most frequently re/erred to in 

Book VI. 

r ■ 

NoTS 7. The Fifth Book of Euclid may be refi^arded in two 
ttpectfl : first, as a Treatise on the Theory of Eatio and Propor- 
tion, complete in itself, and depending in no way on the pre- 
ceding Books of the Elements ; and secondly, as a necessary 
introdaction to the Sixth Book. 

If we make the number of references in Book vi. a test of 
the importance of particular Propositions in Book v., they 
will be arranged in the following order : — 

Proposition v. is referred to 23 times. 
„ VL „ 14 

„ VIII. „ 7 

„ XXI. „ 6 

„ XvilL „ 3 

» XII. „ 2 ,, 

Propositions x, xi, xv., xvi., xix., xxii., are referred to once. 



It is desirable, then, that the student should observe th&t 
^e three Propositions, which are o! especAsl Vm-^cft^axi^^ Vnt 
^k VL, are indnded in this Section. 
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Proposition IV. 

If four magnitudes he 'proportionals, and any equimultiples 
be taken of the first and third, and also any equimvUiples of 
the second and fourth, if the multiple of the first he greaJter than 
thai of the second, ike multiple of the third mAist he greater than 
thai of the fourth ; and if equai, equohl ; and if less, less. 

Let ^ be to ^ as C is to D, 
and let any equimultiples mA, mC be taken of A and C, 
and any equimultiples nB, nD of B and D. 

Then if mA he greater than nB, mCmust he greater than nD ; 
and if equal, equal ; if less, less. 

For if mA be greater than nB, but mC not greater than 
nD, then will A have to jB a greater ratio than C has to D ; 
which is not the case. V. Del 7. 

Hence if mA be greater than nB, mC must be greater than nD. 

Similarly it may be shown that, if mA be equal to, or less 
than, nB, mC must also be equal to, or less than, nD, 

Q. E. D. 

N,B, — We have added this Proposition to meet an objection, 
which might be made to a reference to Definition v., when the 
converse of that Definition is wanted. This reference is of 
frequent occurrence in Simson's edition. 



Proposition V. (Eucl. v. 11.) 

Ratios that are the same to the same ratio, are the same tc one 

another. 

Let -4 be to jB as is to D, 

and -& be to ^ as is to i). 

Then must A he to B as E is to F. 

Take of A, C, E any eq\iim\j\t\i^\e% mA^mC^iiv,^^ 
and of B, Z), F any equimu\tV9\ea uB, uD, uS, 
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Then *.' ^ is to £ as C is to D, 
.'. Mm, A be greater than nB^ mC is greater than nD ; 
kad if equal, equal ; if less, less. V. 4. 

Again, *.* C is to D as ^ is to ^, 
.*. if mC be greater than nD, mE is greater than nF ; 
and if equal, equal ; if less, less. V. 4. 

Hence, if mA be greater than nJB, mE is greater than nF ; 
and if equal, equal ; if less, less. 

.'.AiBtoB&aEiBtof'. V, Def. 5. 

Q. B. D. 



Proposition VI. (EucL v. 7.) 

Equal mxxgnitvdes ha/ve the same ra4iio to Hie same m^agni- 
Me ; and the 8am>e has the sam>e ratio to equal m^nitudes. 

Let A and B be equal magnitudes, and C any other magni- 
tude. 

Then must A he to C as Bis to C, 
and C must he to A as C is to B, 

Take mA and mB any equimultiples of A and Bf 
ftnd nC any multiple of C, 

Then •.• J. = jB, .*. mA = mB. V. Ax. 1. 

.*. if mA be greater than nC, mB is greater than nC ; 
^d if equal, equal ; if less, less. 

.*. ^ is to as JB is to C V. Def. 6, 

Again, if nC be greater than mJ, nC is greater than m5; 
and if equal, equal ; if less, less. 

.-. (7 is to ^ a» is to ^. V. Def. 5- 
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Proposition VII. (Eucl. v. 8.) 

Of two unequal vnagnitudes, ihe greater has a grecder ratio to 
any other magnitude than ihe less has ; and ihe sa/me magnitude 
has a greater raJtio to ike less, of two other magnitudes, than it 
has to the greaJter, 

Let A and B be any two magnitudes, of which A is the 
greater, and let D be any other magnitude. 

Then must the ratio of A to D he/^reaJter 
than ihe raXio of Bto D. 

Take such equimultiples of A and By qA and qB, 
that each of them may be greater than Z>. Note 3, p. 216. 

Then *.• J. is greater than B, 

,\ qAis greater than qB» V. Ax. 3. 

Let qA » qB, B together. 

Then, however small B may be, we can find a multiple of 
R, suppose mB, such that mB is greater than qB, Note 3. 

Take equimultiples of qA and qB, mqA and mqB, and take 
a multiple of D, nD, such that nD is not less than mqB and 
not greater than (mq + q) B, Note 3. 

Then '.• mqA = mqB, mB together, V. 1. 

and mB is greater than qB, 
,\ mqA is greater than {mq + q) B, 
and, a fortiori, mqA is greater than nD, 

But mqB is not greater than nD, 
,\ the ratio of J. to D is greater than the ratio of £ to D. 

V. De£ 7. 
Also, ihe raJtio of D to B must he greater than ihe raiio oj 
DtoA, 

For, the same multiples being taken as before, 
•.* nD is not less than mqB, 
and nD is less than mqA, 
.'. D has to JB a greater ratio than D has to A, 
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Proposition VIII. (EucL v. 9.) 

If o^mt^iuiM, vih^^ home (he same ratio to t^ same magnitude^ 
an equal to one another ; and those, to which the same magni' 
tude has the same raUo, are equal to one another. 

Let A and B hare the same ratio to C. 

Then fnust A » B. 

For if A were greater than B, 

A would have a lapreater ratio to C than B has to (7 ; V. 7. 
which is not the case. 

And if A were less than B, 

B would haye a greater ratio to than ^ has to C ; V. V. 

which 18 not the case. 

/. A'^B, 

Next, let have the same ratio to A that C has to £. 

Then mast A '^ B, 

For we can show, as before, that A auinot be greater or less 

than^ 

.'.A'^B. Q. X. D. 

Proposition IX. (EucL t. 10.) 

Thait fnagndtude, which has a greater raJtio than another has 
to (he same magnitude, is the greaJUr of the two; and thai 
magnitude, to which the same has a greater ratio than it has 
to anoiher magnitude, is the less of Hhe two. 
Let A haye to a greater ratio than B has to (7. 

Then must A be greater Ihan B, 

For if A were equal to B, then would A hav^ the same 

latio to C that JB has to (7 ; which is not the case. Y. 8. 

And if A were less than B, then would A have to (7 a ratio 

less than that which B has to*0 ; which \b not the case. V. 7. 

.*. A is greater than B, 
Next, let have a greater ratio to B than it has to ^. 

Then must B he less than A. 

For if B were equal to A, then would have the same ratio 

to B which it has to A ; which is not the case. Y. 8. 

And if B were greater than A, then would haye to J? a 

ratio less than that which has to A ; which is ivQt tk^ 

case, ^."l 

. '. J? is less than A, i^^^^* 

i« 
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Proposition X (Bud. y. 12.) 

jr^ arn^ wu/mbw of Tnagmtndes be proportionaU^ as (me of the 
cmtecederUs is to Us eonseguenty so tMist ail the antecedents taken 
together he to aU the consequents. 
Let any number of ma^tudes A, 3,0, D, E, F. . .be proportionals^ 

that is, J. to ^ as C to D and as J^ is to F,„ 
Then mustAhe to Bos A, CyE„.togetheristoB,D, F„,togeUier, 

Take of A, C, E,^,,aiij equimultiples mA, mC, mE,., 
and of ^, 2>, jP... any equimultiples nB,nD, nF„, 
Then '/^istOjBasOistoD and as ^ is to F,., 

/. if mA be greater than nB, mC is greater than nD, 
and mE is greater than nF„. ; and if equals equal ; if leas, 
less. V. 4. 

.*. if mA be greater than nB, mA, mC, mi?... together are 
greater than nB, nD, nJ^... together; and if equal, equal; if 
less, less. 

Now mA and mA, itiC, mJ?... together are equimultiples of 
A and -4, 0, jEt... together. V. 1. 

And nB and nB, nD, ni''... together are equimultiples of 
B and B, D, ^...together. 

.'. ^ is to £ as A, 0, ^...together is to jB, JD, F... together. 

V. Def. 6. 

(^ H« Di 

Proposition XI. (EucL v. 16.) 

Magmtudes ha/ve the same raUo to one another which (heir 

equvm/ultiples ha/oe. 

Let A be the same multiple of C that J? is of D. 

Then must OhetoDasAtoB, 

Divide A into magnitudes E, F, G',...each equal to 0, 

and B into magnitudes H, K, £,...each equal to JD, 

the number of the magnitudes being the same in both cases, 

because A and B are equMn/aUypUs of and JD. 

Then V E, F^ (^ are all equal, 

and If, K, L are all equal 

.-. ^ is to iiT, as J' to J^, as fit to L.„ V. 6 

.-. -^ is to if as ^, ^, G^.. .together is to JST, -ST, L„ 

together, V. 10 

that is, E \b to H a& A \» B \ 

Ik. and •.• E = C, anai H *= D, 

.-. C ia to D aa A ta B. ^^^ 
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SECTION IV. 



On Proportion by Inversion^ Alternation^ and Separation, 

Profositioh XII. (£ud. v. R) 
»\ 

Iffw/r magnitudes be proportiotiaUf they must aho he pro- 

1 1 fOfiUmais when taken invenely. 

Let ^betoJ^asCiBtojD. 

Then invenely B mutt hetoAaeDietoC. 

Take of A and C any equimultiples mA and mC, 
and of B and D any equimultiples nB and tiD. 

Then *.* ^ is to JB as is to JD, 

.*. if mA be greater than nB, mC is greater than nD ; and 
if equal, equal ; if less, less. V. 4. 

Hence, if nB be greater than mA, nD is greater than mC ; 
*Bd if equal, equal ; if less, less. 

/. .fi is to ^ as i> is to 0. V. Def. 6. 



.6 

L. 

/ 
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1 

I 

Proposition XIII. (EucL y. 13.) i 

If thejwst has to the second the swme ratio which ike third ham 
to thefowrthy hut the Mrd to ihefowrlh a greaier ratio ihan ih» 
fifth hojs to the sixth ; the first must also ha/oe to the second cb 
greater ratio than the fifth has to the sixth. 

Let A have to B the same ratio that C has to D, 
but (7 to jD a greater ratio than E has to F, 

Then must A ha/oe to B a greater raUo than E has to F, 

For *.* C has to i> a greater ratio than E has to F^ 
we can find such equimultiples of G and E, suppose mCand mB^ \ 
and such equimultiples of D and F^ suppose nD and ylF^ j 
(that mC is greater than nD, but mE not greater than nF, 

V.DelT. 
Then •/ -4 is to ^ as is to D, Hypu 

and mG is greater than nt), 
.*. mA is greater than nB. V. 4. 

And mJE is not greater than nF, 

i,; A has to JB a greater ratio than E has to F, Y. De£ 7. 

Q. B. D. 



Proposition XIV. (EucL v. 14.) 

If the first has to the second the same ratio which the tkid 
%as to thefowrth ; then, if the first he greaier than the third Hu 
second m/ast he greaier than the fovrth ; and if equal, eqwd; 
and if less, less. 

Let A have the same ratio to B that G has to 2>. 

Then if A he greater than G, B mwt he greater than D. 

For '.' Ai& greater tihan C, 
and B is any otiheT magnitvjAft, 
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Bat ^iBtoJ^asCistoD. 
.*. Q has a greater ratio to jD, than has to B. V. 13. 
.*. B is greater than J), Y. 9. 

Similarly it may be shown that if J. be less than (7, B must 
be less than D ; and that if ^ be equal to C> £ must be equal 
to D. Q. s. D. 



Proposition XV. (Eucl. v. 16.) 

1/ fwur magnitudes of the samie kind be proportUmaU, they 
fMut also he proportionals when taken altemaitely. 

Lei A, B, C, D he four magnitudes of the same kind, and 
kibeto JfasCistoJD. 

Then altemaJtdy A nvmt hetoCasBistoD, 

Take of A and B any equimultiples mA and mB, 
and of C and D any equimultiples nO and nD, 

V. 11. 



Then *.* mA is to mB as J. is to jB, 
and Oisto i>as^isto£, 

.*. m4 is to m^ as (7 is to X). 

But nC is to nD as C is to D ; 
and .'. mA is to mB as nO is to nD. 



Hyp. 

y. 6. 

V. 11. 
V. 6. 



If .*. mA be greater than nC, mB is greater than nD ; 
and if equal, equal ; if less, less. Y. 14. 



•*• 4 is to (7 as £ is to JA 



V. Def. 6ii 
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Proposition XVI. (Eud. v. 18.) 

If magnitvdes taken separately he proporUonah, they mi 
proportionals also when taken jointly . 

Let A have the same ratio to B that C has to D. 

Then must A^ B together home the same ratio to B, 
that C, D together has to D. 

First, when all the magnitudes are of the same kind, 
•.• J. is to ^ as C is to D, 

.% J. is to (7 as 5 is to D. "V 

/. Aj B together is to (7, D together as £ is to P, "V 

and .\ A^B together is to JB as 0, D together is to D. "V 

Next, when all the magnitudes are not of the same kin< 
may employ a method of proof which indades the fo 
case : thus — 

Take of A^ B, (7, D any equimultiples mJL, mB, mC7, 
and of B and D take any equimultiples nB, nD, 

Then •.• -4 is to 5 as C is to 2), 

.*. if mA be greater than uB, mC is greater than nD ; 
if equal, equal ; if less, less. 

If then mAy mB together be greater than mB, nB toge 

mCy mJ) together is greater than mC, nD togel 

and if equal, equal ; if less, less. L Ax. 

Now mAf mB together is the same multiple of ^, B tog 
that mC, mD together is of C, Z) together ; 
and mBy nB together is the same multiple of B 
that mDy nD together is of 2>. 

.*. A,B together is to JB as C, D together is to D. V. T 
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SECTION V. 

Contaifting the Propositions ociosionally referred to m 

Book VI. 

Proposition XVII. (Eud. v: 4.) 

Ifthefird of four mo/ffnitudes has to the second the same ra;tio 
fdkidk the third has to Ihefourihy amd any equirnvZHples of the 
fnt mid third he taken, and also any equimultiples of the second 
mi fyurtkf then must the multipU of the first ha/ve the same 
nrtio to ihe mvMpU of the second which the multiple of the 
Ikkdkcu to that of the fourth, 

Ifibeto JBasCistoD, 

and m J., mC be taken equimultiples of A and (7, 
and nB, nD of^ and/), 

fteit must mA he to nB as mC is to nD, 

1^6 of mA, mO any equimultiples pmA, pmC, 
aod of nB, nD gnB, qnD, 

Then pmA, pmC are equimultiples of A and G, V, 3. 

and 5[aB, qnD of £ andD. V. 3. 

Aad *.* J. is to ^ as is to D, 

•*. MpmA be greater than qnB, 

pmC is greater than qnD ; V. 4. 

mdif equal, equal ; if less, less. 

Then ••• pmA, pmO are equimultiples of mA, mC, 
soadiqnB, qnD ofrii^, nj), 

,\ mA ia to nB as mO is to nD, N .\>^l,\i* 
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Proposition XVIII. (End. v. A.) 

If ihe first of four magnitudes ha/oe the same tqUo to the 
second ihaJt the third has to thp fowrih, ihrn^ if (he first be greater 
than the second, (he (hird must he greaJter than (hefowih ; and 
if equal f equal ; and if less, less. 

Let A he to B OB C is to D. 

Then if A he greater (han B, C must he greater (han D ; 
and if equal, equal ; and if less, less, 

• 

Take any eqniiQnItiples of each, mA, mB, mC, mJ), 

Then ••• <4 ia to JB as is to D, 
.*. if mA be greater than mB, mC is greater th^ mD ; 
and if equal, equal ; and if less, less. Y. 4 

First, suppose A greater than B, 

then mA is greater than mB, V. Ai. 

and .*. mC is greater than mD, 
and .*. C is greater than D. V. Ax. 

Similarly the other cases may be proved. 



Proposition XIX. (EucL v. D.) 

If the first he to (he second as (he (hird is to (he four(h, ard C 
(he first he a multiple, or a suhmvltiple, of (he second, (he (Ur€^ 
must he (he same multiple, or (he same svlmAdUpU, of d^ 
four(h. 

Let ^ be to £ as (7 is to D, 

and, first, let J. be a mvltvple of B, 

Then must C he the sam>e multiple of D. 

Let A =m£,and take mD the same multiple of D that ^ is of R 
Then •.* J. is to ^ as is to 2>, 

.*. -4 is to mB as C \a V» mB. V. 17. 

But A =. mB, and .-. C «= mD. ^ A>, 



Book v.] PROPOSITIONS CITED IN BOOK VI 233. 



Next, let ^ be a submvltipU of B, 

Thm ffiust C be the same svInMJfUi^ of I). 

Por ••• -4 is to 5 as (7 is to jD, 

.-. JJisto^asjDistoC, V. 12. 

ITow J? is a multiple of A, 

and .'. D is the same multiple of C, by the first case. 
Hence is the same s^bmultiple of i>, that J. is of £. 

Q. s. D. 



Proposition XX. (Eucl. v. 20.) 

If (here he iJvree magnitudesy a/nd other three, whi,ch have the 
*ome rfUio, taken two wad two, then, if the first he greaJUr than 
^ thirdythe fowrth must he greaJter thanthesixths cfnd if equals 
^qwd ; if less, less, 

Jjei A, B, C be three magnitudes, and P, E, F other three, 
and let ^ be to JB as jD is to J?, 
and J? be to as J? is to J^. 
Then if A he greater than C, D must he greater than F; and 
^f equal, equal ; if less, less. 

First, if ui be greater than 0, 

A has to J? a greater ratio than C has to B, V. 7. 

But C has to ^ the same ratio that i^ has to ^, Hyp. & Y. 12. 
.'. A has to J? a greater ratio than F has to E, 

C^, 1) has to ^ a greater ratio than F has to ^, Y. 13. 

.*. D is greater than F, V. 9. 

Similarly the other cases may be proved. 

Q. & a 
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Proposition XXL (Eud. v. 22.) 
If there he cmy nwmber of magnitudes^ <md <u many othersj 
which ha/oe ihe same ratio taken two and two in order ^ the first 
must home to the last of the first magnitudes Ihe same ratio which 
the first of ihe others has to the last of these. 

First, let there be three magnitudes Ay B, C, and other 
three D, E, F. 

And let J. be to £ as jD is to ^, 
and J? be to C aa J^ is to ^. 
Then must A he to as D isto F. 
Take of A and D any equimultiples mA, mD, 

oiBaadE nB, nE, 

of CandjP. .pC,pF. 

Then \' Aiato B aa D is to i^, 

.*. mA IB to nB as mD is to nE, V. 17. 

So also, nJB is to pC as nE is to pF 

.*. if mA be greater than pC, mD is greater than pF, 

ind if equal, equal ; if less, less. V. SO. 

.-. -4 is to C as D ifl to ^. V. Def. 6. 

The proposition may be easily extended to any number of 

magnitudes. q. b. d. 

Proposition XXII. (EucL v. 24.) 
If ihe first ha/oe to the second the same ratio which the third 
has to the fourth, and the fifth have to the second the same ratio 
which the sixth has to ihefourthy then the first and fifth together 
must hame to ihe second the same raJtio which the third and siaih 
together home to the fourth. 

Let ^betoBas CistoP, 
and ^ be to J? as ^ is to I), 
Then must A, E together he to B as i\ F together istoD, 
For •.• ^ is to jB as ^ is to i), 

.-. ^ is to J^ as D is to ^. V. 12. 

And *.• J. is to 5 as C is to 2>, 
and JBistojErasD isto^, 
.-. -4 is to j& as is to ^. V. 21. 

.'. A, E together is to ^ as 0, ^ together is to i^, V. 16. 
and ^istoJ^asJPistoD', 
»\ A, E together is to E as C, F \ft^<e;\Xict \a \xi 1>, "^ .^, 
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SECTION VI. 

Containing the Propositions to which no reference is made 

in Book VI. 

Proposition XXIII. (EucL v. 5.) 

If one magnitude he the same multiple of another, which a 
magnitude taken from, ^ first is of a m^ignitude taken from the 
other, the reminder must be the same multiple of the remainder, 
that the whole is of the whole. 

Let B and D be the magnitades which are taken away, 

and A and the magnitudes which remain, 

then A, B together, and C, D together will be the wholes. 

And let A, B together be the same multiple of C, D together, 
that ^ is of D. 

Then must A he the same multiple of C (hat A, B together is 
of C, D together. 

Take E the same multiple of C that ^ is of D, 

Then E, B together is the same multiple of (7, D together 
that J5 is of D. V. 1. 

But A, B together is the siune multiple of C, D together 
that £ is of D. 

.'. E,B together == A, B together, V. Ax. 1. 

and .*. E ^ A, . 1, Ax. 3. 

.'. ^ is the same multiple of C that £ is of D. 

Q. s. D. 
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Proposition XXIV. (EucL v. 6.) 

If two magnitudes be equimuUiples of two others, and if 
equimvUiples of these be taken from the first twOy the remainders 
are either equal to these others, or equimvUiples of them^ 

Let B and D be the magnitudes which are taken away, 

and A and C the magnitudes which remain ; 

then A, B together and 0, D together will be the wholes. 

Let Af B together be the same multiple of P, 
that Cf D together is of Q, 
and let B be the same multiple of P, that D is of Q. 

Then mtLst A and C be equal retpedwdy to F and Q, 
QT A and C be equimvUiples of P and Q. 

For let Ay B together = P, P repeated m+n times, 

then Cy D together = Q, Q repeated m+n times> 

Also, let B^ Py P repeated n timeef, 

then D = Qy Q repeated n times. 

Hence ^ = P, P repeated m times, 

and 0= Q, Q repeated m times. 

If then ^ ^Pym^ 1, and .-. 0=Q; 
and if ji be a multiple of P, is the same multiple of Q, 

q. E. D. 
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Proposition XXV. (Eud. v. 17.) 

If maffnitvde»y taken jointly, he proportionalsj (hey shaU dUo 
be prqporHonals when taken separately ; ihat is, if two magni- 
tudes together ha/ve to one of them the same raJbio which, two 
others ham to one of these, the remaining one of the first two 
must hame to the other the same ratio which the remaining one 
of the last two has to the other of Uiese, 

Let A, B together have the same ratio to B 
that Cy D together have to 2>. 

Then must AhetoBasOtoD. 

Take of A, B, C, D any equimultiples mA, rriB, mC, mD, 
and again of B, D take any equimultiples nB, nD. 

Then *.* mA is the same multiple of A that mB is of B, 

.*. mA, mB together is the same multiple of A, B 
together that mA is of ^. Y. 1. 

And *.* mC is the same multiple of C that mD is of D, 

.*. mC, mJ) together is the same multiple of C, D 
together that mC is of C, Y. 1. 

But mA is the same multipliB of A that mC is of 0. 

.*. mA, mB together is the same multiple of A, B 
together that mC, mD together is of 0, D together. 

Again, mS, nB together is the siune multiple of B that 
mD, nD together is of D, 

Now, since A, B together is to ^ as C, D together is to D, 

.*. if mA, mB together be greater than mB, nB together, 

mC, mD together is greater than mD^ nD together ; and if 

equal, equal ; if less, less. Y. 4. 

That is, if mA be greater than nB, mG is greater than nD ; 

and if equal, equal ; if less, less. I. Ax. 3, 5. 

^', A is to B as Cia to D. ^ ,\^t8,v\i. 



238 EUCLms ELEMEMTS, [Book ▼. 



Proposition XXVL (EucL v. 19.) 

If a whole magnitude be to a whole as a magnitude taken 
from the first is to a vnagnitude taken from the other, the re- 
mjamd&r m/ust be to the remainder as the whole is to the whole. 

Let A, B together hare the same ratio to 0, D together that 
B has to 2>. 

Then must Abe to C as A, B together istoC,D together. 

For •/ A, B together is to 0, D together as ^ is to 2>, 

.*. A, B together is to £ as C, 2> together is to D, V. 15 
and .*. J. is to -B as C is to D, V. 25. 

Hence J. is to as 5 is to 2>. V. 15. 

But Ay B together is to 0, 2> together as £ is to D. Hyp. 
.*. ^ is to as ^, ^ together is to C> D together. Y. 5. 

Q. E. D. 

Proposition XXVIL (EucL v. 21.) 

If there be three magnitudes, and other three, which have the 
same ratio, taken two and two, but in a cross order, then if the 
f/rst be greaJter than the third, the fowrth must be greaJter than 
the siadh ; and if equal, equal ; and if less, less. 

Let A, B, C be three magnitudes, and D, E, F other three, 
and let J. be to £ as ^ is to F, 
and jB be to C as D is to ^. 
Then if A be greaJter than C, D mu^t be greaJte/t than F; 
and if equal, equal ; and if less, less. 
First, if J. be greaJter than C, 

A has to 5 a greater ratio than G has to B, V. 7. 
and .•. ^ has to jP a greater ratio than has to A V. 13. 

Now ••• 5 is to as i> is to E, Hyp. 

.-. is to 5 as ^ is to D. V. 12. 

Hence E has to jF* a greater ratio than E has to D, 

,\2j 13 greater than F, V. a 

Similarly the other cases may "be ptov^. 
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Proposition XXVIII. (EucL ▼. 23.) 

If (here he amy ntmber of magnitudes, and as many others, 
which ham the same raJtio, taken two and tmo in a cross order, 
the first must hone to the last of the first magnitudes the same 
ratio which the first of the others has to the last of these. 

Let A,B, Che three magnitudes, and D, E, F '^tltAr thrae, 
and let JL be to ^ 88 j& is to J^, 
and ^betoOasDistoJ^. 
Then must A be to C as Die to F, 

0(A,BfD take any equimultiples mA, mB, ml), and 
of G, E, F take any equimultiples nC, nE, nF, 

Now '.* ^ is to £ as JEr is to J^, 

.*. mA Ib to mJB as nE is to nF ; Y. 11, and Y. 5. 

and *.* B is to as D is to J^, 

.'. mB is to nC as mB b to nE, Y. 17. 

Hence, if mA be greater than nC, mJ) is greater than nF, 
and if equal, equal ; and if less, less. Y. 27. 

.'. JL is to Oas D iB to jp*. Y. Def. 5. 

The proposition may be easily extended tu any number of 
magnitudeu. ^ jl d. 
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Proposition XXIX. (EucL t. 26.J 

If fow mo/gnitvdes of (he same hind he proportionals, ihe 
greaJtest and least of them together must be greaUr than Ihe other 
two together. 

Let ^ be to JB as Ois to D, 
and let A be the greatest of the four magnitudes, and conse- 
quently D the least Y. 18^ and Y. 14. 

Then fimst A, D together be greaier than By C together. 

Let A^ By P together, and C = DyQ together. 
Then *.* By P together is to ^ as 2), Q togethto is to D, 

.-. P is to 5 as Q is to D, Y. 25- 

and B is greater than 2). 

.*. P is greater than Q, V. 

Hence P, P, D together are greater than Q, P, D 
together. L Ax. 

^\ AyD together are greater than P^ C together. 
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Proposition XXX. (Eucl. v. C.) 

If ih% first he ihe same multiple of the second, or the same 
nbmuUiiple of it, that the third is of the fou/rth, the first must 
heio^ second as the third is to thefowrth, 

Fint, let ^ be the same multiple of B, that C is of D. 
ThmmustAhetoBasCistoD. 

Let A = pB and .•.(/=» pD, 

Take of A and C any equimultiples mA, mC, 
and of JB and Dany equimultiples nB, nD. 

Then mA => m^pB and mC ■■ mpD, V, 3. 

Now if mpB be greater than nB, 
mpD is greater than nl) ; 
^^ if equal, equal ; if less, less. 

That is, if mA be greater than nB, mC is greater than nD ; 
^d if equal, equal ; and if less, less. 

.*. ^ is to JB as C is to J^. V. De£ 5. 

Next, let A be the same svhmvltiple of B, that is of D. 
Then must AbetoBasCistoD. 

For *.* ^ is the same submultiple of B, that is of I>, 
.*. ^ is the same multiple of ^, that D is of 0, 
. '. ^ is to ^ as I> is to 0, by the first case, 

and . '. ^ is to^ as C is to D. V. 12. 

Q. E. D. 



17 
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Proposition XXXT. (Eud. v. R) 

Iffowr magmtvdes be proportionals, ihey must also be prth 
portionals by corwersion ; ihat is, the first must be to its excess 
above the second as ihe tkvrd is to its excess above the fourth. 

Let A, B together be to ^ as C, D together is to D. 
Then must A, B together be to A as C, D together istoC. 

For '.' A,B together is to £ as 0, 2> together is to D, 

.*. J. is to ^ as C is to 2>, V. 25. 

and .'. ^ is to ^ as jD is to C> Y. 12. 

and .'. A,B together is to ^ as 0, 2) together is to 0. V. 16. 

Q. K.I). 



BOOK VI. 

INTRODUCTORY REMARKS. 

The chief subject of this Book is the Simikrity of Recti- 
linear Figures. 

Bbf. L Two rectilinear figures are called similary when they 

satisfy two conditions :— 

L For every angle in one of the figures there must be a 
corresponding equal angle in the other. 

n. The sides containing any one of the angles in one of the 
^ires must be in the same ratio as the sides containing the cor- 
lesponding angle in the other figure: the antecedents of the ratios 
oeing sides which are adjacent to equal angles in each figure. 

Thus ABC and DEF are similar triangles, if the angles at 
^yBfChe equal to the angles at D, E, F, respectively, and 
if B^ be to ^0 as ^2> is to D-F, 
and -40 be to CB as I>J^ is to FE^ 
and OB be to 5^ as J^^ is to ED. 





B CEP 

The sides adjacent to equal angles in the triangles are thus 
'^omologoiLSj that is, BA, AG, CB are respectively homologous 
*o ED, DF, FE, 

It will be shown in Prop. rv. that in the case of triangles the 
Second of the above.conditions follows from the first 

In the case of quadrilaterals and polygons hoik condi- 
tions are necessary : thus any two rectangles have each angle 
^f the one equal to each angle of the other, but they are not 
Necessarily similar figures. 

N.B. — The very important Prop. xxv. (EucLvi. S^'^^&vwi's^^- 

^enfc of all the other Propositions in tl;^ "Book., mA \siv^ci^\k^ 

placed with advantarre at the very commeucemeioX* oi \3si«6'^^^^«- 
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Peopositioh I, Theobeh. 
Trian^^ of the same alttbade are to an£ anolheT ax iAsi* 




Let the A a ABO, ADC have the same altitnde, that is, fht 
perpendicular drawn from A to BD. 

Tkm mwf a ABC beio a ADO ai base BC is to base I>C. 

In DB produced take any number of str^ht lines 
BG, QE eaoh=BC. I. a 

In BD produced take any number of straight lines 
DK, KL, LM et^h'^DC. La 

Join AG, AE ; AK, AL, AM. 

Then -.■ CB, BO, OB are aU equal, 

.■- fi s ABC, ACB, AHO are all equaL L 38. 

.-. a ^ffOisthegamemnltipleof a ABC Otat EC ia of BC. 

Soalao, 
A AMC is tiw same multiple of i ADC that MO is of DC. 
And A AHC is equal to, greater than, or less than A AMO, 
according as base BG is equal to, greater than, or less Uun 
base MG. I. ST 

Now A JffC and base SC are equimultiples 
of A ABC and base BG, 

and i AMC and baae JffC are equimultiples 
of i -ADO and base i>(7. j 

. •■. 4 ABCiBXaL ADCaB\)BseBC\a\n\»»ft,DG. V.DetS. 
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GoR. I. PcuroMdograms of the same altitride a/re to one another 
(u their bases. 

Let ACBEy ACDF be parallelograms having the same alti- 
tade, that is, the perpendicular drawn from A to BD, 

Then mustO^CB^ be to CJ ACDF as 50 is to DC. 




¥oT nJACBE=twi<xt A ABC, I. 41. 

and O^0D^= twice A ADC. I. 41. 

.\CJACBEiato O ACDFt\a A ABCia to a ADCy V. 11. 
and.\OJ[05^istoOJLOi>-Fas 5C isto DC. V.5. 

Q. E. D. 

Cor. II. Triangles and Parallelograms, thai ha/ve equal 
^Uudes, a/re to one another as ihevr bases. 

Let the figures be placed, so as to hare their bases in the 
>ame straight line ; and having drawn perpendiculars from the 
Vertices of the triangles to the bases, the straight line, which 
joins the vertices, is parallel to that, in which their bases are, 
because the perpendiculars are both equal and parallel to one 
another. 1. 33. 

Then, if the same construction be made as in the Proposition, 
the demonstration will be the same. 

Ex. 1. ABC, DBF are two parallel straight lines ; show that 
the triangle ADE is to the triangle FBC as D^ is to BC. 

Ex. 2. If, from any point in a diagonal of a parallelogram, 
straight lines be drawn to the extremities of the other dia^n^l^ 
the four triangles, into which the pa^alle\ogc^xxi\a^iXi^Tl ^S.^'b^ 
mast be equal, two and two. 
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Proposition II. Theorem. 

If a straight line he drawn paraU^ to one of (he sides of a 
triangle, it must cut the other sides, or those sides produced, pro- 
portionally. 





Let DE he drawn || to BC, a side of the A ABC. 
Then must BD he to DA as CE to EA. 
Join BE, CD. 

Then •.' A BDE=^ A CDE, on the same base DE 

and between the same Hs, DE, BC I. 37. 

.-. A BDE is to A ADE as a CDE is to a ADE V. 6. 

But A BDE is to A ADE as BD is to DA, VLl. 

and A CDE is to A ADE aa CE isto EA; VI.1. 

.-. ^D is to DA aa CE is to EA. V. 5. 



Ex. I. If any two straight Unes be cut by three parallel 
lines, they are cut proportionally. (N.B. — ^This is of great 
use.) 

Ex. 2. If two sides of a quadrilateral be parallel to each 
other, a straight line, drawn parallel to either of them, shall 
cut the other sides, or these produced, proportionally. 
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And Conversely, 

If ihe tides, or Ihe sides produced, he cut proportionally, the 
titradght line wkuh joiiis ike points of section mu^t be paraUel to 
the remaining side of the triangle. 

Let the sides AB, AC of the A ABC, or these produced, 
be cat proportionally in D and E, so that 

JBD is to D^ as OF is to EA, 
aod join DE. 

Then rrvust DE beparaUd to BC, 

The same constmction being made, 
•/ 52) is to 2>^ as C^ is to EA, 
md BD is to DA as A BDE is to A ADE, VT. 1. 

and 0J& is to J&^ as A CDE is to A ADE, VI. 1. 

.-. A BDE is to A ADE aa A CDE is to A ADE, V. 6. 
and /. A BDE^ A CDE ; V. 8. 

and they are on the same base DE ; 

/. DJ^ is II to BC. I. 39. 

Q. JL D. 

Ex. 3. If there be four parallel straight lines, two of these 
lines interceptupon two given lines, of unlimited length, OA, OB, 
parts proportional to the parts intercepted upon OA, OB, by 
the remaining two parallel straight lines. 

Ex. 4. If the four sides of a quadrilateral figure be bisected, 
the lines joining the points of bisection will form a parallelo- 
gram. 

Ex. 6. A quadrilateral figure has two parallel sides : shew 
that the straight line, joining the point of intersection of its 
other two sides produced and the point of intersection of its 
diagonals, bisects the two parallel sides. 
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Proposition III. Theorem. 

if the vertical angle of a triangle be bisected by a straight 
line, which also cuts the base, the segments of the base )7iiAst have 
tlie same ratio, which the other sides of the triangle ha/ve to one 
another. 




Let I BAG of A ABC be bisected by the st. line AI>^ 
which meets the base in D. 

Then must BD be to DC as BA is to AC. 
Through C diaw CE || to DA, I. 3:1. . 

and let BA produced meet CE in E. 

Then z BAD=mtenoT l AEC, I. 2^. 

and L CAD =altemate i ACE, I. 2^. 

But L BAD=^ L CAD, by hypothesis, 

and .-. L AEC=^ l ACE, Ax. J. 

and .*. AC = AE, I. b. Cor. 

Then '.• ^D is || to EC, a side of A BEC, 

.-. BD \s to DC aaBA 13 to AE, VI. 2. 

and .\ BD is to DC as BAm to AC. V. 6. 

Ex. 1. Shew that in a parallelogram the diagonals do not 
bisect the angles, unless the sides are equal. 
Ex. 2. Shew how to trisect a straight line of finite length. 
Ex. 3. Shew that the bisectors of the angles of a triangle 
meet in the same point. 
Ex. 4. The bisectors of the angles A and 0, of a triangle 
ABC, meet the opposite sides m Wife ^mta D and E : BA and 
BO are produced to F' and IV, so \i3[i^\. A¥' , AC ^aict^C^iy m 
a^/ equal ; prove that F'D^ is parcSleV \.o ED. 
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And Conyerselj, 

If iht aeffments of the hose ha/ve the scvme ratiOf which the other 
tides of the iricmgles have to one another, the etraight Une, 
drami from the vertex to the point of section, must bisect the 
vertical angle. 

Let BDhe to DC as BA ia to AC, 

and join AD, 

Thm must l BAD^ l CAD. 

The same constrnction being made, 

••• £D is to DC as 5^ is to AG, Hyp. 

and 5i) is to DC as B^ is to AE, VI. 2. 

.-. JB^ is to ^C as jB^ is to AE, V. 5. 

and .-. AC^AE, V. 8. 

and .-. L AEC = z ACE. I. a. 

But I ^^C= exterior i BAD, I. 29. 

and L -4C^=altemate z CAD, 1. 29. 

/. z BAD=^ L CAD. Ax. 1. 

Q. £. D. 

Ex. 5. Two straight lines are drawn, bisecting the angles at 
the base of an isosceles triangle. Shew that the straight line, 
joining the points, in which they cut the sides, is parallel to the 
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Proposition A. Theorem. 

If the exterior angle of a triangle be bisected by a straight line, 
which also cuts the base produced, the segments, between (he 
dividing straight line and the extremities of {he ba>8e, must ha/ve 
the same ratio, which the other sides of the triangle home to one 
another. 




Let z EAC, an ext' z of the A ABC, be bisected by the 
St. line AD which meets the base produced in D. 
Then must BD be to DC as BA is to AC, 

Through C draw CF \\ to DA, meeting AB in F, I. 31. 

Then i JS^J[i)= interior z AFC, I. 29. 

and I CAD =altemate z ACF, ' I. 29. 
But z EAD=^ L CAD, by hypothesis. 

:,lAFC^ lACF, Ax. 1. 

and /. AC^AF, I. b. Cor. 
Then •.' J^D is || to FC, a side of A FBC, 

:, BD is to DO as BA is to AF, VI. 2. 

and /. jBD is to DO as 5-4 is to AC. V. 6. 

Ex. 1. If the angles at the base of the triangle be equal, 
how is the proposition modified ? 

Ex, 2, If B be any point in a atm^t ^^ AC^ intersected 
by another^ CD, give a geometticaY cotl^V.tv3lC\:\otl icyt ^^XKrasoi- 
ing a point D in CD, sucli that. AD \a\» BB ?» AC\^\.^ C^^, 
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And Conversely, 

If ihe segments of the base prodv^d have the same raJtio, which 
fhe other sides of the i/riangle home to one another, ihe straight 
line dra/wnfrom the vertex to ihe point of section m/ust bisect the 
exterior a/ngU of the triangle. 

Let BD be to DC^BASa to ulC,. 

and join AD^ 

Thm must L CAD^ l EAD. 

For, the same construction being made, 

•/ BB is to DO as JB^ is to AG, Hyp. 

and JBD is to DC as jBuI is to AF, VI. 2. 

.-. jB^ is to ulCas JBul is to AF, V. 5. 

and /. AC=AFy V. 8. 

and /. I A FO^ l AGF. I. a. 

But I AFC=exterior z EAB^ I. 29. 

and I ^OT^altemate l GADy I. 29. 

and .-. I GAD^ l BAD. Ax.l. 

..Q. E. D. 



Ex. 3. If the base be divided into two segments, having the 
same ratio with the segments specified in the Proposition, the 
straight lines, drawn from the two points of section to the vertex 
of the triangle, are at right angles to each other. 

Ex. 4. If the angle, between the internal bisector and a 
side, be equal to the angle, between the external bisector and 
the base, the perpendicular to the greater sida, l\a<5k\y?^ >5w^ 
vertex, will bisect the segment oi tiie \iaafe, c»c\» ^^\k^Nj^^^^ 
the bisecting: lines. 
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Proposition IV. Theorem. 

The sides about the equal angles of triangles^ which are equi- 
angular to one another, are proportionals ; and those which are 
opposite to Ike equal angles, are homologous sides. 





Let ABC, DEF be two a s, having the l^bX, A,B, C equal 
to the I s a,t D, E, F respectively. 

1^71 must the sides about the equal is he proportionals^ 
those being homologous sides, which are opposite the equcd i s. 

For suppose A DEF to be applied to a ABC, 
so that D coincides with A and DE falls on AB ; 
then ••• z BAC = l EDF, .'. DF will faU on AC, 

Let Q and JH be the points in AB and AC, or these pro- 
duced, on which E and F fall. 
Join GR. GH wiU be || to BC, v l AGH== l ABC, L 28. 

Then BA is to (3^-4 as C^ is to DA, VI. 2. 

and .-. BA is to j&D as C-4 is to FD, V. 6. 

whence BA is to ^C as j&i) is to DF. V. 15. 

Similarly, by applying the A DEF, so that the z s at J?*, -^ 
may coincide with those at C, B successively, we might show 
that 

^Ois to CB as D^ is to FE, and that 

CB S&\>oBA^FE\& to ED, 

Q. E. D. 

Ex. Divide a given angle mto two ^arts, such that the 
peipeudicuiars from any point oi t\ift ^V\^Yci^\mfc xs^tjl \3aa 
-"^ arms oi the angle may "be Vn a gwcn xaM\o. 
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Proposition V. Theorem. 

Ij the sides of two triangles, about ea>ch of their angles, he 
proportionals, the triangles must he equiangular to one another, 
omd must ha/ve those angles equal, which are opposite to the honuh 
logons sides. 





Let the a s ABC, DBF have their sides proportional, 
80 that BA is to AC as BD is to DF, 
and ^0 is to OjB aa i)^ is to FB, 
and CB is to ^^as J'^ is to BD. 
Then must A ABC he equiam^ular to A BDF, those z s 
oeing equal, which are opposite to the homologous sides, thai is, 
I BAG^ L BDF,&nd l ABC= l DBF, and z ACB= z DFB. 
In AB, produced if necessary, make AG=^DB, 

and draw GH || to BG, meeting AC in JET. I. 31. 

Then A AGE is equiangular to A ABC, I. 29. 

and /. BA is to ^0 as G^^ is to AH. VI. 4. 

But BD is to DFa& BAia to AC; Hyp. 

and .-. ^D is to DFaa GAiato AH. V. 5. 

But ED= GA, and .-. DF=AH. V. 14. 

So also it may be shown that GH=^BF. 
Then in as AGH, DBF 
V GA^ED, and AH^DF, and HG=^FB, 
.'. L GAH=^ L BDF ; z AGH^ z DBF ; z AHG=^ z DFB. 

I. c. 
But z GAH^ L BAG; z AGH=: z ABC; z ^B^(?= z ^OjB. 
/. z JBJ10= z E2>J^ ; z ^50= z DEF, aivd l AOB- l DFS. 
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Proposition VI. Theorem. 

If two triangles ka/ve one angle of the one equal to one angle 
of the other, and the sides about the equal angles proportionals^ 
the triangles must he equiangula/r to one am^ther, a/nd must have 
those angles equal, which a/re opposite to the homologous sides. 





In the A s ABC, DEF, let z BAC= l EDF, 
and let BA be to AC aa ED to DF. 

Then must a ABC he equiangular to A DEF, 
and L ABC= l DEF, and l ACB= l DFE, 

In AB, produced if necessary, make AG=^DE, 

and draw GH II to BC. I. 31. 

Then A AGJEL is equiangular to A ABC, I. 29. 

and .-. GA is to AH as BA is to AC, VI. 4. 

and .-. GA is to AH aa ED is to DF. V. 5. 

But GA —ED, by constraction, 
and .-. AH=-DF. V. 14. 

Then '.• GA ^ED, and AH ==DF and z GAH= l EDF; 
.-. z AGH= L DEF, and z AHG= z DFE, I. 4. 

and .-. z ABC=- z DEF, and z ACB=^ z DFE. 

Q. E. D. 

Ex. 1. If from B, C, the extremities of the base of a triangle 
ABC, be drawn BD, CE, perpendicular to the opposite sides, 
shew that the triangles ADE, ABC are equiangular. 

Ex. 2. A variable cbord. OP as dKk.^?na. tbrough a fixed point 
O on the circumference oi a circle, aw^ QS&\a!JfeL^\:k.\!DL*'&^^ft'<isaS» 
the rectangle OP, OQ is constant, ^^ \Jtift\oQ.\ia ^\ Q. 
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Miscettaiuous Exercises on Props. I. to VI. 

L If two triangles stand on the same base, and their vertices 
be joined by a straight line, the triangles are as the parts of 
this.line intercepted oetween the vertices and the base. 

2. If a circle be described on the radius of another circle 
as its diameter, and any straight line be drawn through the 
point of contact, cutting the two circles, the part, intercepted 
between liie greater and lesser circles, shall oe equal to the 
part within the lesser circle. 

3. The side jBC, of a triangle ABC, ia bisected in 2), and 
any straight line is drawn through 2), meeting AB, AC, pro- 
duced if necessary, in E, F, respectively, and Uie straight line 
through A, parallel to BC, in G. Prove that DjB is to I^-F* 
9iQEis to GF. 

4. If the ande A, of the triangle ABC, be bisected by AD, 
which cuts BU in D, and be the middle point of b6, then 
OD bears the same ratio to OB that the difference of the sides 
bears to their suul 

5. The Unes drawn from the base of a triangle perpendicular 
to the line bisecting the vertical angle, are in the same ratio 
as the sides of the triangle. 

6. If D, J? be points in the sides AB, AC respectively of 
the triangle ABC, such that the triangles DAC, EAB are 
equal, shew that the sides AB, AC are divided proportionally 
in i> and ^. 

7. If two of the exterior angles, of a triangle ABC, be 
bisected by the lines COE, BOD, intersecting in 0, and meet- 
ing the opposite sides in E and D, prove that OD is to OB 
as AD is to DBj and that 00 is to Oj& as AC is to AE, 

8. 0, B, the aiigles at the base of an isosceles triangle, are 
joined to the middle points, E, F, of AB, AC, by lines inter- 
secting in 0. Shew that the area BCG is equal to the area 
AEGF, 

9. If, through any point in the diagonal of a parallelogram, 
a straight line be drawn, meeting two opposite sides of the 
figure, the segments of this line will have the same ratio as 
those of the oQagonal. 

10. The sides AB, -40, of a triangle ABC, are produced to 
D and E, so that DE is parallel to BC, and the straight line 
DE is divided in F, so that DF is to FE ^ BD S& \f^ Ca\ 
shew thut the locus of F is & straight line. 
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Proposition VII. Theorem. 

If two triangles have one angle of the one equal to one angle 
of the other, and the sides about a second angle in each propor- 
tionals ; then, if the third angles in each be both acnte, both 
obtuse, or if one of them be a right angle, the tria/ngles must 
be equiangvla/r to one another, and must have those angles 
equal, about which (he sides a/re proportionals. 





In the AS ABC, DEF, let z BAG^ i EBF, 

and let AB be to jBO as i)^ is to EF, 

and let z s AGB, BFE be both acute, both obtuse, or let 
one of them be a right angle. 

Then must A s ABC, DEF be equiangular to one another, 
hamng l ABC^ l DEF, and z ^GB= z DFE, 

For if z ABC be not= z DEF, let one of them, as z ABQ, 
be greater than the other, and make z ABG= z DEF, I. 23. 

and let BG meet -40 in G^. 

Then •.• z BAG=- z EDF, and z ABG= z DEF, 

.'. A ABG is equiangular to A DEF, I. 32. 

and .-. AB is to BG as D^ is to EF, VI. 4. 

But AB is to J50 as DE is to EF, Hyp. 

.-. AB m to BG 03 AB is to BC, V. 5. 

and .-. BG^BC, V. 8. 

and .-. z ^CG= l BGC. V^^ 
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First, kt L ACB and z DFE be both acute, 

then I AOB is acute, and .*. i BGC is obtuse ; L 13. 
.'. L BCO is obtuse, which is contrary to the hypothesis. 

Next, let I ACB and z DFE be both obtuse, 

then I AOB is obtuse, and .*. i BGC is acute ; I. 13. 
.*. L -SC^ is acute, which is contrary to the hypothesis. 

Lastly, let one of the third i s ACB, DFE be a right i . 
If L ACB be a rt. z , 

then I BGC is also a rt. z ; La. 

.'. z 8 BCGf BGC together-two rt. z 8, 
vbich is impossible. 1. 17. 

Again, if z DFE be a rt z , 

then z AGB is a rt z , and .*. z BGC is a rt z . L 13. 

Hence z BCG is also a rt. z , La. 

and .'. z 8 BCGy BGC together—two rt z 8, 

which is impossible. L 17. 

Hence z ABC is not greater than z DEF, 

So also we might shew that z DEF is not greater than 

lABO. 

.•. z ABC = z DEF, 

and .-. z -406 - z JDjPJ^. L 32. 

Q. E. D. 

N3» — This Proposition is an extension of Proposition e of 
Book I. p. 42. 

NoU, — We haye made a slight change in Euclid's arrange- 
ment of the four Propositions that follow, because EudL vi. 8 
is closely connected with the proof of EuoL vi. 13. 
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Propobitiow VnL Problek. (End. vl 9.) 
From a gi/oen straight line to cut off any submultipU. 




Let AB be the giyen st. line. 

It isreqvATed to shew how tocutoff a/n/y svbmuUijple from AB, 

From A draw AO making any an^e with AB. 

m 

In AC take any pt. D, and make AC the same multiple of 
AD that AB is of the submultiple to be cut off from it. 

Join BG, and draw DE \\ to BC. I. 31. 

Then •.• ^D is II to BC, 

.-. CD is to D^ as JB^ is to EA, VI. 2. 

and .-. 0^ is to i) J. as 5^ is to EA. V. 16. 

.'. EA is the same submultiple of J^^ that DA is of CA. 

V.19. 

Hence from AB the submultiple required is cut off. 

Q. E. F. 

Ex. 1. Cut off one-seventh of a given straight line. 
Ex. 2. Cut off two-fifths of a given straight line. 

JV^/^.— This Propo&itioii \a a -^^x^oxiS^ax <:assR^ oC Propod- 
tion IX. 
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Proposition IX. Problvm. (EucL yi. 10.) 

To divide a given Mtraight line iimdlcurly to a given straight 
line. 

A 




Let AB be the st line given to be divided, and AC the 
divided tsL line. 

It is reqvdred to divide AB svmUwrly to ACL 

Let ^C be divided in the pts. Z>, E. 

Place AB, AC so as to contain any angle. 
Join BG, and through D, E draw DF, EG || to BC. I. 31. 
Through D draw DHK || to AB. L 31. 

Then V FH and GK are Os, 

.-. FG=DH, and GB^HK L 34. 

And •.• HE is II to KG, 

.-. ^B^is to JBD aa C^ is to ED, VL2. 

that is, JBG^ is to OJ^ as 0^ is to ED, 

Again, •.• jPD is H to GE, 

.-. (?^is to J'^ as J^D is to DA, VL2. 

Hence J.B is divided similarly to ^C 

Q. B. F. 

Ex 1. Produce a given straight line, so that the whole pro- 
duced line shall be to the produced part in a given ratio. 

Ex, 2. On a ^Ven base describe & tE\a3\!^<&) V^ ^ ^^sc^. 
vertical angle and its aides in a given Tatio. 
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Proposition X. Problem. (Eucl. vi. 11.) 
Tojmd a third 'proportional to two given straight lines. 




Let AB and -40 be the given st. lines. 

It is reqmred to find a tki/rd proportional to AB, AC. 

Place ABf ^0 so as to contain any angle. 

Produce AB, AC to D and E, nmking BB^AC L 3. 
Join BC, and through D draw BE \\ to BC L 31. 

Then •/ JBO is || to BE, 

.-. ^B is to JBD as ^Cis to CE, VI. 2. 

and .-. ^^ is to ^Oas ^Ois to CE. V. 6. 

Thus G^ is a third proportional to AB and AC. 

Q. K F. 

NoTB. This Proposition is a particular case of Proposition XL 

DsF. II. When three magnitudes are proportionals, the fiist 
is said to have to the third the duplicate ratio of that, which it 
has to the second. 

Thus here ABYmtoCE the duplicate ratio of AB to AG. 

Dbf. III. When three magnitudes are proportionals, the first 

is said to have to the third the ratio compounded of the ratio, 

which the first has to the second, and of the ratio, which the 

second has to the third. 

Tiius here AB has to CE tVi^ T«.tiQ compounded of the 

i^tios of ^^ to AG and AC lo CK 
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Proposition XL Theorem. (EucL vi. 12.) 

To Jmd a fourth ^pro^portionaX to three given straight 
lines. 




lict A, B, be the three given st. lines. 

It is requked to jmd a fourth proportional to A, B, C, 

Take DE, DF, two st. lines making an z EDF^ and in these 

DG=A, GE=B, and DH= C, I. 3. 

and through E draw EF \\ to GH. I. 31. 
Then, -.•(S^JTislIto^J^, 

,\ DG hi to GE aa DE ia to HFy VI.2. 

and .-. ^ is to JB as is to HF. V. 6. 
Thus MF is a fourth proportional to Ay B, C. 

Q. E. 7. 

Ex. ABC is a triangle inscribed in a circle, and BD k 
drawn to meet the tangent to the circle at j1 in D, at an angle 
ABD equal to the angle ABC. Show that ^0 is a fourth 
proportional to the lines BD, DA, AB. 
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Proposition XIL Theorem. (EqcL vl 8.) 

In a right-angled triangle, if a perpendicula/r he drawn from 
the right angle to the hose, the triangles on ea>ch side of it are 
svm/Uwr to the whole triangle and to one another. 




Let J.£Obe a right-angled A, having l BAC a rt. z , and 
from A let AD be drawn ± to BC, 

Then must A« DBA, DAG he simila/r to A ABC, and to 
each other. 
For •/ rt z jBD^=rt. z BAG, and i ABD^ L CBA, 

,\ iDAB^iACB. 1.32. 

.*. A DBA is equiangular, and .*. similar to A ABG, YL 4. 
In the same way it may be shown 
that A DAG is equiangular, and .*. similar to A ABC, 
Hence A DBA is similar to A DA G. 

Q. E. D. 

Cor. I. DA is a mean proportional between BD and DC, 

For JBi) is to D^ as D^ is to DC. VL 4. 

Ck)R. II. BA is a mean proportional between BC and BD, 
For £0 is to J5^ as JB^ is to BD, VI. 4. 

'" Cor. III. CA is a mean proportional between BC and CD, 
For jBOis to 0^ as C4 is to CD, VL 4. 

Q. E. D. 

Ex. JB is a fixed point in the circumference of a circle, whose 
centre is C; FA is a tangent at any point P, meeting CB pro- 
duced in A, and PD is drawn peipen^co^aA^ \ft CjB. "Prove 
that the line bisecting the ang\e APD ?\'^;i.-^%^5»a««&'0KKs^^. 
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Profobitiok XIIL Pboblrh. 

To Jmd a msak ^oportiovud between two given straight 
Unes. 




Let AB and BC be the two given st. lines. 
It is reqtmed to find a mean proportional between AB 
ondBC. 

Place AB and BC so as to make one st line ACy 
and on ^0 describe the semicircle ADC, 
From B draw BD j.to AC, and join AD, CD. I. 11. 

Thenv zADCisartz, 11131. 

andD5is±to^C, 
.*. DB is a mean proportional between AB and BC. 

VI. 12, CoE. 1. 

Q. E. F. 

Ex. 1. Produce a given straight line, so that the given line 
may be a mean proportional between the whole line and the 
part produced. 

Ex. 2 Shew that either of the sides of an isosceles triangle 
is a mean proportional between the base and the half of the 
segment of the base, produced if necessary, which is cut off 
by a straight line, drawn from the vertex, at right angles to 
the equal side. 

Ex. 3. Shew that the diameter of a circle is a mean propor- 
tional between the sides of an equilateral triangle and a 
hexagon, described about the circle. 

Ex. 4. From a point A, outside a ckcle, «. liskSk ^& dxA^^niL^ 
catting the circle in B and C Find & xaeasL ^tw^'tJo^'^iaS. 
between AB and A C. 
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Def. IV. Two figures are said to have their sides about two 
of their angles reoiprocaUy proportional^ when, of the foor 
terms of the proportion, the first antecedent and the second 
consequent are sides of one figure, and the second antecedent 
and first consequent are sides of the other figure. 

Thus, in the diagram on the opposite page, the figures AB 
and BC haye their sides about the angles at B reciprocally 
proportbnaly the order of the proportion being 

DB 18 io BE a&GB IB to BF. 
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Proposition XIV. Theorem. 

Equcd paraUelograms, which have one angle of the one equal 
to one angle of the other, have their ddes about the equal angles 
re(yiprocaUy proportional. 



\ 



2> 




Let AB, BC be equal Os, having l FBD=^ l EBG. 

Then must DB be to BE as GB is to BF. 
Place the Os so that BB and BE are in the same st. line ; 
then must GB and BF also be in one st. line. I. 14. 

Complete the O FE, 
Then \' EJ AB ^ O BC, and FE is another O, 

.'. CJ ABia to C7 FE as CJ BC m to nj FE, V. 6. 

But as ZZ7 ^jB is to ZZ7 ^E so is DJB to BE, VI. 1, Cor. I. 

and as O 50 is to O J^'jE^ so is G^^ to BF. VI. 1, Cor. I. 

.-. DB is to BE aaGBia to BF. V. 5. 

And Conversely, 

Parallelograms, which have one cmgle of the one equal to one 
cmgle of the other, and (hei/r sides about the equal angles recipro- 
cally proportional, are equal to one another. 

Let the sides about the equal z s be reciprocally propor- 
tional, that is, let D5 be to 5^ as (3^ J5 is to BF. 

Then must O AB=nJBC. 
For, the same construction being made, 

•.• DB\stoBEasGB\sUi BF, 
mdth&t DBisto BE as CJ ABistoCJ FE, VI. 1, Cor. L 
andthatGf^isto^i^asO^CistoZIJZ^, VLl, Cor. L 
.\C7 ABiBtoHJ FEasCJ BG^Xf^CJ FE, ^ ,^, 
and .-. O AB^EJ BC, ^ •'^• 
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Proposition XV. Theorem. 

Eqval triangleSy which have <me angle of the one equal tg 
angle of the other, ha/oe their sides about the equal angles reci^ 
rocally proportional. 




Let A BC, AVE be equal A s, having iBAC^ l DAE. 

Then iwast CAbeto AD as EA is to AB. 

Place the A s so that CA and AD are in the same st hue ; 
then must EA and AB also be in one st line. 1. 14. 

Jem BD. 

Then •/ a ABC- a ADE, and ABD is another a , 

.'.A ABC IB to A ABDas AADEiatoAABD. V. 6. 

ButasA^BC is to A ui-Bi> so is CA to AD, VI. 1. 

andasAJDEistoAulBDsoisJ^^to AB. VLl. 

.-. CJ^ is to uiD as ^J[ is to AB. V. 6. 

Ex. 1. Shew that^ provided the sides of one of the triangles 
be made the extremes, it is indifferent, so far as the truth of 
the Proposition is concerned, in what order the sides of the 
other triangle are taken as the means of the four pro- 
portionals. 

Ex. 2. ABb, AcC are two given straight lines, cut by two 
others EG, be, so that ^e tv^o tmi^^les ABC, Abe may be 
equal ; shew liiat the linea BC, be ^n\Si'& %»i^ ofCwst ^^-^tr 
tionally. 
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And Gonversely, 

IVian^2M, to^ic^ hant (me angle oflheone equal to one angle 
of Ihe otheTf and their tides about the eguai anglee reciprocally 
proportiondl, ore eqwd to one another. 

Let the sides aboat the equal z s be reciprocally proportional, 
that is, let 01 be to AD as j^^ is to AB. 

Then mutt L ABC" L ABE. 

For, the same oonstniction being made, 

'/ Oils to ID as J^l is to AB, 

and that (U is to ADbalABC is to£^ ABD, VI. 1. 

and that EA is to AB 9&LADE is to A J-S£>, VL 1. 

.\tiABC\aU}t^ABD9AtiADE\ato£^ABD, V. 5. 

and /. A ABC'^ a ABE. V. 8. 

Q. X. D. 

Ex. 3. Throng the extremities of the base BC, of a triangle 
ABCy draw two parallel lines, BE and CD, meeting AC and 
AB produced in ^-and D respectiyely, so that BCD may be 
equal in area to ABE. 

Ex. 4. P is any point on the side AC, of the triangle ABC\ 
CQ, drawn parallel to BF, meets AB produced in Q ; ANy 
AM are mean proportionals between AB, AQ, and AC, AP, 
respectiyely. Shew that the triangle ANM is equal to the 
triangle AJBC. 
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Proposition XVL Theorem. 

If four straight lines he proportumcUsy the redangle contained 
hy the extremes is equal to the rectangle contained by the means. 



E. 
G- 



jir 



-JET 



M 



Let the four st lines ABy CD, EF, GH be propoitionalsy 
so that ^JB is to CD as J?^ is to GH. 

Thm must red, AB, GH=rect, CD, EF, 

Draw AMjLio AB, and CNxto CD ; L 11. 

and make AM=GH, and CN=EF; 

and complete the /Ua BM, DN. I. 31. 

Then •.' AB is to OD as ^J* is to GH, 

and that EF=CN, and GH=AM, 

.-. uijB is to CD as OiV is to AM, V. 6. 

Thus the sides about the equal z s of the equiangular 
Os BM, DN are reciprocally proportional, 

and .-. CJ BM=nJ DN ; VI. 14. 

that is, rect. AB, J.Af =rect. CD, CN, 

.', rect. AB, GH ^rect CD, EF. 

Ex. 1. If j& be the middle point of a semicircular arc AEB, 
and EDO be any chord, cuttm^ t\ie> diameter in D, and the 
circle in C, prove that tb.e aquaie oio. CE \& «iO^^\»\w\Rfc>(Jc>5^ 
quadrilateral AEBC 
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And Conyerseljy 

If ike rectangle contained by ths extremee he equal to ike rect- 
angle contamed by the means, the fawr etraight Unee are pro- 
portionals. 

Let lect. AB, G^JT-rect CD, EF. 

Thm fMut AB be to CD as EF is to GH. 

For, the same conBtractioii being made, 

••• rect. ABf GH -rect CD, EF, 

/. rect. AB, AM^iecL CD, CN, 
that is, O BM^CJ DN. 

and these Os are eqniangnlar to one another, 

and .'. the sides about the equal zs are reciprocallj 
proportional, YI. 14. 

and /. ulB is to OD as OY is to AM, 

and .*. ulB is to OD as J^J* is to GE. Y. 6. 

Q. E. D. 

Ex. 2. If, from an angle of a triangle, tv^o straight lines be 
drawn, one to the side subtending that angle, and the other 
catting from the drcumscribing circle a segment, capable of 
containing an angle, equal to the angle, contained by the first 
drawn line and the side, which it meets ; the rectangle, con- 
tained by the sides of the triangle, shall be equal to the rect- 
angle, contained by the lines thus drawn. 
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Proposition XVII. Thbokem. 

Ij ihm straight lines be proportionaZs, the rectangle contained 
by ike extremes is equal to the squa/re on ike mean. 



J}' 




Let the three st. lines A, B, C he proportionals, and let 
J.betojBa8£iBtoC. 

Then must red. Af C=^sq. on B» 
Take i>=5. 
Then '.' ^ is to jB as jB is to (7, 

/. ui is to 5 as i> is to C, V. 6. 

and /. rect. A, C=rect. B, D, VI. 16. 

that is, rect. Aj 0=sq. on jB. 

And OonTersely, 

If the rectangle contained by the extrevnes be equal to the 
square on (he mean, the three straight lines are proportumdls. 

Let A, B, Che three straight lines such that 

rect. A, Oa=sq. on B, 
Then must A be to B a^ Bis to C, 
For, the same construction being made, 
•.• rect. J., C=sq. on B, 
and B=D, 
.'. rect. A, 0=rect. B, D ; 
and .'. .4 is to B aa D is to C, VL 16. 

that is, ^istoBaaB\a\ioC. X.^. 
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Proposition XVIII. Problem. 

Z^jpoTi a ^wen straight Une to describe a rectilinear figv/re 
Hm'Uar and smdla/rly situated to a given rectilinear figure. 





Let AB be the ^ven st. line^ and CDEF the glyen rectil. 
fig. oifowr sides. 

It is reqtwred to describe on AB a fig^ svm/UaT and smAlarly 
situated to CDEF, 

Join DF, and at A and B, make / BAG » l BCFy and 
aABG=-iCDF; 

then A BAG is equiangular to A DCF, 
At G and B, make z BGH^ l DFE,a,ud l GBH^ l FDE; 

then A (?HB is equiangular to A ^J^D. 
Then v L AGB^ i CFD, and z jB(?H= z DFE, 

.-. z J[Gfi^= z CFE. Ax. 2. 

So also z ^JB^=« z CD-B. 
And we know that z JB^(? = z DCF, 
and that z GfHB= z J'^D, 
.'. rectil. fig. ABHG is equiangular to fig. CDEF. 
Also, •.• A BAG is equiangular to L DCF, 

.'. BA is to uiGf as DO is to CF ; VI. 4. 

and '.* A JB(rJ7 is equiangular to A DFE, 

.-. Gf^ is to OHas JTO is to FE. VI. 4. 

Also, ^G^ is to C/jB as CF is to FD. 

.'. AG is to GHas CF ia to FE. V. 21. 

Similarly, it may shown that 

GHis toHBaaFEiato ED, 
and that HB is to B A as ED \a lo BO. 
.'. the rectil Bgs. ABHQ and CDEF at^ «m!C^Kt. 
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Next. Let it be reqaired to describe on AB a fig., siinilar 
and similarly sitoated to the recti! fig. CDKEF. 





Join DE, and on AB describe the fig. ABHGy similar and 
similarly sitnated to the quadrilateral CDEF. 

At JB and J3^ make z HBL= i EDK, and z BHL= L DEK; 
then A HLB is equiangular to a EKD. 
Then •/ the figs. ABJELG, CDEF are similar, 

.-. I GBB= I FED ; 
and we have made i BHL= l DEK ; 

.-. whole L GHL=whole l FEK. Ax. 2. 

For the same reason, i ABL= l CDK, 
Thus the fig. AGHLB is equiangular to fig. CFEKD. 
Again, •.* the figs. AGHB, CFED are similar, 

.-. GH ia to HB as FE ia to ED: 
also we know that HB is to HLaa ED is to EK, VI. 4. 

.-. OHis to JBX as J?^J^ is to EK, V.21. 
For the same reason, AB is to BL as CD is to DK. 

And BL isto LH as DKis to KE; VI. 4. 
/. the five-sided figs. AGHLB, CFEKD are similar. 
In the same way a fig. of six or more sides may be described, 
on a given line, similar to a given fig. 

Q. B. F. 
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Proposition XIX. Theorem. 

Smilar triangles are to one another in the duplicaie ratio of 
Oieir homologous sides. 





Let ABC, BEF be similar A s, 

having z s at J., B, C= i b a.t D, E, F respectively, 

so that BC and EF are homologous sides. 

Then m/ast A ABC home to A DEF the duplicate raiio of 
^ which BChastoEF, 

Sappose A DEF to be applied to a ABC, so that 
^lies on B, ED on BA, and .'. EF on BC. 
Let P and Q be the pts. in BA, BC on which D and ^ M. 
Join AQ, 

Then A^^C is io£i ABQ as ^0 is to BQ, VL 1. 

andA^^Q is toAPBQ as ABia to BP. VL 1. 

But ^JB is to JBP as JBOis to BQ, VI. 4. 

.\aABQ IB to aPBQ aa BC m to BQ. V. 6. 

Hence A ABC is to a ABQ as A J^^Q is to A PBQ. V. 5. 

.'. A ABC has to A PBQ the duplicate ratio 
of A ABC to A ABQ ; VI. Def. 2. 

.'. A ^jBO has to a PBQ the duplicate ratio 
of BC to BQ. V. 5. 

that is, A ABC has to A DEF the duplicate ratio 
of BC to EF. 

Q. E. D. 



CoR. If MN be a third proportional to BG and EF, 
^^iias to MN the duplicate ratio oi BClo BE , "SV^'s^.'i*. 
and .'. BCia to MN&st^ABC \b to ^I)E.:F. 
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Miscellaneous Exercises chiefly on Proposition XIX. 

Ex. 1. Prove this Proposition without drawing any line 
inside either of the triangles. 

Ex 2. In the figure, if BG be equal to FD, shew that the 
triangles will be in the ratio of J. C to EF, 

Ex 3. Out off the third part of a triangle by a stndght line 
parallel to one of its sides. 

Ex. 4. AB, AC axe bisected in JD and E, Prove that the 
quadrilateral DBGE is equal to three times the triangle 
ADE. 

Ex. 5. ABC is a line passing through the centre of the 
circle BCD, and AD a tangent to the circle. If CE be drawn 
parallel to BD, shew that the triangles ACD, ACE are to one 
another as AB to AC, 

Ex. 6. A straight line drawn parallel to the diagonal BD of 
a parallelogram ABCD meets AB, BC, CD, DA, in E, F^ G, H. 
Prove that the triangles AFO, CEH are equaL 

Ex. 7. If two triangles have an angle equal, and be to each 
other in the duplicate ratio of adjacent sides, they are similar. 

Ex. 8. The circle B'C (centre 0) touches the circle -4jB0 in- 
ternally, and AB^B touches B^C in B^, Shew that if BD be 
perpendicular to the common diameter, AB, B^ divides AB 
into segments, which are in the duplicate ratio of OC to OD, 

Ex. 9. From the extremities A, B, of the diameter of a circle, 
perpendiculars AY, BZ, are let fall on the tangent at any 
point C. Prove that the areas of the triangles ACT^ BCZ are 
together equal to that of the triangle ACB, 

Ex. 10. If to the circle, circumscribing the triangle ABC, a 
tangent at C be drawn, cutting AB produced in D, shew that 
AD is to DB in the duplicate ratio of -40 to CB. 

Ex, 11, Gonstract % tmn^^ ^\^<c^^ Bhall be to a given 
triangle in a given rauo. 
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PaoFosrnoK XX. Thborksc. (EucL yl 21.) 

B^Miiuar figures, tckich are nmUar to the tarns rectUineaf 
fi^v/rey a/re oJm svmilar to each other. 




Let each of the rectilinear figures A and B be similar to the 
rectilinear figure 0. 

Then rmut thefi^gnre A be nmUar to the figure B. 

For *.* A is similar to C, 
.*. A is equiangular to C, 
and A and have their sides about the equal z s pro- 
portionals. YL Def. 1. 
Again^ '.* B is similar to 0^ 

.'. B is equiangular to C, 
and B and C have their sides about the equal z s pro- 
portionals. YL Def. 1. 

Hence A and B are each equiangular to C, and have the 
sides about the equal z s of each of them and of C pro- 
portionals. 

.*. A is equiangular to B, Ax. 1. 

and A and B have their sides about the equal z s pro- 
portionals. Y. 5. 
•*. the figure A is similar to the figoie B. Yl^I^^^V 
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Proposition XXI. Theorem. (Eucl. vi. 20.) 
Simil/ir polygons may he di/vided into the same nvmber of 
simUa/r triangles, having the sa/me ratio to one another, which 
the polygons ha/ve ; and the polygons are to one another in the 
duplicate ratio of their homologous sides, 

A. 





DC K H 

Let ABODE, FQBKL be similar polygons, and let AB be 
the side homologous to FG. 

I. The polygons mmj he di/oided into the same nvmher of 
si/mila/r As. 

II. These Ls home each to each the same ratio which ike poly- 
gons have. 

III. The polygon ABODE has to the polygon FGHKL ihe 
duplicate ratio of that which the side AB has to the side FG. 

Join BE, EO, GL, LH : then 

I. *.• the polygon ABODE is similar to the polygon 
FGHKL, 

.'. L BAE = L GFL, 
and BA is to AE 2&GF ]&io FL. 
.*. A ABE is similar to A FGL. VI. 6 and 4. 

and .-. z ABE = z FGL. VI. Del 1. 

Again, *.* the polygons are similar, 

.-. I ABO = I FGH, VI. D^ 1. 

and .-. z EBO = z LGH ; Ax. 3. 

and '.• the A s ABE, FGL are similar, 

.-. EB 13 to AB Bs LG ia to FG ; VI. Def. 1. 

also, •/ the polygons are similar, 

/. ABisto BOaaFGistoGH; VI. Def. 1. 

and /. EB la to BO oaLGia to GH, V. 21. 

and .'. since z EBC = z LGH, 

ike aEBO is aimlai to e^LGH. VI. 6 and 4. 

For the aame reason ^e Zi ECB \a %\m^<a.T \a b^l^H.^. 

the polygona ate AmdeA. m^ >i5Qft ^axsk^ xtxasJo^t ^\ 
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n. -.* lABE is simikr xxit^FGL, 

.% A ABE lia£» u) A jPG'X the duplicate ratio of 
BE to fl^i. VI. 19. 

So also, tiEBO has to AXOHthe duplicate ratio of 
BE to GL. VL 19. 

.-. A ABE IB to £iFGLBa£^EBC IB to t^LGH. Y. 5. 
Affoxkf V lEBC is similar to A I/^H^ 

.'. A EBO has to A I/j^H the duplicate ratio of 
EC to LH. YL 19. 

So also, A ECD has to a LWK the duplicate ratio of 
EC to LH. VI. 19. 

/. aEBC \b to lLGH 9& lECD hB to t^LEK. V. 5. 
But aJ^jBC istoAXOHasAulBj^istoAjPGX. 
.-.as L ABE IB to i^FGL Bo m lEBC to £iLGJE[, 
and t.ECDtoLLHK. 

Now as one of the antecedents is to one of the consequents 
so are all the antecedents together to all the consequents 
together, V. 10. 

and .'. A ABE is to A FGL as polygon ABODE is to polygon 
FGEKL. 

m. Since A ABE has to A FGL the dunlicate ratio of 
AB to FG, VI. 19. 

.'. polygon ABODE has to polygon FGHKL the duplicate 
ratio of -45 to jPG^. V. 6. 

Q. X. D. 

Cob. I. In like manner it may be proved, that similar 
figures of fovT or <my nwnber of sides, are to one another in 
the duplicate ratio of their homologous sides : and it has been 
abeady proved for triangles, vi. 19. Therefore, universally, 
similar rectilinear figures are to one another in the du^licata 
ratio oftbeir homologous sides. 
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Cor. II. If MN be a third proportional to AB and FG^ 
AB has to MN the duplicate ratio of AB to FG, VI. Del 2. 
and .*. AB is to MN as the figure on AB to the similar and 
similarly described figure on FG ; that being true in the case 
of quadrilaterals and polygons, which has been already proved 
for triangles. VI. 19 Cor. 

Proposition XXII. Theorem. (Eucl. vi. 31.) 

In right-angled triangles, the rectilinear figure, described tipon 
the side opposite to the right angle, is equal to the similar and 
simila/rly described fi^gures upon the sides containing the right 
angle. 




Let ABC be a right-angled A , having the right z BAG, 
Then must the rectilinea/r figure, described on BC, be equal 
to the similar and similarly described figures on BA, AG. 
Draw^DxtoJBa 

Then A ABC is similar to A BBA, VL 12. 

and .-. jBOis to BA^BAha to BD, VI. 4 

and .*. as BG is to BD so is the figure described on BG to 

the similar and similarly described figure on BA, VI. 21, Cor. 2. 

and .•. as BD is to BG so is figure on BA to figure on BC. 

V. 12. 
For the same reason 

as DG is to BG so is figure on AG to figure on BG. 
Hence as BD, DG together are to BG so are figures on BA, 
^(•together to figure on BG. V. 22. 

But BD, DG toget\iet ai^ equal to BG, and 
.*. figures on BA, AC \^^<fc>i5aKt = ^s^os^ tfCL'BC5,yA8. 
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Note. — ^The Proposition which follows is not given by 
Eaclid^ but is necessary to the proof of Prop. xxiv. 



Proposition XXIII. Theorem. 

If two rectiUnear figures be equal and also similar, their 
homologcms sides must he equal, each to each. 




Let the recti! figs. ABODE, FGHKL be equal and similar, 
and let DC and KH be homologous sides of the figures. 

Then must DC=KJE[. 

For, if not, let DC be greater than KH. 
Then •.' DC \& to DE as KH is to KL, 

.'. DE is greater than KL. V. 14. 

Hence if^KLH be applied to ^ DEC, so that KH falls on 
DC and KL on DE (foil HKL= l CDE), HL wiU fall 
entirely within A DEC, 

:. A KLH is less than a DEC. 
But \' A DEC is to A KLH as figure ABCDE is to 
figure FGHKL, VI. 21. 

and figure ABCDE^&gaie FGHKL 
.'. A DEC = A KLH, V. 18. 

or the greater = the less, which is impossible. 
.*. DC is not greater than KH. 
Similarly it may be shown that DC is not leas thaaaL KH. 
.-. DO=KH. 
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Proposition XXTV. (EucL vi. 22.) 

If four stradght lines be proporti&rKils, the similar recti' 
linear figures skmla/rly described upon them must also be pro- 
portionoUs. 





r 
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c 
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Let the four straight lines AB, CD, EF, GH be propor- 
tionals, th&tia, AB to CD as EF is to GH; 

and upon AB, CD let the similar rectilinear figures KAB, 
LCD be similarly described ; and upon EF^ GH the similar 
rectilinear figures MF, NH in like manner. 

Then must KAB be to LCD as MF is to NH. 

To ABf CD take a third proportional X and 
to EF, GH take a third proportional 0. VI. 10. 

Then •.• AB is to CD as EF is to GH, 

.'.CD is to X asGHis to 0, V. 5. 

and .-. ^jB is to X as iS7 J' is to 0. V. 21. 

But as AB is to X so is KAB to LCD, VI. 21, Cor. 2. 
and as JS?^ is to so is MF to NH, VI. 21, Cor. 2. 
/. KAB is to LCD as MF is to NH. V. 5. 
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And Conversely, 

If ihe similar figvresy similarly described on favr straight 
lines f he proportionals, those straight Hnes m/ust he proportionais. 

The same oonstniction being made, 

let KAB be to LCD as MFis to NH, 

then rrvust AB he to CD as EF is to OH. 

Make as .i^ to CD so EFioFB, YL 11. 

and on PB describe the rectilinear figure 8B, similar and simi- 
larly situated to either of the figures MF, NH. VI. la 

Then, by the first part of the proposition, 

KAB is to LCD as MFis to 8K 

But KAB la to LCD sa MF JB to NH. Hyp. 

/. SB^'JSH, V. a 

Also, SB and NHsne similar and similarly situated, 

and .'. FB^GH. VI. 23. 

Now jlJS is to OD as ^J'is to FB, 

and .'. ^£ is to CD as ^J" 18 to OH. V. a 
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Proposition XXV. Theorem. (EucL vi. 33.) 

In equal circles, angles, whether at the centres or the circum- 
ferences, have to one another the same raMo as the arcs which 
subtend them ; and so also have the sectors. 





In the equal ©s ABC, DEF let the z s BGC, EHF at the 
centres, and the z s BAC, EDF at the circumferences, be sub- 
tended by the arcs BC, EF, 

Then I. z BGC must be to i EHF as arc BCisto a/rc EF. 

Take any number of arcs CK, KL, each =50, 
and any number of arcs FM, MN, NB each=EF, 
Then *.• arcs BC, CK, KL are all equal, 

.-. z s BGC, CGK, KGL are aU equal. III. 27. 

.*. z BGL is the same multiple of z BGC that 
arc BL is of arc BC 

So also, z EHR is the same multiple of z EHF that 
arc ER is of arc EF, 

And z BGL is equal to, greater than, or less than 
I EBB, 

according as arc BL is equal to, greater than, or less than 

arc ER. III. 27. 

Now I BGL and arc BL ateeqvmnultiplesof z BGC andarcfC, 

and z EHR and arc EKare eq]OMXi\j\\A^'ea»oi l "EKE %sA»x5^EF. 

.-. z BGC is to z EHE as axe BC \a\.o «t^E.^. ^ ,\i^.V 
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II. I BAC fMul he io I EDF as are BC is to a/re EF. 

For ••• z JBflfC- twice z BAG, and z EHF^ twice z ^DJ", 

III. 20. 

.\ I BAG IB to I EDF M I BGO la to I EHF, V. 11. 

and.'.zBuiCistoz^DJ'asarojBCistoarc^F. Y. 5. 

IIL Sector BGG must he to sedor EHF as are BG is to 
arcEF, 
For sectors BQGy GGK, KGL are all equal, IIL 26, Cor. 

and sectors EHF, FEM, MEN, NEE, are all equal, 

III. 26, Cor. 

•*. sector BGL is the same multiple of sector BGG that 
arc BL is of arc BG, 

and sector EEB is the same multiple of sector EEF that 
arc ER is of arc EF ; 

also, sector BGL is equal to, greater than or less than 
sector EEB, according as 

arc BL is equal to, greater than, or less than arc EB, III. 26. 
and •*• sector BGG is to sector EEF as arc £0 is to arc EF. 

Q.S.D. 

Cob. In the eame circle, angles, whether at the centres or 
the circumferences, have the same ratio as the arcs which sub- 
tend them ; and so also have the sectors. 
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Proposition B. Thsorebc 

If an angle of a triangle be bisected by a straight line, which 
likewise cuts the base ; the rectangle, contained by the sides of 
the triangle^ is equal to the rectangle, contained by the segments 
of the base, together with the squa/re on the Une bisecting th^ 
angle. 




Let z BAG of the A ABC be bisected by the st. line AD. 

Then rect BA, AC=rect, BD, DC together with sg, on AD, 

Describe the © ABC about the A , III. b. p. 135. 

produce AD to meet the Oce in E, and join EC, 

Then •/ z BAD = z CAE, Hyp. 

and z ABD = z AEC, in the same segment, IIL 21. 

.'. A ABD is equiangular to A AEC, I. 32. 

.-. ^ul is to ^D as ^ul is to AC VI. 4. 

/ rect. BA, AC^iect, EA, AD, YL 16. 

=rect. ED, DA together with sq. on AD. 

11.3. 

=rect. BD, DC together with sq. on AD. 

in.35. 
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Proposition C. Theorem. 

Xffrom any angle of a triangle a straight line be drawn per- 
pendicular to ^ hoM, the rectangle, contained by the sides oj 
ike triangle, is equal to the rectangle, contained by (he per- 
pendicuhr and the diameter of the circle described about the 
tricMgU, 




Let ABChQtkti, and AD thexfrom A to BC. 

Describe the ABC about the A ABC, III. b. 

draw the diameter AE, and join EC. 
Then must rect. BA, AC ^ rect EA, AD, 

For •.• rt. z BDA = i EC A, in a semicircle, III. 31. 
and L ABD = l AEC, in the same segment, III. 21. 

.'. A ABD is equiangular to the A AEC, I. 32. 

.-. 5^ is to ^D as ^^ is to AC, VI. 4. 

and .-. rect. BA, AC=^ rect, EA, AD. VI. 16. 

Q. E. D. 

Ex. 1. Shew that the rectangle contained by the two sides 
can never be less thai^ twice the triangle. 

Ex. 2. ABC is a triangle, and AM the perpendicular upon 
BC, and P any point in BC ; if 0, (X be the centres of the 
circles described about ABP, ACP, the rectangle AP, BC 
is double of the rectangle of AM, DC/, 

Ex. 3. A bisector of an angle of a triangle is produced to 
meet the circumscribed circle. Prove iTMifclVi^T^^^asiiS^^^^sRi^- 
tained by tbia whole line and the part ol\t\i\>i5DMiV5cL^'^»s«^^ 
18 equal to the rectangle contained "by \\\e Vwo «Aw&. 
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Proposition D. Theorem. 

The, rectangle, contained by the diagonals of a quadrUaieral 
inscribed in a circle, is equal to the sum of the rectangles, con- 
tained by its opposite sides. 




A 
Let ABCD be any quadrilateral inscribed in a ®. 

Join AC, BD, 
Then red. AC^ BD=rect. AB, CD together with reot. AD, BC. 

Make i ABB = z DBC ; I. 23. 

and add to each the z EBD, 
Them ABD := I CBE ; 
and z BDA = z BCB in the same segment ; 
.'. A ABD is equiangular to A BCB, 
.'. AD is to BDaaCEia to BC, 
and .-. rect AD, BC=Tect BD, CE. 
Again, •.* z ABE = z DBC, by construction, 

and z BAE = z BDC, in the same segment^ 
.'. A ABE is equiangular to A BCD. 
.'. ABiatoAEsaBDh to CD, 
and .'. rect. AB, CD = rect BD, AE. 
Hence rect AB, CD together with rect. AD, BC 
=rect. BD, AE together with rect. BD, CE. 
=rect AC, BD. II. 1. 

Q. E. D. 

Ex. If the diagonals cot one BXio^<&t ^\) ^ai «sk2^<& equal to one 
third of A right angle, lYie xectoi^ea cotiXaicaR^Xs^ ^^^'^^ws^* 
sides are together equal to iowx \im^a >2ki^ o^xsAf^ka^Kci^^N^sss^ 



III. 


21. 


I. 


32. 


VI. 


4. 


VI. 


16. 


III. 21. 


I. 


32. 


VI. 4. 


VI. 


16. 
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Proposition XXVI. Theorem. (Eucl. vi. 23.) 

Equiangula/r parallelograms have to one another the ratio, 
which is compounded of the ratios of their sides. 



n 



V 



B 






M- 





Let -40 and CF be equiangular Os, having z BCD = i ECG, 

Then must CJ AC have to EJ CF the ratio compounded of 
the ratios of their sides. 

Let BC and CG be placed in a straight line. 
Then DC and CE are also in a straight line. I. 14. 

Complete the O DG, and taking any st. line JK, 

make as 50 is to CG so JK: to X VI. 11. 

and make as DC is to CE so L to M, VI. 11. 

Then *.' K has to M the ratio compounded of the ratios of 
Kio L and X to M, 

.'. K has to M the ratio compounded of the ratios of 
the sides. VI. Def. 3, p. 260. 

Now BCkioCGBsCJ ACk to O CH, VI. 1. 

and DOis to CE as CJ CHk to O CF, VI. 1. 

.-. jK: is to i as O ^C is to O CH, V. 5. 

and i is to M as O CH" is to O CF, V. 5. 

Hence K is to M bs CJ AC kio CJ CF ; V. 21. 

and .'. O AC has to £7 CF the ratio compounded of the 
ratios of their sides. 



288 EUCLID'S ELEMENTS. [Book VI. 



Proposition XXVII. Theorem. (EucL vi. 24). 

Paralldogrourm about ike dia/meUr of any paraUdogram are 
similar to the whole parailelogram and to one arwther. 




Let ABCD be a O, of which the diameter is -40; and 
AEFG, FECK the Os about the diameter. 

Then must these EJs be similar to ABCD and to each other. 

For v GF is \iU) DC, .'. L AGF =- A ADCy 1.29. 

and •.• ^^ is II to BC, .'. z AEF = z ABC ; I. 29. 

and each of the z s EFG, 5aD=opposite z BAD, I. 34. 

and .-. z FFG= z BCD. Ax. 1. 

Thus the Os AEFG, ABCD are equiangular to one 
another. 

Again, •.• EF is || to BO, 

.-. ^5 is to J50as u4^ is to EF; VI. 4. 

and since the opposite sides of the Os are equal, 

.-. ABiato AD oaAEk to AG, V. 6. 

and DO is to OjB as 0^ is to FE, V. 6. 

and OD is to D^ as J^'O is to GA. V. 6. 

Thus the sides of the Os AEFG, ABCD about their equal 
angles are proportional 

.-. O AEFG is similar to O ABCD. 

Similarly, O FHCKSa similar to O ^50D ; 

and .-. O ^^jF^O is similar to O ^ITO^. VI. 20. 

Q. E. D. 

Ex. Show that each oi tlie com-^^m^Tk^ oii the parallelogram 
18 a mean proportional \3et^een \)aa ^^T^^Q^jasa^ ^JJowq^*^ 
'^'^zneter. 
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Proposition XXVIII. Theorem. (Eucl. vi. 26.) 

If two 8vm/Ua/r parallelograms have a common angle, and be 
similarly situaJUd, they are about the same diavfuter. 



4 




n 


i^ 


^^k 


1 






-J 


s 




c 



Let the Os ABCD, AEFO be similar and similarly 
situated, and have z DAB common. 

Then must ABCD and AEFO he about the same diameter. 

For, if not^ let ABCD have its diameter, AHCy not in the 
same st. line with AF, the diameter of AEFG. 

Let OF meet AHG in H, and draw HK II to AD, I. 31. 

Then Os ABCD, AKHO, about the same diameter, are 
similar. VI. 27. 

and .-. DA is to AB as GA is to AK. VI. Def. 1. 

But ••• ABCD, AEFG are similar Os, 

.-. DA is to ABaaGAia to AE, 

Hence GA is to ^jK'as GA is to ^^, V. 5. 

and .-. AK=AE, V. 8. 

the less = the greater, which is impossible. 

.*. ABCD and AKHG are not about the same diameter, 
and .*. ABCD and AEFG must have their diameters in the 
same st. line, that is, they are about the same diameter. 

c^. ^« \i, 
20 
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Proposition XXIX. Problem. (Eucl. vi. 25.) 

To describe a rectilinear figure which shaU be si/milar to one, 
and equal to another , given rectilinear figure. 




Let ABC and D be two given rectilinear figures. 

It is reqv4/red to describe a fi^wre si/milar to ABC avid equal 
toD, 

On BC describe the O BLEG equal to ABC, and I. 45, Cor. 
on CE describe the ZZ7 C£?^M" equal to D, I. 45, Cor. 

and having z FCE = z CBL. 
Then BC and CF are in a straight line, I. 29 and 14. 

and LE and EM are in a straight line. 
Find GH, a mean proportional between jBOand CF, VI. 13. 
and on GH describe the rectilinear figure KGH, similar and 
similarly situated to ABC. VL 18. 

Then •.* ^0 is to Oif as OjET is to CF, 

.-. as .BC is to CF so is ABC to KGH, VI. 20, Cor. 2. 
But as .BC is to CF so is O jBE' to O EF, VI. 1. 

and .-. as ABC is to KGH so is CJ BEioCJ EF. V. 5. 
Now ABC is equal to O jB^, Constr. 

and .-. KGH =0 FF. V. 14. 

But O ^F=the figure D. 
.'. KGH =D \ and KGH is similar to ABC 
Hence a figure KQH laaa "Vi^^iv ^^^^y^^ ^ ^^ required. 
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Def. V. A straight line is said to be cut in extreme and 
mean ratio, when the whole is to the greater segment a4S the 
greater segment is to the less. 



Proposition XXX. Problem. (Eucl. vi. 30.) 
To cut a straight line in extreme and mean raiio. 



c 



Let -^ J? be the given st. line. 

It is required to cut AB in extreme and mean ratio. 

Divide AB in the pt. 0, so that rect. AB, BC = sq. on AC. 

II. 11. 
Then •.* rect. AB, BC = sq. on AC. 

.'. AB ia to AC aa AC ia to BC, VI. 17. 

and .*. AB is cut in extreme and mean ratio in 0. Def. 5. 

Q. E. p. 

Ex. 1. If two diagonals of a regular pentagon be drawn to 
cut one another, they cut one another in extreme and mean 
ratio. 

Ex. 2. If the radius of a circle be cut in extreme and mean 
ratio, the greater segment will be equal to the side of a regular 
decagon described in the circle. 
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Proposition XXXT. Theorem. (Eucl. vi. 32.) 

If tivo triangles, similarly situated, which have two sides 
of Hie one jrroportional to two sides of the other, he joined at 
one angle, so as to have their homologous sides parallel, cock 
to each, the remaining sides must he in a straight line. 




Let the as ABC, DCE be simUarly situated, having the 
sides BA, AC proportional to CD, DE, and let BA be li to 
CD,B,n^AC\\toDE; 

Then must BC and CE he in one st. line. 

For •/ AC meets the lis BA, CD, 

.'.iBAC = alternate z A CD. I. 29. 

And •.• CD meets the ||s AC, DE, 

.'.lACD-^ alternate i CDE. I. 29. 

Hence iBAC= i CDE. Ax. 1. 

Then •.• 5-4 is to ^(7 as OD is to DE, and z BAG = z CDE, 

.', A ABC is equiangular to A DCE. VI. 6. 

.•.lACB=l dec ; VI. Def. 1. 

and .'.lsACB,ACE together ^ l^ACE, DEC together, 

= two right angles. L 29. 
.'. i?(7 and CE are in the same st. line. I. 14. 
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Miscellaneous Exercises on Book YL 

1. Two commou taugents to two circles meet at A, If the 
diameter of the smaller circle, the distance between the centres, 
and the diameter of the larger circle, be in the ratio of 1, 2, 3, 
prove that the distance from A to the centre of each circle is 
equal to the diameter of that circle. 

2. Straight lines are drawn through the angular points of a 
triangle, parallel to the opposite sides, and through the angular 
points of the triangle thus formed straight lines are drawn, 
parallel to its opposite sides, and so on ; show that all these 
triangles are similar to the original triangle, and that any one 
of them has its sides bisected by the angular points of the pre- 
ceding triangle. 

3. If a point be taken within an equilateral triangle, the per- 
pendiculars drawn from it to the three sides are together equal 
to the perpendicular drawn from one of the angles to the 
opposite side. 

4. Upon AB as base two triangles ABC, ABD are described, 
and a line cutting CA is drawn parallel to CD, From the 
points where this line meets AC, AD, lines are drawn to meet 
OjB, DB, and parallel to the base. Shew that these lines are 
equaL ^ 

5. If be the centre, and AB the diameter of a circle, and 
if on -40 as a diameter a circle be described, then the circum- 
ference of this circle will bisect any chord, drawn through it 
from A to meet the exterior circle. 

6. On a given base describe a triangle, having a given 
vertical angle, and one of its sides double of the other. 

7. From a point E in the common base of two triangles 
ACB, ADB, straight lines are drawn parallel Xo AC, AD, 
meeting BC, BD in F and O, Shew that the lines joining 
F, G and C, D will be parallel 

8. From the angular points, of atiiaTv^^ AliC,^\jtw^'^'^^as* 
JI?, BU, CF, are drawn perpeiid\cvx\M t.o VJftft o^^^i^J^fc ^^^'^ 
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and terminated by the circumscribing circle ; if X be the point 
of their intersection, shew that XD, JLE^ LF are bisected by 
the sides of the triangle. 

9. If D and E be points in the sides of a triangle ABGy 
such that AD and AE are respectively the third parts of AB and 
ACf shew that BE and CD cat one another in a point of 
quadrisection. 

10. In ABy AC, two sides of a triangle, are taken points 
D, E ; AB, AC are produced to F, G, such tiat BF—AJD, and 
CG^AE : and BG, CF, FG are joined, the two former meet- 
ing in H. Show that the triangle FHG is equal to the 
triangles BHC, ADE together. 

11. If the angle, between the internal bisector of the angle 
of a triangle and the base, be equal to the angle between the 
external bisector and the greater side produced, a perpen- 
dicular on this side through the vertex will bisect the segment 
of the base between the internal and external bisectors. 

12. Triangles on equal bases and between the same parallels 
will have equal areas cut off by a line parallel to their bases. 

13. From A^ B, the extremities of the diameter of a circle, 
lines ACEy BCD, are drawn through a point C, on the circum- 
ference, to points E and D, such that EB and DA touch the 
circle. Shew that ED meets th#tangent at C in AB produced. 

14. Draw a straight line cutting two con6entric circles, so 
that the part of it which is intercepted by the circumference 
of the greater may be four times as great as the part inter- 
cepted by the circumference of the less. 

15. Shew how to inscribe a rectangle DEFG in a triangle 
ABC, so that the angles D, E may be in AB, AC respectively, 
the side FG coincident with the base, and the area of the rect- 
angle be equal to half that of the triangle. 

16. If the bisectors of the opposite angles A, C, of a quadri- 
lateral figure ABCD, intersect on the diagonal BD, then will 

the bisectors of the angles B, D mft^\i otl AG» 

17. Two sides of a quadTi\?LleTa\ ^eacfsJc*^^ ^«V5^» ^ ^soj^l^^ «^^ 
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parallel ; if the points of contact divide the other two sides 
proportionally, they are equally inclined to the first two. 

18. If two triangles, on the same base, have their vertices 
joined by a straight line, which meets the base, or the base 
prodaced, shew that the parts of this line, between the vertices 
of the triangles and the base, are in the same ratio to each 
other as the areas of the triangles. 

19. From any point P, in the circumference of a circle, 
whose centre is 0, perpendiculars PJlf, P^, are let fiEJl on two 
radii OA^ OP, and are produced both ways to meet the cir- 
cumference of the circle in 0, D, and the straight lines OA^ 
OP, in P, P respectively. Shew that the three straight lines 
CD, MN^ EFy are parallel to one another. 

20. If the angles P, 0, of the triangle ABC, be respectively 
equal to the angles D, P, of the triangle ADE, and the angles 
P, P, of the triangle ABE^ to the angles D, 0, of the triangle 
ADC^ then these pairs of triangles shall be respectively equal 
to each other ; and if BEj CD, intersect in F, the triangles 
PPD, CFE, shall also be similar. 

21. I^ from the extremities of the diameter of a semicircle, 
perpendiculars be let fall on any line cutting the semicircle, 
the parts intercepted between those perpendiculars and the 
circumference are equal 

22. In a given circle place a chord, parallel to a given chord, 
and having a given ratio to it. 

23. ABO is an equilateral triangle. Through C a line is 
drawn at right angles to AC, meeting AB produced in D, and 
a tine through A parallel to BC in P. Through K, the middle 
point of AB, lines are drawn respectively parallel to AE, AC, 
and meeting DE in F and G. Prove that the sum of the 
squares on KO and FG is equal to three times the square 
on PP. 

24. Find a point in the base of a right-angled triangle pro- 
duced such that the line drawn from it to the an^iidax ^cAsdc. 
opposite to the base, shall be to tlie \>«i&^ ^tq^<(^^ ^a» *^^ 

perpendicular to the base itsell 
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25. AB is a given straight line, and J) a given point in it ; 
it is required to find a point P, in AB produced, such that 
AF is to PjB as ^D is to J)B, 

26. If two circles touch each other externally, and parallel 
diameters be drawn, the straight line, joining the extremities 
of those diameters, will pass through the point of contact. 

27. If two circles touch each other, and also touch a straight 
line ; the part of the line, between the points of contact, is a 
mean proportional between the diameters of the circles. 

28. Two circles touch each other internally, the radius of 
one being treble that of the other. Shew that a point of tri- 
section of any chord of the larger circle, drawn from the point 
of contact, is its intersection with the circumference of the 
smaller circle. 

29. If ABG be a right-angled triangle, and D any point in 
its hypotenuse AB^ determine by a geometrical oonstmo- 
tion tiie point P, to which AB must be produced, so that FA 
is to P£ as AB is to DP. 

30. If a line touching two circles cut another line joining 
their centres, the segments of the latter will be to each other 
as the diameters of the cirdes. 

31. If through the vertex of an equilateral triangle a per- 
pendicular be drawn to the side, meeting a perpendicular to 
the base, drawn from its extremity, the line, intercepted 
between the vertex and the latter perpendicular, is equal to 
the radius of the circumscribing cirde. 

32. If on the diagonals of a quadrilateral as bases, parallelo- 
srrauis be described, equal to the quadrilateral, find the ratio 
of their altitudes. 

33. The opposite sides BA^ CD of a quadrilateral ABCD, 
which can be inscribed in a circle, meet, when produced, at E ; 
P is the point of intersection of the diagonals, and KF meets 

«•//> in O ; prove that the teotan^e EA^ AB is to the rectangle 
HU, J}Cs& AG is to GB. 
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34. If from the extremities of the diameter of a circle 
tangents be drawn, any other tangent of the circle, terminated 
by them, is so divided at its pcnnt of contact, that the radius 
of the circle is a mean proportional between the segments of 
the tangent. 

35; If the sides of a triangle, inscribed in the segment of a 
circle, be produced to meet lines drawn from the extremities 
of the base, forming with it angles equal to the angle in the 
segment, the rectangle contained by these lines will be equal 
to the square on the base. 

36. Describe a parallelogram, which shall be of a given 
altitude, and equal and equiangular to a given parallelogram. 

37. Two circles touch each other internally at the point A^ 
and from two points in the line joining their centres perpen- 
diculars are drawn, intersecting the outer circle in the points 
jB, C, and the inner circle*in the points D, B, Shew that AB 
is to AG as AD is to AB, 

38. Given of any triangle the base, and the point, where the 
line, bisecting the exterior vertical angle, cuts the base pro- 
duced, find the locus of the vertex of the triangle. 

39. Draw a line from one of the angles at the base of a 
triangle, so that the part of it cut o£f by a line drawn from the 
yertex parallel to the base, may have a given ratio to the part 
cut off by the opposite side. 

40. Find the point in the base produced of a right-angled 
triangle, from which the line drawn to the angle opposite to 
the base shall have the same ratio to the base produced, which 
the perpendicular has to the base itself. 

41. If the centres A, B, of two circles be joined, and P be 
the point in the line AB, from which equal tangents can be 
drawn to the circles ; the tangents drawn from any point in a 
line, which passes through P at right angles to AB are all 
equaL 

42. Construct a triangle, similar to a given triangle, and 
having its angular points upon three 8;\Nexi^U«i\^D5i»\a:^<55^^N[?vs^^ 

meet in a pouit. 
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43. Let ABCD be any parallelogram^ BD its diagonaL 
Then the perpendiculars, from A on BD, and frt>m ^ and D 
upon ^D and .<1jB, shall all pass through a point. 

44. If a quadrilateral be inscribed in a circle, its diagonals 
shall be to one another as the sums of the rectangles contained 
by the sides adjacent to their extremities. 

45. A square is described on the base of an isosceles triangle^ 
remote from the vertex. Prove that, if the vertex be joined 
to the comers of the square, the middle segment of the base 
wiU be to the outer one in twice the ratio of the perpendicular 
on the base to the base. 

46. The base AB of an isosceles triangle ABC is produced 
both ways to D and E, so that the rectangle AD, BE is 
equal to the square on AG, Shew that the triangles DAC, 
EBC, are similar. • 

47. If each of the angles at the base of an isosceles triangle 
be double of the angle at the vertex, shew that either side is a 
mean proportional between the perimeter of the triangle, and 
the distance of the centre of the inscribed circle from either 
end of the base. 

48. Prove that, if the rectangle contained by the diagonals 
of a quadrilateral be equal to the sum of the rectangles con- 
tained by its opposite sides, the quadrilateral maybe inscribed 
in a circle. 

49. Draw a line parallel to one of the sides of a triangle, so 
that it may be a mean proportional between the segments into 
which it divides one of the other sides. 

50. If an equilateral triangle be inscribed in a circle, and 
the adjacent arcs cut off by two of its sides be bisected, shew 
that the line joining the points of bisection will be trisected by 
the sides. 

51. ABC is an equilateral triangle, BO is produced to D, 
and CD is made equal to BC \ CE is drawn at right angles 

to DCB, and at A the angle CAE Va xftaAa ^o^ijjJiVi^^^Tv^e 
I^OA ; DEy DA are drawn. Sl[ie^ \Xi^^ VJfi^^ x^^Xaa^^ liA.^ 



Book VL] MISCELLANEOUS EXERCISES, 299 

CE is equal to the rectangle DE, AG together with the square 
on CB. 

62. Two straight lines AB, CD, intersect in E, If when 
AGf BD are joined, the sides of the triangle AGE, taken in 
order, are proportional to those of the triangle DBE, taken in 
order, shew that A, G, B, D, lie on the circumference of the 
same circle. 

63. If any triangle be inscribed in a circle, and from the 
vertex a line be drawn parallel to a tangent at either extremity 
of the base, this line will be a fourth proportional to the base 
and two sides. 

64. If a triangle be inscribed in a semicircle, and a per- 
pendicular be drawn from any point in the diameter, meeting 
one side, the circumference, and the other side produced ; the 
segments cut off will be in continued proportion. 

65. If AJBGD be any quadrilateral figure inscribed in a 
circle, and BK, DL be perpendiculars on the diagonal AG, 
shew that BK is to DL as the rectangle AB, BO is to the 
rectangle AD, DG, 

66. If a rectangular parallelogram be inscribed in a right- 
angled triangle, and they have the right-angle common, the 
rectangle, contained by the segments of the hypotenuse, is 
equal to the sum of the rectangles, contained by the segments 
of the sides about the right angle. 

67. If from the vertex of an isosceles triangle a circle be 
described, with a radius less than one of the equal sides, but 
greater than the perpendicular from the vertex to the base, 
the parts of the base cut off by it will be equal 

68. Through a fixed point ^ on a circle, a chord AB is 
drawn, and produced to a point Af, so that the rectangle con- 
tained by AB and AM is constant Find the locus of M. 

69. Having given a circle and a point, another point may 
be determined, such that the segments of any chord of the 
circle^ drawn through either point, b\i«AY «v3^A«vi^> ^ ^^ ^^^osst. 

point, angles which are either equal ox E\\'^^\ekT(vftTk\;^r^» 
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00. Ffom 000 angle of s triangle, papendicnkn are dropped 
on the external Insectora of the oUier two ang^ ; pvore that 
the distance between the feet of these perpendicalaB is equal 
to half the sum d the sides of the trian^^ 

61. A^ B, P, Q, Bf are five points in the drcomfierenee of 
a circle ; p, q, r, are the intersectLcms of perpendicolan of the 
triangles ABP, ABQ, ABB respectively; pro^e tliat the 
triang^ FQB, pqr are similar, equal, and similarly pLaoed. 

62. AD, BE J CFaie perpendicolars from the angnlar points 
of a triangle on the opposite sides, intersecting in P. Prove 
that the rectangle AP, BC is equal to the sum of the rectangles 
PE, AC and PF,AR 

63. AJBC is a triangle, and AD, AJB, are drawn to points 
D, E, in the base, so as to make equal angles with AB, AC, 
respectively. Shew that the square on AB is to the square <m 
.10 as the rectangle BD, BE ia to the rectangle CD, CE. 

64. Find a straight line, such that the perpendiculars, let 
(all upon it from three given points, shall be in a given ratb 
to each other. 

65. Find a fourth proportional to three given similar 
triangles. 

66. If the sides of a triangle be bisected, and the points 
joined with the opposite angles, the joining lines shall divide 
each other proportionally, and the triangle, formed by the 
joining lines, and the remaining side, shall be equal to a third 

. of the original triangle. 

67. Find the locus of a point, such that the distance between 
the feet of the perpendiculars from it upon two straight lihes, 
given in position, may be constant. 

68. ABGD is a parallelogram, AG, BD diagonals. If 
parallel lines be drawn through A, C, and also through B, D^ 
the diagonals of all parallelograms so formed will pass through 
the same point. 

69. OPQ is any trianjirle. OR \i\afccXa Pq Vxs. R% PST 
hiBQoUi OR in ^, and cuts OQ m T. ^\ift^ ^CaaX. 0(i=-^OT. 
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70. If the side BC^ of a trian^^le ABO^ be biseoted by a line, 
which meets AB and AG^ produced if necessary, in D and E 
respectively, shew that AB is to BG as AB is to BB, 

71. Two circles are drawn in the same plane, having a com- 
mon centre 0. If the tangent, at any point P of the inner 
circle, meet the outer in Q, and be produced both ways to 
points Ay B, such that QA, QB, are each of them equal to Q(7, 
the area of the triangle GAB will be constant 

72. From P, a point without a circle, whose centre is 0, 
two tangents PA, FB, are drawn, and also a line, meeting the 
circle in D, and AB in E, If GF be perpendicular to FD, 
then FD is a mean proportional between FF and FE, 

73. Three circles touch the sides of a triangle ABG in the 
points where the inscribed circle touches them, and touch 
each other, in the points 0, H, K, Prove that AG, BH and 
€K meet in a point. 

74. If ABG be a right-angled triangle, and EF, parallel to 
BG, the hypotenuse, meet AB, AG in E, F, then EH, FL, 
AK being drawn perpendicular to BG, shew that the diflference 
of the rectangles GK, GH and BL, BK is equal to the differ- 
ence of the squares on AB, AG, 

75. From a point A in the circumference of a circle two 
chords AB, AG are drawn, cutting off arcs greater than a quad- 
rant and less than a semicircle ; and from the extremity B of 
the greater chord, a line BD is drawn in a direction perpendi- 
cular to that of the diameter through A, and meets AG pro- 
duced in D, Shew that AB is to AB as AB is to ^0. 

76. Two circles intersect, and through a point of intersection 
two lines are drawn, terminated by the circumferences of both 
circles ; one of these lines remains fixed, while the other may 
have any position. Shew that the locus of the intersection of 
the lines joining their extremities is a circle. 

77. If the side BG of an equilateral triangle ABG be pro- 
duced to any point D, and AD be joined, and if a straight line 
GE be drawn parallel to ^P, cutting AD in E, prove that the 
square on AE ia to the rect. DA, DE d& >i^ie» t^cX. Ci"B^CiTi''^N«^ 
the square on DC. 
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78. In a triaDgle, right-angled at A^ if the ride JLCbe doable 
of ABy the angle B is more than doable the angle (7. 

79. From the obtase angle of a triangle draw a line to the 
base, which shall be a mean proportional between thes^ments, 
into which it divides the base. 

80. AB^ AC are two straight lines, B and C given points in 
the same ; BD is drawn perpendicular to AC, and DJE per- 
pendicular to AB ; in like manner CF is drawn perpendicolar 
to AB, and FG to AC. Shew that EG is parallel to Ba 

81. AB la the diameter of a drde, and CD a chord at ri^t 
angles to it, E any point in CD, If AE and BE be drawn 
and produced to cut the circle in F and G, the qoadrilateral 
FCGD has any two of its adjacent sides in the same ratio as 
the remaining two. 

82. ADEB is a semicircle ; AB the diameter ; DF, EO 
perpendiculars on the diameter ; C the centre of a circle, which 
touches the semicircle and these perpendiculars ; and CH is 
drawn perpendicular to the diameter. Shew that CJEL is a 
mean proportional between A F and BG, 

83. Divide a straight line in a given ratio, and produce it 
so that the whole line thus produced shall be to the part pro- 
duced in the same ratio ; shew that the circle described on the 
line between the two points of section, as diameter, is such, 
that if any point of its circumference be joined with the ex- 
tremities of the given line, the straight lines so drawn shall 
also be in the given ratio. 

84. AB, CF, DE, are chords in a circle, intersecting in 0. 
CE, D^ joined cut AB in G and H respectively. Shew that 
the rectangle AG, OB is to the rectangle GOf OH as the 
difference between AO and OB is to the difference between 
GO and OH. 

85. Triangles on the same base, and with equal vertical 
angles, are to one another as the products of their sides. 

86. A line ACBD is Aivi^^^, ^o \Xva.t ACis to OB as AD is 
to DB, Shew that a 8eimcvic\ft, ^«&crOa^^ «^ CB^Nak^'^ Vasm 

oi P, such that AB \b to PB «a ACSaXft CB. 
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87. If the two diagonals of a quadrilateral^ inscribed in a 
circle, be given, shew that the quadrilateral is greatest, when 
they are at right angles. 

88. ABC is a triangle, D, E, the middle points of AB^ AC, 
and BE, CD, meet in ^ : a triangle is drawn, having its sides 
parallel to AP, BF, CF, Shew that the lines, joining its angular 
points to the middle points of its opposite sides, will be parallel 
to the sides of the triangle ABC 

89. A circle rolls within another, of twice its radius : if P be 
the point of contact, and A a given point of the rolling circle, 
PA will be constant in direction. 

90. Two circles intersect ; the line AHKB joining their 
centres A, B, meets them in H, K, On AB is described an 
equilateral triangle ABC, whose sides BC, AG intersect the 
circles in F, E, FE produced meets BA produced in G, 
Shew that as G^ is to GK, so is OF to CE, and so also is GH 
to GB. 

91. If, in Euclid's construction for forming a triangle ABC, 
with each of the angles B and C double of the angle ^, D is 
the point where AB is divided, and AE is taken in AB equal 
to BD, shew that the area AEC is equal to the area BDC, 

92. An isosceles triangle has one of its equal sides a mean 
proportional between two sides of another triangle. If these 
two sides include the same angle as the vertical angle of the 
isosceles triangle, shew that the triangles are equal 

93. Two triangles ABC, BCD, have the side BC common, 
the angles at B equal, and the angles ACB, BDC right angles. 
Shew that the triangle ABC is to the triangle BCD as AB is 
to BD, 

94. Given the straight line which is drawn from the vertex 
of an equilateral triangle to a point of tnsection of the base, 
find the side of the triangle. 

95. Straight lines being drawn from the angular points A, 
B, C, of a triangle through any the same point, so as to cut the 
opposite sides respectively in a, b, c,«kWN \Jsi^S\ift ^^siysssj^ 
Ad, Be is to the rectangle Ac, Ba «ya CJb Na \ft Co. 
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96. ABCD is a quadrilateral inscribed in a circle, and its 
diagonals intersect in F, Shew that the rectangle AF, FD is to 
the rectangle BF, FC as the square on AD is to the square 
onJBa 

97. ABCD is a quadrilateral figure whose opposite angles 
are not supplemental; the circle described about ABD cuts 
DC in E, and the circle described about BCE cuts AE in F. 
Shew that the triangle ABF is equiangular to the triangle BCD, 
and the triangle BCF to the triangle ABD. 

98. ACB is a triangle whereof the side AC is produced to 
D until CD is equal to AC ; and BD is joined, shew that if 
any line drawn parallel to AB cuts the sides AC and OB, and 
from the points of section lines be drawn parallel to DB, these 
will meet AB in points equidistant from its extremities. 

99. A and B are fixed points, and AC, BD are perpendi- 
culars on CD, a given straight line : the straight lines AD, BC, 
intersect in E, and EF is drawn perpendicular to CD, Shew 
that EF bisects the angle AFB, 

100. If be the centre of a circle circumscribed about the 
triangle ABC, obtuse-angled at C, and if in DC a circle be 
described meeting AB in D and E, then either CD or CE shall 
be a mean proportional between the segments into which they 
respectively divide AB, " 

101. The exterior angle CBD of the triangle ABC\& bisected 
by the line BE, which cuts the base produced in E. Shew that 
the square on BE, together with the rectangle AB, BC, is 
equal to the rectangle AE, EC. 

102. ABCD is a quadrilateral figure inscribed in a circle ; 
BA, CD, are produced to meet in F, and AD, BC, are pro- 
duced to meet in Q. Prove that PC is to FB as QA is to QB, 

Also, shew that half the sum of the angles at P and Q ia 
equal to the complement of the opposite angle ABC of the 
quadrilateral figure. 

103. Having given the vertical angle, and the ratio of the 
Aides containing it, and also \\iQ dAfibVxveXi^t qI^s^ci^ ^\t^N^ssiamh\ns 

circle, construct the tnangle. 
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104. From the centre of a given circle draw a straight line 
to meet a given tangent to the circle, so that the segment of 
the line between the circle and the tangent shall be any required 
part of the tangents 

105. Given in any triangle the base, the ratio of the sides, 
and the distance between tlie points, in which the internal and 
external bisectors cut the base, construct the triangle. 

106. AB is the diameter of a circle, D any point in the 
circumference, and C the middle point of the arc AD, 11 AC, 
AD, BC, be joined, and AD cut BC in E, the circle described 
about the triangle AEB will touch AO, and its diameter will 
be a third proportional to BC and AB. 

107. From a given point A a variable straight line is drawn, 
meeting a fixed straight line on P, and a point Q is taken on 
it so that the rectangle AP, AQ Ib constant Find the locus 
ofQ. 

108. On a given base describe a rectangle, which shall be 
equal to the difference of the squares on two given straight 
lines, any two of the three given lines being together greater 
than the third. 

109. If the exterior angles of a triangle be bisected by 
straight lines, forming another triangle, shew that the two 
triangles cannot be similar, unless they be each equilateral 

110. If ABC, A'BfCf be similar triangles, and AB^AV, 
shew the areas of the triangles are as ji(7 to A'B>, 

111. The alternate angles of a regular hexagon are joined: 
shew that the area of the hexagon formed by the intersections 
of the joining lines is one-third of the original hexagon. 

112. A triangle is divided by a straight line parallel to the 
base into two parts, the areas of which ase as 1 to 8 : how 
does the straight line divide the sides ? 

113. The line AD is divided into three equal parts in the 

points B and C \ a oirde is described with B as centre and 

BA as radius, and any circle cutting tiaa Sa ^^<sc^^^'w>JSa."Vi 

AB centre. Shew that if a chord to "^ootJa. VJaa <sa<2^«3i>ii^ ^oss*^ 

Mi 
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firom A, through one of the points of inteisection, it will be 
bisected by this point 

114. ABC is an acute-angled triangle, E and F are the 
middle points of the sides AB and AG, Shew that a line 
drawn from E, equal to EA, ^<o meet the base, and another 
horn Ff equal to FA, also to meet it, will intersect the base 
at the same point 

Hence explain how, by folding a piece of paper such as the 
triangle AJBC, it may be shewn that the three angles of a 
triangle are eqnal to two right aogles. 

115. A line AB is divided into any two parts in C, and on 
the whole line, and on the two parts of it, similar isosceles 
triangles, ADB, AOE, BCF, are described, the two latter 
being on the same side of the line, and the fonner on the 
opposite side ; i£ 0, H, K, he the centres of the drdes in- 
scribed in these triangles, prove that the angles AGS, BOK 
are equal respectively to ADO, BDC, and that GJEL is equal 
to GK. 

116. Within a circle, whose diameter is AB, another circle 
is inscribed, touching the outer circle in A, and passing 
through its centre 0. From a point N, in AB, a line IfQP is 
drawn, meeting the inner circle in Q, and the outer circle in 
P, ^Jf being equal to one-sixth of AB, Prove that the dupli- 
cate ratio of NQ to NP is equal to the ratio of 2 to 6. 

117. Describe a square, which shall be equal to the sum of 
a given square and a given rectangle, a side of the given square 
being greater than half the difference of the two sides contain- 
ing the rectangle. 



BOOK XL 

INTRODUCTORY REMARKS. 

Id Book I. Def. 7., it is laid down that a Plane Surface is 
one in which, if any two points be taken, the straight line be- 
tween them lies wholly in that surflEuse. 

This definition should be extended by the addition of the 
following words, <md if the shuight Une be produced^ every point 
in the pari produced wUl Ue in the plane, 

Euclid professes to prove this in the first Proposition of 
Book XI., which Lb thus enunciated : '* one part of a straight 
line cannot be in a plane, and another part out of the plane." 

But this has been assumed again and again in the proofs of 
earlier propositions ; thus, for example, we have called a circle 
a plane figv/re, and having drawn any radius to a circle we have 
assumed that the radius, produced within the circumference, 
will meet the circumference. 

From the extended definition of a Plane Surface it follows 
that a straight line, which meets a plane, must either lie 
entirely in that plane, or meet it in one point only ; for if it 
met the plane in two points, it would lie entirely in the plane. 

The Definitions given at the commencement of Book xi. 
relate partly to Plane Surfaces and partly to Solid Figures. 
By a slight change in the order in which they stand in the 
Greek text, we obtain the advantage of arranging them in 
accordance with this twofold division. 

Definitions. 

BdaUng to Plane 8urface$, 

I. A Plane Surface is one in which, if any two points be 
taken, the straight line between them lies whoUy in that sur- 
face ; and if the straight line be produc^d.^ c^«i^ '^<^\s!^\x^ '•^ofe 
part produced will lie In the plane. 
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II. When a straight line is at right angles to every straight 
line in a plane which meets it, it is said to be perpendicular to 
the plane. 

^ofe.— It will be shown in Prop. iv. that when a straight 
line is at right angles to each of two other straight lines in 
a plane, which meet it, it is at right angles to every other 
straight line in the plane which meets it. 

III. A plane is perpendicular to a plane, when the straight 
lines, drawn in one of the planes perpendicular to the common 
section of the two planes, are perpendicular to the other plane. 

lY. The inclination of a straight line to a plane is the acute 
angle, contained by that straight line and another, drawn 
from the point at which the first line meets the plane, to the 
point at which a perpendicular to the plane, drawn firom any 
point of the first line above the plane, meets the same plane. 

v. The indinaticNti of a plane to a plane is the acute angle, 
contained by two straight lines, drawn from any the same 
point of their common section, at right angles to it, one in one 
plane, and the other in the other plane. 

YL Two planes are said to have the same inclination to one 
another, which two other planes have, when the said angles of 
inclination are equal to one another. 

VIL Parallel planes are such as do not meet one another 
though produced. 

Relating to Solid Figwrei, 

VIIL A Solid is that which has length, breadth, and thick- 
ness. 

IX. That which bounds a solid is a superfidea. 

X, A Solid Angle ia tkiat», which is made by the meeting of 
inore *hft n two plane aiig\ea> ^)DiOii vc^ tlq\i Vsi ^^ vabmA ^^lan^ | 
at one point. 
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* 

Definitions I. to X. are all that are required in the part of 
Book XI. included in this work. Those which follow are 
necessary to the explanation of some of tile terms, which will 
be found in the Exercises and Examination Papers. 

XL Similar solid figures are such, as have all their solid 
angles equal, each to each, and are contained by the same 
number of similar planes. 

XIL A Pyramid is a solid figure, contained by planes, which 
are constructed between one plane and one point above it, at 
whifth they meet. 

XIIL A Prism is a solid figure, contained by plane figures, 
of which two that are opposite are equal, similar, and parallel 
to one another ; and the others are parallelograms. 

XIY. A Sphere is a solid figure, described by the revolution 
of a semicircle about its diameter, which remains fixed. 

XY. The Axis of a Sphere is the fixed straight line, about 
which the semicircle revolves. 

XYL The Centre of a Sphere is tJie same with that of the 
semicircle. 

XYIL The Diameter of a Sphere is any straight line, which 
passes through the centre, and is terminated both ways by the 
superficies of the sphere. 

XVlll. A Cone is a solid figure, described by the revolution 
of a right-angled triangle about one of the sides containing the 
right angle, which side remains fixed. If the fiixed side be 
equal to the other side containing the right angle, the cone is 
called a right-angled cone ; if it be less than the other side, an 
obtuse-angled cone ; and if greater, an acute-angled cone. 

XIX The Axis of a Cone is the ftxad «^x;i\^\»\ffiift^^ai^^ 
which the triangle revolves. 
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XX. The Base of a Gone is the circle, described by that side, 
containing the right angle, which revolves. 

XXI. A Cylinder is a solid figure, described by the revolu- 
tion of a rectangle about one of its sides, which remains fixed. 

XXIL The Axis of a Cylinder is the fixed straight line about 
which the rectangle revolves. 

XXIII. The Bases of a Cylinder are the circles, described by 
the two revolving opposite sides of the rectangle. 

XXIV. Similar cones and cylinders are those which have 
their' axes and the diameters of their bases proportionals. 

XXY. A Cube is a solid figure, contained by six equal 
squares. 

XXVI. A Tetrahedron is a solid figure, contained by four 
equal and equilateral triangles. 

XXVIL An Octahedron is a solid figure, contained by eight 
equal and equilateral triangles. 

XXVIII. A Dodecahedron is a solid figure, contained by 
twelve equal pentagons, which are equilateral and equiangular. 

XXTXL An Icosahedron is a solid figure, contained by twenty 
equal and equilateral triangles. 

XXX. A Parallelepiped is a solid figure, contained by six 
quadrilateral figures, of which every opposite two are paralleL 

Postulate. 

Jjet it be granted that a plane may be made to pass through 
any given straight line. 
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Proposition I. Theorem. (EucL xl 2.) 

If two straight lines meet one another, a plane can he drawn 
to contain both ; and every plane containing both miist coincide 
wUh the aforesaid plane. 




Let the two st. lines AG, BC meet in 0. 

Then a plane can he drawn to conta/in AC and BC, 
Let any plane EF be drawn to contain AC, Post. 

and let EF be turned about ^0 till it pass through B, 
Then •.* B and C are points in the plane EF, 

.-. BC lies in the plane EF, XI. De£ 1. 

Also, any plane contavning AC and BCmust coincide with EF, 
For let Q be any point in a plane containing AC and BC. 
Draw QMN in this plane to cut BC, AC in M and N, 
Then v M and N are points in the plane EF, 

.*. Q is a point in the plane EF. XI. Def. 1. 

Similarly, any point in a plane containing AC, BC must lie 
in EF; 

and .'. any plane containing AC, BC must coincide with EF, 

Q. E. D. 



CoR. I. ffenceitfollowsth4jdaflcLnt%^cj(m(j)^/^y^^i^ 
bp the condition that it parses th/roatgh, tiwo x-nJtwiMAA.'xv^ %\rtoK^^ 
li?ies. 
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Cor. II. A stra/ight line <md anoint without the line determine 
a plane. 




Let AB be a straight line, and C a point without AB. 
Draw the st. line CD to any point D in AB, 
Then one plane can be drawn to contain AB and CD. XI. 1. 

.'. one AB and C, 

Again, any plane containing AB must contain D, 

.*. any plane containing AB and C must contain CD also. 
But there is only one plane that can contain AB and CD, 

.', there is only one plane * AB and C, 

Hence the plane is completely determined. 

Cor. III. Th/ree points, not in the same straight line, determine 
a plane. 

For let Ay B, C be three such points (fig. Cor. 2). 
Draw the straight line AB. 

Then a plane, which contains Ay B and 0, must contain AB 
and 0, 
and a plane, which contains AB and 0, must contain Ay B, C. 
Now AB and are contained by one plane, and one only, 

Cor. 2. 
.". Ay By C are contained by one plane, and one only. 
Hence the plane is completely determined. 

Cor. IV. Two parallel lines determine a plane. 

For, by the definition of parallel lines, the two lines are in 
the same plane, and as only oTie ipX-ajafe <saxi\>^ ^s^^\!l to contain 
one of the lines and any pomt 'm ^^ift o>iXiet\flift,V\»iO^QSR'a» "Cisfl;^ 
only one plane can be drawii to cwi\aMi>wi^\av^. 
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Proposition II. Theorem. (Eucl. xi. 3.) 

If two planes cut one (mother j ihevr common section must he 
a straight Ime, 




Let AB and CD be two planes that cut one another. 
Then must their common section he a straight line. 

Let M and N be two points common to both planes. 

Draw the straight line MN, 

Then '.' M and N are common to both planes, 

.'. the St. line MN lies in both planes. XI. Def. 1. 
And no point, out of this line, can be common to both planes. 

For, if it be possible, let P be such a point. 

But there can be but one plane common to the point F and 
the St. line MN, XI. 1, Cor. 2. 

. '. P is not common to hoih planes. 

Hence every point in the common section of the planes lies 
in the straight line MN, 

Q. E. D. 

^ote, — The Propositions "wblcli ioYLo^ «» \i\«j^««fc^ "^s^ "^ 
Euclid. 
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Proposition IV. Theorem. 

If a straight line stand at right angles to ea/ih of two straight 
lines, at the point of their intersection, it rrntst also be ai right 
angles to the plane thai passes through them. 




Let the st. line EF be ± to each of the st. lines AB, CD, 
at E, the pt. of their intersection. 

Then must EF he± to the plane passing through AB, CD, 

Make AE, EB, CE, ED, all equal to one another, 
and through E, draw, in the plane in which AB, CD are, 
any at. line GEH, and join AD, CB. 

Take any pt. F, in EF, and join FA, FG, FD, FC, FH, FB. 
Then in As AED, BEC, 

-.' AE=^BE, and DE=CE, and z AED= l BEC, 1. 15. 
.-. AD^BC, and z DAE= i CBE, I. 4. 

Then in A s AEG, BEH, 
••• z AEG = z BEH, and z GAE = z HBE, and AE=BE, 

.'. GE=HE, and AG=BH. 1. b. p. 17. 

Then in A s AFF, BEF, 
'- • ud^= BE^ and EF is commoT\, ^n^ iV,. l AEl? -\^.. l^^I^, 
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So also, CF-^DF 
Then in A 8 ADF, BCF, 
V AB-=^BC, and AF^BF, and DF^CF 

.\ L DAF= L CBF. Lap. 18. 

Again, in A s AFG, BFHy 

'.' AF=:BF, and AQ^BH, and i FAG^ i FBH, 

.-. FG=FH. I. 4. 

Then in A s FEG, FEH, 

'.' QE=HEy and EF is common, and FG=FH^ 

.'. I FEG ^ I FEE. La 

./. EFiB± to GH. 

In like mannei it may be shown that EF is ± to every st. 
line which meets it in tne plane passing through AB, CD, 

.% EFiB J. to the plane, in which AB, CD are. XL Det 2. 

Q. E. D. 
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Proposition V. Theorem. 

If three straight lines meet all at one pointy and a straight 
line stand at right angles to each of them oit thai point, the three 
straight lines m/ust he in one and the same plane. 




Let the st. line AB bejLto each of the st. lines BC, BD, 
BEy at B, the pt. where they meet. 

Then must BCy BD, BE he in one and the smne plane. 

If not, let BDy BE be in one plane, and BC without it, and 
let a plane, passing through ABy BC, cut the plane, in which 
BD and BE are, in the st. line BF, XL 2. 

Then AB, BCy BF are all in one plane. 
And •.• Jl^ is± to jBD and BE, 

.*. AB is± to the plane in which BD and BE are, XI. 4. 
and .*. AB is± to BF, a st. line in that plane. XI. Def. 2. 
Thus z ABF is a rt. z , 
and z ABC is a rt. z ; Hyp. 

.'. I ABC ^ I ABFy 
the less = the greater, which is impossible. 

. '. BC is not without the plane, in which BD, BE are, 
and , \ BC, BD, BE aie in one aix^ \Xift ^axcife ^^J^as^fc. 
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Proposition VI. Theorem. 

If two straight lines he at right angles to the same plane, they 
must he parallel to one another. 




Let the st. lines AB, CD be ± to the same plane. 

Thm must AB he || to CD. 

Let ABy CD meet the plane in the pts. B, D, 

Join BD, and draw DE± to BD, in the same plane. L 11 

Make DE = AB, and join BE, AE, AD, 
Then *.• AB is±to the plane, 

.-. ^^ is ± to ^D and BE, XI. Bel 2. 

and .". each of the z s ABD, ABE is a rt. z . 
So also, each of the l s CDBy CDE is a rt. z . 
Then, in A s ABD, EDB, 
','AB = ED, and BD is common, and rt. z ABD=xt, z EDB, 

.'.DA=^BE, L4. 

Again, in A s ABE, EDA, 

'.' AB = ED, and BE = DA, and AE is common, 

,', I ABE =- 1 EDA, Lc. 

But z ABE is a rt. z ; 

.*. z EDA is a rt. z , 
and .'. ED is ± to AD, 
Thus jBD is± to BD, AD, CD, at the pt. where they meet, 
and .*. BD, AD, CD are all in one plane. XL 6. 
But AB is in the plane, in which BD and AD are ; XL 1. 
and . '. AB, BD, CD are all in one plane. 
Then •.• each of the z s ABD, CDB is a rt. z , 

.-. JLJB is 11 to CD. ^.'^J^. 
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Proposition VII. Theorem. 

If two straight lines he pa/rallel, the straight line drawn from 
any point in the one to any poirU in ihe other ^ is in the same 
plane vyHh the parallels. 




Let AB and CD be parallel straight lines. 
Take any pts. E, F m AB and CD. 

Then must the st, Une joining E and Fbein the same plane as 

AB, CD. 

If not, let it be without the plane, as EOF. 

In the plane ABCD, in which the parallels are, 
draw the st. line EHF from E to F. 

Then the two st. lines EOF, EHF enclose a space, 
which is impossible. I. Post. 6. 

.*. the St. line joining E and F cannot be out of the plane, 
in which the parallels AB, CD are. 

.*. it is in that plane. 

Q. E. D. 

Note. — ^We have proved this Proposition as Cor. iv. to 
Prop. I. 



Book XL] 



PROPOSITION VIII. 



319 



Proposition VIII. Theorem. 

If two straight lines he pcvrcUlel, and one of them he at right 
angles to a plane, tJie other must he at right a/ngles to the same 
pkme. 




Let ABf CD be two n at. lines, 
and let one of them, AB, be ± to a plane. 

Then must CD he ± to the sarnie pla/ne. 

Let ABy CD meet the- plane in the pts. B, D ; and join BD\ 
then AB, BD, CD are all in one plane. XI. 7. 

In the plane, to which AB is ± , draw DE± to BD, 

make DE^AB, and join BE, AE, AD. 
Then •.' AB is x to the plane, 

.'. each of the z s ABD, ABE is a rt z ; XI. Def. 2. 
and '.• BD meets the || st. lines AB, CD, 

.'. I s ABD, CDB together = two rt. z s, L 29. 

and .•. I CDB is a rt. z , and OD is ± to BD. 
Then in the A s ABD, EDB, 
V AB^ED, and BD is common, and rt. i ABD^it. L EDB. 

.'. AD=EB. 1. 4. 

Then in A s ABE, EDA, 

:• AB=^ED, and AE is common, and EB'^AD. 

.-. z ABE -= z EDA ; L c. 

and .*. z EDA is a rt. z . 

Hence ED is ± to DA, and it is also ± to BD, by constr., 
.*. ED is X to the plane in which DA, BD are, XI. 4. 
and . •. ED is ± to DC, whic\x \a m VSajaX. ^^WMxa. "XX.^'a^.'V 
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Hence CD is ± to BE, 
Now OD is ± to BB, 

.'. CD is ± to the plane passing through D^,D5. 
.*. CD is ± to the plane to which AB is ± . 



XL4. 



Q. X. D. 



Proposition IX. Theorem. 

TiDO straight lines, which a/re ea^ of them parallel to the same 
straight line, and not in the sa/me plane vnth it, ore pa/rallel to 
one another. 



n 





Let AB, CD be each of them || to EF, 
and not in the same plane with it. 

Thm must ABhe\\to CD. 
In EF take any pt. 0. 

From G draw, in the plane ABEF, GH ± to EF, 
and, in the plane CDEF, GK i.io EF. 
Then •/ EF is ± to GH and GK, 

.'. EFm± to the plane HGK ; 
and •.• EF is || to AB, 

.-. AB is ± to the plane HGK, 
So aJso CD is X to the plane HGK. 
.'. ABia II to CD. 



1.11. 
XI. 4. 

XI. a 

XI. 8. 
XI. 6. 



^^"^» 
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Proposition X. Theorem. 

If two straight lines meeting one another be parallel to two 
others, that meet one another, and are not in the same plane with 
the first two, ike first two and the other two must contain equal 
angles. 




Let the two st. lines AB, BC, meeting at .B in the plane ABC, 
be II to the st. lines DE, EF, meeting at ^ in the plane DEF, 

Then must l ABC = l DEF, 

Make BA =ED, and BC=EF, I. 3. 

and join AD, BE, CF, AC, DF. 

Then •.• Jl^ is = and 11 to DE, 

.'. AD m = a.nd\\ to BE, 

So also, CF is = and || to BE, 

.-. ^Dis = and||to CF, 

and .*. JJJ is = and || to DF, 

Then in A s ABC, DEF 

\'AB = DE, and BC=EF, and AC= DF, 
.\iABC=lDEF. V^. 



1.33. 

Ax. 1 and XI. 9. 
1.33. 



22 



«^'«..'^' 
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PROPOsmoBT XI. Problem. 

To draw a gt/raight line perpendiculao' to a given plane, from 
a given point toithout it. 




Let A be the given pt. without the plane BH. 

It is required to draw from A a st. linei. to the pla/ne BE, 

In the plane, draw any st. line BC, 

and from A draw -4DxL to BC. 1. 12. 

Then if -4 D be ± to the plane, what was required is done. 
If not, from D draw, in the plane BH, DF± to BC. I. U. 
and from A draw AF± to DE : 1. 12. 

AF will be ± to the plane BH. 
Through F, draw GH \\ to BC. I. 31. 

Then .- BC is± to both AD and DE, 

.'.BC is ± to the plane AFD ; XI. 4. 

and GH is || to BC, 
.'. GH is± to the plane AFD. XL 8. 

Hence GH isx to the line AF in that plane ; XL Def. 2. 

and .-. AF is±toGH. 
Also, AF is ± to DE, by construction ; 

. *. AF is ± to the plane passing through GH, DE, XL 4 
that is, AF isxto the plane BH, 
Thus from A a line AP \s diaw[ii.to the plane BH. 
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Proposition XII. Problem. 

To erect a straight line at right angles to a given plane, from 
a given point in the plane. 



JO 




Let A be the given pt. in the given plane. 

It is required to erect a st, line from A ± to the plane. 

From any pt. J5, without the plane, draw BC± to it, XI. 11. 
and from A draw AD || to BC, I. 31. 

Then '.' AD, EC are two il st. lines, 
of which BC isx to the given plane, 
.'. AD isxto the plane, XI. 8. 

and a line has been erected from A±io the plane. 



Q< B* JET. 
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Proposition XIII. Theorem. 

From, the same point in a given plane, there cannot he two 
straight lines at right angles to the plane, upmi the sa/me side of 
U ; and there can he hut one perpendicular to a plane from a 
point vnthaat (he plane. 




If it be possible, let two st. lines AB, JIO, be at rt. z s to 
a given plane, from the same pt. A in the plane, and upon the 
same side of it. 

Let a plane pass through AB, AC: the common section 
of this with the given plane, is a st. line, passing through 
A, XI. 2. 

Let JDAE be the common section of the planes. 
Then the st. lines AB, AC, DAE are in one plane. 
And %• GA is at rt. z s to the given plane, 

.*. CA is at rt. z s to every st. line that meets it in 
that plane, XI. Def. 2. 

and DAE, which is in that plane, meets it ; 

.*. L CAE is a rt. z . 
So also, L BAE is a rt. z . 

.'. z CAE « z BAE, in the same plane ; which is im- 
possible. 

Also, from a pt., without a plane, there can be but one 
perpendicuhr to that plane ; for if there could be two, they 
would be parallel to one aiiot\iei *, >N\iiOcL\&'\m'<QQ!es»3(AA« XI. 6. 
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Proposition XIV. Theorem. 

Planes, to which the same straight line is perpendicular, are 
parallel to one another. 




Let the st. line AB be± to each of the planes CD, EF, 

Then must CD he parallel to EF, 

If not, let them meet, and let the st line OH be their com- 
mon section. 

In GH take any pt. K, and join AK, BK, 

Then •.• AB is jl to the plane EF, 

.'. AB is± to BK, a st line in that plane, XL Def. 2. 

and .-. z ABK is a rt. z . 

So also, L BAKSa a rt. z . 

Hence two z s of the A ABK are together = two rt. z s ; 
which is impossible. 1. 17. 

.-. the planes CD, EF do not meet when produced, 

and .-. OD is II to EF. XL Def. 7. 

Q. £. D. 
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Proposition XV. Theorem. 

If two straight lines, meeting one another, be parallel to tm 
other straight lines, which ineet one another, hut are not in the 
same plane with the first tivo ; the plane, which passes through 
these, rrmst he parallel to the plane pa,ssing through the others. 





Let AB, BC, two st. lines meeting one another, be || to DE, 
EF, which meet one another, but are not in the same place 
with AB, BC. 

Then must the plane AC he \\ to the plane DF. 

From B draw BG ± to the plane DF, meeting it in G, XL 11. 
Through G draw GH \\ to ED, and GK \\ to EF. I. 31. 

Then \' BG\&i.to the plane DF, 

.*. BG is ± to GH and GK, lines in that plane, 

XL Def. 2. 
and .'. each of the z s BGH, BGK is a rt. z , 
Again •.* BA and GH are both || to ED, 
.'. BA is II to GH, 
and .'. z s GBA, BGH together = two rt. z s. 
But z BGH is a rt. z . 
.•. z GBA is a rt. z . 
Hence GB is ± to BA ; 

and GB is ± to BC, for the same reason ; 
.'. GB is A. to tTie pVaue AC. XL 4. 

AJso, GB is X to tbe plane DF *, ^^^.^nji. 

. •. the plane ^C is \\ to lYie ^\^^xi^ I>^- "fcXA^. 



XL 9. 
L29. 
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Proposition XVI. Theorem. 

If two parallel planes he cut by another plane, their common 
sections with it a/re parallel. 




Let the parallel planes AB, CD be cut by the plane EFHG, 
and let their common sections with it be EF, OH. 

Then must EF he \\ to GH. 

If they be not ||, let them meet in K, 
Then '.' EF ia in the plane AB, 

.'. X is a point in the plane AB, XI. Def. 1. 

So also, Kiaa, point in the plane CD, XI. Def. 1. 

.'. the planes AB, CD meet, if produced. 
But they do not meet, for they are parallel 

.'. EF and QH do not meet, when produced. 
And EF, GH are in the same plane EFGH 

.'.EFia II to GH I. Def. 26. 

Q. E. D. 
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Proposition XVII. Theorem. 

If two straight lines be cut by pa/raUel planes, they must be 
cut in the same ratio. 




Let the st. lines AB, CD be cut by the || planes 
OH, KL, MN in the pts. A,E,B\ C, F, D. 

Then must AE betoEBasCFis to Ft). 

Join AC, BD, AD. 

Let AD meet the plane KL in the pt. X; and join EX, XF, 

Then •/ the |l planes KL, MN, are cut by the plane EBDX, 

.-. EX is II to BD. XL 16. 

And •/ the || planes GH, KL, are cut by the plane AXFC, 

.'. XF is \\ to AC. XL 16. 

Now •.• EX is II to BD, a side of A ABD, 

.'. AE istoEBaa AX is to XD ; VL 2. 

and •/ XF is || to AC, a side of A ADC, 

.-. AX is to XD as OJ* is to FD. VL 2. 

Hence AE ia to EB as CF ia to FD. V. 5. 

Q. E. D. 
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Proposition XVIII. Theorem. 

If a straight line he at right angles to a plane^ every plane, 
ivhich passes through it, must he at right a/ngles to that plane. 




E! K 




Let the st. line AB be ± to the plane GK, 

Then must every plane passing through AB he ± to 

the plane CK. 

Let any plane DE pass through AB, and let CE be the 
common section of the planes DE, CK. 

Take any pt. F in CE. 

In the plane DE draw FG ± to CE. I. 11. 

Then •.• AB is x to the plane CK. 

.'. AB is± to CE, a st. line in that plane ; XI. Def. 2. 
and .-. z ABF is a rt. z , 
Now z GFB is a rt. z , by constraction ; 

.'. FG is \\ to AB. L28. 

And AB isx to the plane CK, 
.'. FG is ± to the plane CK. XL 8. 

Then •.• FG, a st. line in the plane DE, drawn i. to CE, 
the common section of DE and CK, is x to CK, 

.'. the plane DE isx to the plane CK. XL Def. 3. 

So it may be proved that all planes, which pass througfi AB^ 
are -L to the plane CK. 
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Proposition XIX. Theorem. 

If two planes, uhich cut one another , he each of them perpen- 
dicuLar to a third plans, their common section must heperpenr 
dicular to the same plane. 




Let the two planes AB, BC be each ± to a third plane, and 
let BD be the common section of AB and BC. 

Then must BD he ± to the third phme. 

If it be not, draw, in the plane AB, the st line 

DE ± to AD, the common section of AB with the third 
plane ; I. 11. 

and draw, in the plane BC, the st line DF ± to DC, the 
common section of BC with the third plane. 1. 11. 

Then *.* the plane AB is J. to the third plane, 
and DE is drawn in the plane ABi. to the common section, 
.-. DE is X to the third plane. XL Def. 3. 

So also, DF is X to the third plane. 

Hence, from the pt D, two st. lines are drawn J_ to the third 
plane, and on the same side of it ; which is impossible. XI. 13. 

' ' no other line but BD can be A. to the third plane at D ; 
' '- BD is JL to the third plane. 
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Proposition XX. Theorem. 

If a solid angle he contained by three plane angles, any two of 
them must be together greater than the third. 




liet the solid z at J[ be contained by the three plane z s 
BAG, CAD, DAB. 

Any two of these must he together greaier than the third. 
If the z s BAG, GAD, DAB, be all equal, any two of them 
are together greater than the third. 

If they are not equal, let BAG be that z , which is not less 
than either of the other two, and is greater than one of them, 
DAB. 

At A, in the plane passing through AB, AG, make 
z BAE = z DAB, ' I. 23. 

and make AE=AD, and through E draw the st. line BEG, 
cutting AB, AG, in the pts. B, G ; and join DB, DG. 
Then in A s ABD, ABE, 

'.' AD = AE, and AB is common, and z BAD = z BAE, 
.\DB = BE. 1.4. 

Then*.' DB, DG together are greater than BG, I. 20. 

and DB^BE, a part of BG, 
.*. DG is greater than EG. 
Then in A s ADG, AEG, 

'.' AD—AE, and ^Ois common, and DG greater than EG, 
.: L DAG is greater than z EAG. I. 25. 

Also, by construction, z DAB = z BAE, 

.'. 18 DAG, DAB together are greater than z s BAE, 
EAG together; 

that is, z s DAG, DAB together are greater than z BAG. 
Again, z BAG is not less than eitket Qi\Xi'fe L^I>M^^^.fc^^-» 
and . : z BA C with eitTier oi tkem. \a ^^aiue^ 'Casass.Kissfc <2js^o>Kt, 
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Proposition XXI. Theorem. 

Everkj solid angle is contained by plane angles, which are 
together less than four right angles. 




First, let the solid z at J. be contained by three plane z s 
BAG, CAD, DAB. 

These shall he together less ikanfowr right angles. 

Take, in each of the st. lines AB, AC, AD, any points 
B, C, D, and join BC, CD, DB. 

Then *.• the solid z at £ is contained by the three plane 

z s CBA, ABD, DBC, 
.'. z s CBA, ABD are together greater than z DBC. XI. 20. 
So also, I s BCA, ACD are together greater than z BCD, 
and z s CDA, ADB are together gireater than z CDB. 
.-. the six z s CBA, ABD, BCA, ACD, CDA, ADB are 
together greater than the three z s DBC, BCD, CDB, and 
are .'. together greater than two rt. z s. 

Again, •.• the three z s of each of the A s ABC, ACD, ADB 
are together equal to two rt. z s, I. 32. 

.-. the nine z s CBA, BAC, ACB, ACD, CDA, DAC, ADB, 
DBA, BAD are together equal to six rt. z s ; and of these 
the six z s CBA, ACB, ACD, CDA, ADB, DBA, hare 
been proved to be togethet ^rte^Xet VJbaiL tsR^ Tt. z s, 
and .-. the three z a BAC, CAB, I)AB,^\^^ ^\i\»ssi'^^ 
solid /. at A, are together less tViMv io\« t\». l ^ 



Book XI.] PROPOSITION XXI 333 



Next, let the solid z at J[ be contained by any number of 
plane z s BAC, CAD, DAE, EAF, FAB, 

These must he together less than four rt l s. 




Let the planes, in which the z s ai'e, be cut by a plane, and 
le<^ the common sections of it with those^ planes be 50, CD, 
DE, EF, FB. 

Then *.• the solid z at JB is contained by the three plane 
z ^CBA, ABF, FBG, of which any two are together greater 
than the third, XL 20. 

.-. z s CBA, ABF are together greater than z FBC, 

So also, the two plane z s at each of the pts. 0, D, E, F, 
which are at the bases of the as having the common vertex A, 
are together greater than the third z at the same pt, which 
is one of the z s of the polygon BCDEF. 

.*. all the z 8 at the bases of the A s are together greater than 
all the z s of the polygon. 

Now all thezs of the as together = twice as many rt. zs 
as there are as, that is, as there are sides in the polygon 
BCDEF : I. 32. 

and all the z s of the polygon, together with four rt. z s, 
together = twice as many rt. z s as there are sides in the 
polygon. I. 32. Cor. 1 

.'. all the z s of the as together = all the z s of the polygon 
together with four rt. z s. 

But all the z s at the bases of the A s have been proved to be 
together greater than all the z s of the polygon ; 

.*. all the z s at the vertex A aIftlog,e^]tLe^t\5«&*0a:^>3ft.\'5^^ l'**- 
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Miscellaneous Exercises on Booh XL 

1. If two straight lines in one plane, be equally inclined to 
another plane, they will be equally inclined to the common 
section of the two planes. 

2. Two planes intersect at right angles in the line AB ; finm 
a point C in this line are drawn CE and CF in one of the 
planes, so that the angle ACE is equal to BCF. Shew that 
CE and CF will make equal angles with any line through in 
the other plane. 

3. ABC is a triangle ; the perpendiculars from A, B, on the 
opposite sides, meet in D, and through D is drawn a sti^ht 
line, perpendicular to the plane of the triangle ; if ^ be any 
point in this line, shew that EA, BC ; EB, CA ; and j&O, AB ; 
are respectively perpendicular to each other. 

4. A number of planes have a common line of intersection : 
what is the locus of the feet of perpendiculars on them from a 
given point ? 

5. Two perpendiculars are let fall from any point on two 
given planes : shew that the angle between the perpendiculars 
will be equal to the angle of inclination of the plajies to one 

' another. 

6. If perpendiculars AF, A'F*^ be drawn to a plane from 
two points Ay A'y above it, and a plane be drawn through A 
perpendicular to AA\ its line of intersection with the given 
plane is perpendicular to FF\ 

7. Prove that equal straight lines drawn from a given point 
to a plane are equally inclined to the plane. 

8. Prove that the inclination of a plane to a plane is equal 
to ate angle between the perpendiculars to the two planes. 

9, From a point above a plane two 6fem!^\»\\ikS» ^sa ^jcwim^ 
the one at right angles to the plane, t\ie e>iJaet xA. fv^\» ^w^^^ 
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to a given line in that plane : shew that the straight line join- 
ing the feet of the perpendiculars is at right angles to the given 
line. 

10. In how many ways may a solid angle be formed with 
equilateral triangles and squares ? 

11. Two planes are inclined to each other at a given angle. 
Cut them by a third plane, so that its intersections with the 
given planes shall be perpendicular to each other. 

12. AB^ AG, AD, are three given straight lines, at right 
angles to one another. AE \a drawn perpendicular to CD, and 
BE is joined. Shew that BE is perpendicular to CD. 

13. Two walls meet at any angle. Shew how to draw on 
their surfaces the shortest line joining a point on one to a point 
on the other. 

14. Straight lines are drawn from two points to meet each 
other in a given plane. Find when their sum is the least 
possible. 

15. If two parallel planes be cut by a third plane in the 
straight lines AB, ah, and by a fourth plane in the straight 
lines AC,ac respectively, the angle BAC will be equal to the 
angle hoc 

16. If four points be so situated, that the distance between 
each pair is equal to the distance between the other pair, prove 
that the angles subtended at any one point by each pair of the 
others are together equsl to two right angles. 

17. Give a geometrical construction for drawing a straight 
line, which shall be equally inclined to three straight lines, 
meeting at a point. 

18. A triangular pyramid stands on an equilateral base. The 
angles at its vertex are right angles. The square on the per- 
pendicular from the vertex on the base i& q^<^^\^<^ ^^. "^of^ 
square on either of the edges. 
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19. If one df the plane angles, fonning a solid angle, be a 
ri^t angle, and the sum of the other two be equal to two right 
an^es, and a plane be drawn, catting off equal lengths from 
the two edges, containing the right angle, the sum of the 
squares on the three straight lines, subtending the plane 
angles, will be doable of the squares on the three edges, con- 
taining them. 

20. If P be a point in a plane, whidi meets the containing 
edges of a solid an^ in Ay B, C, and be the angular point, 
shew that the angles FOA, FOB, FOG are together greater 
than half the angles AOB^ BOC, CO A, together^ 



BOOK XII. 

LEMMA. 

If from the greater of two unequal magnitudee of ihe $ame 
hind there be taken more tha/n its half, and from the rfmmnd^ 
m^ore tfum its half, and so on, there must at length remain a 
mxj/gnitude less than the smaller of the proposed magnitudes. 

Let A and B be two nneqoal magnitades of the same kind, 
of which A is the greater. 

Then if from A there he taken m>ore than its half, and from 
the remmnder more than its half and so <m; there must at 
Imgih remain a majgnitnde less than B, 

Take a multiple of B, as mB, greater than A ; and divide A, 
by the process indicated, taking from it a magnitude greater 
than its half, and from the remainder a magnitude greater than 
its half, and carry this process on till there are m divisions, 
and call the parts successively taken away 

C, D, E, F Z 

Now mB=^B, B, B repeated m times, 

and A is greater than the sum of CyD,E,„,Z m in number. 

Then Z, the last remainder, must be less than B, 

For if not, since each of the preceding remainders is greater 
than Z, each of them would be greater than B, and the sum of 

C,D Z would therefore be greater than mB ; that is, A 

would be greater than mBy which is contrary to the hypothesis. 
•*. Z is less than B. 
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Proposition I. Theorem. 

Similar polygons inscribed in circles are to one another as the 
squares on the diameters of the circles. 




Let ABODE, FGHKL be similar polygons inscribed in two 
© s, and let BM and GN be diameters of the s. 

Then rmist polygon ABODE he to polygon FOHKL 
as sq. on BM is to sq. on GN, 

Join AM, BE ; FN, GL. 

Then A BAE is equiangular to A GFL, VI. 21. 

.-. z AEB = I FLG, 
But I AMB= L AEB, in the same segment, III. 21. 

and z FNG = z FLG, in the same segment, 

.-. z AMB^ L FNG, 
also, z BAM= z GFN, each being a rt. z , III. 31. 

.'. A ABM is equiangular to A FGN, 
,\ AB is to BM aaFGisto GN, VI. 4. 

and .-. AB is to FG as BM is to GN, V. 15. 

.*. the duplicate ratio of AB to FG— the duplicate ratio 
of BM to GN, V. 21. 

But polygon ABODE has to polygon FGHKL the dupli- 
cate ratio of AB to FG. VI. 21. 
And sq. on BM has to sq. on GN the duplicate ratio of 
^Mto GN, VI. 21. 
.-. polygon ABODE is to ^oV^^fsvi T^HKL %a«v on BM 
iatoaq. on ON, ^ ^^^ 
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Proposition II. Theorem. 
Circles are to one another as the squares on their diameters, 
A 







Let ABGD, EFQH be two ©s, and JBD, FH their 
diameters : 

Then must © ABCD be toe EFQH as sq. on BD 

is to sq. on FH, 

For, if not, sq. on BD must be to sq. on FH as © ABCD 
is to some space either less than © EFQH, or greater than it. 

First, if possible, let it be as © ABCD is to a space 8 less 
than © EFGH. 

In © EFGH describe the square EFGH, IV. 6. 

This square is greater than half of the © EFGH, 

For the sq. EFGH is half of the square, which can be 
formed by drawing straight lines to touch the circle at the 
points Ey F,GfH; and the squats ^liwa iftTcaft!^S& ^^^r^k^'^msss^ 
the Q; 

.% sq. EFGH is greater t\ia.Ti\!fflM oil ^'^ ^ * 
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Bisect the arcs EF, FQ, QH, BE at the pts. K, L, Af, N, 
and join EK, KF, FL, LG, OM, MH, HN, NE. 

Then each of the as EKF, FLQ, OMH, SNE, is greater 
than half of the segment of the circle in which it stands. 

For A JGfjK!F=half of the O, formed by drawing a st. line 
to touch the at K, and parallel st. lines through E and F ; 
and the O thus formed is greater than the segment FEK ; 

.*. A EKF is greater than half of the segment FEK, and 
similarly for the other A s. 

.*. sum of all these triangles is greater than half of the sum 
of the segments of the , in which they stand. 

Next, bisect EK, KF, etc., and form A s as before. 

Then the sum of these A s is greater than half of the sum of 
the segments of the , in which they stand. 

If this process be continued, and the A s be supposed to be 
taken away, there will at length remain segments of s, which 
are together less than the excess of the EFGH above the 
space 8, by the Lemma. 

Let segments EK, KF, FL, LG, GM, MH, BN, NE he 
those which remain, and which are together less than the 
< excess of the of the above 9, 

Then the rest of the 0, t.«. the polygon EKFLGMHN, is 
greater than 8. 

In ABCD inscribe the polygon AXBOGFDR similar to 
the polygon EKFLGMHN. 

The polygon AXBOCPDB is to polygon EKFLGMHNsa 
sq. on BD is to sq. on FH, XIL 1. 

that is, as ABCD is to the space 8, Hyp. and Y. 5. 

But the polygon AXBOCPDB is less than © ABCD, 

.'. the polygon EKFLGMHNia less than the space 8; V. 14. 
hut it is also greater, which is impossible ; 
. '. sq, on BD is not to sq. ou FH 8A0 ABCD is to any space 
less than ® EFGH. 
In the same way it may \>e a^iONfiv \)aaX» 
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sq. on FBl is not to sq. on BD as © EFGH is to any space 
less than © ABCD. 

Nor is sq. on BD to sq. on FH as © ABCD is to any space 
greater than © EFGH. 







For, if possible, let it be as © ABCD is to a space T, greater 
than © EFGH, 

Then, inversely, sq. on FH is to sq. on BD as space T is 
to © ABCD, 

But as space T is to © ABCD so is © EFGH to some 
space, which must be less than © ABCD, because space T is 
greater than © EFGH. V. 14. 

.'. sq. on FH is to sq. on BD as © EFGH is to some space 
less than © ABCD ; which has been shewn to be impossible.. 

.*. sq. on BD is not to sq. on FH asp ABCD is to any 
space greater than © EFGH, 

And it has been shown that 

sq. on BD is not to sq. on FH as © ABCD is to any 
space less than © EFGH, 
.•- sq. on BD is to sq. on PH aa ® ABCli SsbXic. Q> ^^<^^. 
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Faptn on Euclid (Boohs YI., XI., and XII.) setinihe 
Chmbridge Matkematicctl Tripos. 

1849. YL 4. Apply this proposition to prove that the rect- 

angle, contained by the segments of any 
chord, passing throagh a given point within 
a circle, is constant. 

XI. 11. Prove that equal right lines, drawn from a 
given point to a given plane, are equally 
inclined to the plane. 

1850. VL 10. AB is a diameter, and P any point in the cir- 

cumference of a circle ; AF and BP are 
joined and produced, if necessary ; if from 
any point C of AB a perpendicular be drawn 
to AB, meeting AF and BF in points jD 
and E respectively, and the circumference of 
the circle in a point F, sl^ew that CD is a 
third proportional to CE and GF, 

1851. VI. 3. If Ay By C "he three points in a straight Une, 

and D a point, at which AJB and BG subtend 
equal angles, show that the locus of the 
point /> is a circle. 

XI. 8. From a point E draw EGy ED perpendicular 
to two planes GAB, DAB, which intersect 
in ABy and from D draw DF perpendicular 
to the plane GABy meeting it in J': shew 
that the line, joining the points G and F, 
prdduced if necessary, is perpendicular to 
AB. 

1852. YL 2. If two triangles be on equal bases, and between 

the same paiaWeAa^ anY lii^^i parallel to their 
bases, wiU cut ott equ^X. «t^aa \xiqvssl xk^^t^o 
ririan^'ies. 
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852. XI. 11. ABCD is a regular tetrahedron, and, from 

the vertex A^ a perpendicular is drawn to 
the base BGD^ meeting it in : shew that 
three times the square on ^0 is equal to twice 
the square on AB, 

863. Ti. 6. If the vertical angle C, of a triangle ABCy be 

bisected by a line, which meets the base in 
D, and is produced to a point By such that 
the rectangle, contained by GD 'and GB^ is 
equal to the rectangle, contained by J.C/ and 
GB : shew that if the base and vertical angle 
be given, the position of ^ is invariable. 

XI. 21. If BGD be the common base of two pyramids, 
whose vertices A and ^' lie in a plane pass- 
ing through BGy and if the two lines ABy AG, 
be respectively perpendicular to the faces 
BA'Dy GA'By prove that one of the angles at 
A, together with the angles at A'^ make up 
four right angles. 

.854. YL 16. EAy EA' are diameters of two circles, touching 

each other externally at ^ ; a chord AB of 
the formtr circle, when produced, touches the 
latter at (7, while a chord A'B of the latter 
touches the former at G : prove that the rect- 
angle, contained by AB and J.'J^, is four 
times as great as that contained by BC and 
B'G. 

XL 20. Within the area of a given triangle is described 
a triangle, the sides of which are parallel to 
those of the given one : prove that the sum 
of the angles, subtended by the sides of the 
interior triangle, at any point, not in the plane 
ci the triangles, is less than the sum of the 
angles, subtended at the same point by the 
sides of the exterior triangle. 

1856. VL 2. A tangent to a cicde, «Jt VJsi'^ ^\s^» A.^siiMs^sisi^' 

two parallel tasigibxAa m B, C.'Oas. vs«i» ^ 
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contact of which with the ciide are D, E^ 
respectively : shew that if JB^, CD, intersect 
in jP, ^jP is parallel to the tangents BD^ €E» 

1855. XL 16. From the extremities of the two parallel stnught 

lines ABf CD, parallel lines Aa, Bb, Ce, Dd, 
are drawn, meeting a plane in a> 5, e, d : prove 
that AB is to CD as a& is to cti, taking the 
case, in which A, ByC^Daxe on the same 
side of the plane. 

1856. Yi. De£ 1. Enunciate the propositions, which prove 

that in the case of triangles the conditions of 
similarity are not independent. 

XL 11. Shew that the perpendicular, dropped from the 
vertex of a regular tetrahedron upon the 
opposite base, is treble of that dropped from 
its own foot upon any of the other bases. 

1857. yi. 19. Any two straight lines, BB^, 0(7, drawn parallel 

to the base DD', of a triangle ADD^, cut 
ADm B,C, and ^D' in ^, (7 ; BC, B'C, 
are joined, prove that the area ABC or 
AB^C varies as the rectangle, contained by 

BB\ca. 

XL 16. A triangular pyramid stands on an equilateral 
base, and the angles at the vertex are right 
angles : shew that the sum of the perpendi- 
culars on the faceii, from any point of the 
base, is constant. 

1858. Ti. 15. Find a point in the side of a triangle, from 

which two lines, drawn one to the opposite 
angle, and the other parallel to the base, shall 
cut off, towards the vertex and towards the 
base, equal triangles. 

XL 11. Two planes intersect : shew that the loci of the 
points, from -^YocYi ^t^ti^^sq^swa q»w the 
planes ax© ec\ua\ t.o ^ ^^^ «fct«i^\.\i2aa^*ssi 
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drawn, each passing throagh two of these 
lines, such that the perpendiculars, from any 
point in the line of intersection of the given 
planes, upon any one of the four planes, shaU 
be equal to the given line. 

869. Yi. 31. Shew that, on a given straight line, there may 

be described aa many polygons of different 
magnitudes, similar to a given polygon, as 
there are sides of different lengths in the 
polygon. 

XL 20. Three straight lines, not in the same plane, 
intersect in a point, and through tbeir point 
of intersection another straight line is drawn 
within the solid angle formed by them : prove 
that the angles, which this straight line makes 
with the first three, are together less than the 
sum, but greater than half the sum of the 
angles which the first three make with each 
other. 

.860. YI. iu If the two sides, containing the angle, through 

which the bisecting line is drawn, be equal, 
interpret the result of the proposition. 
Prove from this proposition and the preceding, 
that the straight lines, bisecting one angle of 
a triangle internally, and the other two ex- 
ternally, pass through the same point. 

XL 17. If three straight lines, which do not all lie in 
one plane, be cut in the same ratio by three 
planes, two of which are parallel, shew that 
the third will be parallel to the other two, if 
its intersections with the three straight lines 
are not all in one straight line. 

L861. TL 6. From the angular points of a paralLelo^sAss^ 

ABOD. peTpe!nd\crai\ax& wtft ^tscwsn. ^-^ "^c«» 
J.. 1 _. __^.. ^1 • w -». Tf Qt.^^^ 



diagonals, m^timiST ^^[1^x11 Vcl "B^^^^^^^ 



tjer 



346 EUCLIjyS ELEMENTS. [Booka VL XL anct ZIL 

spectively ; prove that EFGH is a parallelo- 
gram similar to ABCD. 

1861. XL 12. Shew that the shortest distance between two 

opposite edges of a regular tetrahedron is 
equal to half the diagonal of the square, de- 
scribed on an edge. 

1862. Yi. 1. Lines are drawn from two of the angular points 

of a triangle, to divide the opposite sides in 
a given ratio ; prove that the line, joining 
the third angular point with the point of in- 
tersection of these two lines, either bisects 
the opposite side, or divides it in a ratio 
which is the duplicate of the given ratio. 

XL 21. If four points be so situated that the distance 
between each pair is equal to the distance 
between the other pair, prove that the angles 
subtended at any one of these points by each 
pair of the others, are together equal to two 
right angles. 

1863. TT. 4. The internal angles at the base of a triangle, and 

the external angle at the vertex, are bisected 
by straight lines ; prove that the three points, 
in which these straight lines meet the oppo- 
site sides respectively, lie on one straight 
line. 

XL 17. If each edge of a tetrahedron be equal to the 
opposite edge, the straight line, joining the 
middle points of any two opposite edges, 
shall be at right angles to each of those 
edges. 

1864. vi. 23. If one parallelogram have to another parallelo- 

gram the ratio, which is compounded of the 
ratios of their sides, the parallelograms shall 
be equiangular. 

XL 12. On a given eqxMiktewiJL Xjnssa^^ \^^\vbe a 
regular tetx&Yiedxoti. 
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1866. 71. 19. The opposite sides, BAy CD of a quadrilateral 

ABGD, which can be inscribed in a circle, 
meet, when produced, in JS^ ; jF is the point 
of intersection of the diagonals, and EF 
meets AB in Gi prove that the rectangle 
EAy ^5 is to the rectangle EB, BCasAG 
is to G^D. 

XI. 16. In the triangular pyramid ABCB, AB is at 

right angles to CD, and J.C to BD : prove 
that AB is at right angles to BC, 

1866. VI. 4. ABC is an isosceles triangle ; AE is the perpen- 

dicular from A on the base BC; B is any 
point in AE ; and CB produced meets the 
side AB at F : shew that the ratio of AB to 
BE is double of the ratio of AF to FB. 

XII. 1. Give an outline of Euclid's demonstration that 

circles are to one another as the squares on 
their diameters. 

1867. VL A. Each acute angle of a right-angled triangle and 

its corresponding exterior angle are bisected 
by straight lines meeting the opposite sides ; 
prove that the rectangle, contained by the 
portions of those sides intercepted between 
the bisecting lines is four times the square on 
the hypotenuse. 

XI. 21. Two pyramids are described, the one standing 
on a square as a base, the other on a regular 
octagon, the vertex of each being equally 
distant from the angular points of its base ; 
if this distance be the same for each pyramid, 
and the perimeters of the bases be equal, 
prove that the plane angles, containing the 
solid angle at the vertex of the former, are 
together greater than the plane angles, con- 
taining the solid angle at the vertex of the 
latter. 

1868. VI. 2. Without assuming «tt^ woJos^^n^es^ ^^^-^^'sis^^'^i^ 

prove that tlixe eqjaAaxk^a^sasi \Y\sa^«^ "^ «4^«t 
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of the figoies of this piopositioii, are to eadi 
other in the daplicate ratio of the sides oppo- 
site to tiie equal angles. 

1868. XL 11. Of the least angles, which a given line in one 

plane makes with any line in anotiier plane, 
the greatest for different positions of the 
given line is that which measures the indina- 
tion of the two planes. 

1869. XL 20l If be a point, within a tetrahedron ABCD, 

prove that the three an^es of the solid angle, 
snbtended by BCD at 0, are together greater 
than the three an^es of the solid angle at A. 

1870. YL 15. Two strai^it lines are given in position, and a 

third strai^t line ia drawn so as to cat off 
a trian^e equal to a given triangle ; through 
the middle point of this third side is drawn 
a strai^t line in a given direction, termin- 
ated by the two given straight lines : prove 
that the rectan^ under the segments of the 
intercepted part ia constant. 

XL 7. In a tetrahedron each edge is perpendicular to 
the direction of the opposite edge ; prove 
that the strai^t line joining the centre of 
the sphere, circumscribing the tetrahedron, 
to the middle point of any edge, is equal and 
parallel to the straight Une joining the centre 
of perpaidiculais to the middle point of the 
opposite edge. 

1871. vi. 2. ABC is a triangle, and lines AO, BO, CO cat 

the opposite sides in D, j&, ^ ; if ^ J* catBC 
in Gj prove that BD is to DC as BG is to 
GC 

XL 11. The perpendiculars from the angular points of 
a tetrahedron on the oj^xisite fsu^es meet in a 
point : prove t]ba\i\k<bTi<&c»e8sry and sufficient 
oonditioii for 1^ ^& ^^^^ ^*^ ^xss^ ^^^ 
squiures of paka oiio^^eo»V\«> <Aa»^» wsfis^ 
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1872. Yi. 2. Draw throagh a point a straight line, so that the 

part of it intercepted hetween a given straight 
line and a given circle may be divided at the 
given point in a given ratio. Between what 
limits must the ratio lie in order that a 
solution may be possible ? 

XL 20. If the opposite edges of a tetrahedron be equal 
two and two, prove that the faces are acute- 
angled triangles. Prove also that a tetra- 
hedron can be formed of any four equal and 
similar acute-angled triangles. 



PHnVTKD BYT. AND A. COT!fttX^l.f., t1«'WrP?K^tC^'«*:o.'V^><S'Kart^ 
AT TItR RD1NB\3HOK TTHl^J^BRYTi Y-RSS** 



li 



T 

I 



By J. HAMBLIN SMITH, M.A. 

of GonvUle and Cains College, and late Lecturer at St. Peter's 

College, Cambridge, 

Small 8vo. 

A Treatise on Arithmetic. 3J. 6d. 

(Copies may be had without the Answers.) 

A Key to Arithmetic. Crown Svo, gs. 
Elementary Algebra. Part I, $s. 

iVithout AnsiuerSf 2s. 6d. 

A Key to Elementary Algebra. Crown Svo. gs. 
Exercises on Algebra. 2s. 6d, 

(Copies may be had without the Answers. ) 

Elements of Geometry. Containing Books 1 to 6, 

and portions of Books ii and 12 of Euclid, with Exercises and 
Notes, arranged with the Abbreviations admitted in the Cam^ 
bridge Examinations. 3J". 6d, 

PART I. Containing Books I and 2 of Euclid, limp cloth, u. 6d. 
may be had separately. 

Elementary Statics, zs. 

Elementary Hydrostatics. 3^. 

A Key to Statics and Hydrostatics. Cr. Svo. 6s. 

Elementary Trigonometry. 4^. 6ti. 

Key to Elementary Trigonometry. Crown Svo. 
ys. 6d. 

Book of Enunciations. jFbr Geometry, Algebra, 

Trigonometry, Statics, and Hydrostatics, is. 

An Introduction to the Study of Heat. 3^. 

By E. J. GROSS, M.A. 

Fellow oj Gonville and Caitis College, Cambridge, and Secretary to 
the Oxford and Cambridge Schools Examination Board. 

Algebra. Part II. Crown Svo. Ss. 6d. 
Kinematics and Kinetics. Crown Svo. ss. 6d. 

By G. RICHARDSON, M.A. 

Assistant Master at Winchester College, and late Fellow of 
St. John^s College, Cambridge, 

Geometrical Conic Sectioxis. Crcnjon^-ijo. t^ ^^ 



Bi6mflt0ng : HotCUoxi, ©i:i^x^. '^'^ ^^^s5«e^^' 



^Ducattonal motJifi 



First Latin Writer. By 

G. L. Bennbtt. Cr. 8vo. 3«. (UL 

First Latin Exercises. 

Being the Exerdset with Syntax 
Rules and Vocabularies from the 
above work. Cr. Sva t, 6d. 

Latin Accidence. From a 

" First Latin Writer." Cr. 8vo. u. 6d. 



^««^i^^N^t^««^M« 



»^^0^0*m0*0t0*^ 



Second Latin Writer, 

By G. L. Bennbtt. Cr.Sva 3«.&£ 

Easy Latin Stories for 

Beginntrt, By G. L. Bbnnbtt. 
Cr. 8vo. M. UL, 



^<rfV^«^M^«««AMtf*rf«tfktf«#*A«M«M4^«M^rf*^i^i^M 



«tfM«tf^iM*MM^^ 



Selections from Ccesar. 

Edited by G. L. Bennbtt. Sm. 
8vo. af. 

Arnold^ s Henrys First 

Latin Book, ByC. G. Gbpp. lamo. 
[The original Edition is stiU on sale.] 

The JEneid of Vergil. 

Edited by F. Stork. Cr. 8vo. 
Books I. and II. ax. dd. 
Books X I. and XII. gf. &/ 

Virgil Georgics. Book iv. 

Edited by C £ Gbpp. Sm. 8vo. 
XX. 6d. 

Cicero de Amicitid. Edited 

by A. SiDGWiCK. Sm. 8vo. ax. 

CcBsar de Bello Gallico. 

Books I-III. Edited by J. Mbrry- 
wbathbr and C Tancock. Sm. 
8vo. 3«. td. Book I. separately, ax. 



A Primer of Greek 

Grammar. By E. Abbott and E. 
D. Manspiblo. Ci. 8va 3X. &/., 
or separately. 

Accidence, ax. u. 
Syntax, ix. td. 

A Practical Greek ifefe- 

ikod for Beginnert. Thb Sim pls 
Sbntbncb. By F. Rxtcuib and £. 
H. MooRB. Cr. 8va 3X. td. 



«^IM«««««««M««*Atf«A#*««#«Ari»#«# 



The Beginnet^s Latin 

Kxercite Book. By C. J. S. Dawb. 
Cr. 8va 



First Steps in Latin. By 

F. Ritchie. Cr. 8vo. 

Crradatim. An Easy Latin Trans- 

l&tion Book, By H. Hbatlby and 
H. KisGDON. Sm, 8vo. 



Stories in Attic Greek. 

By F. D. MoBicB. Cr. 8vo. 3X. 6d. 

A First Greek Writer. 

By A. SiDGwicK. Cr. 8vo. 3X. 6d. 

An Introduction to Greek 

Pr0t§ Componiion, By A. SiDCh 
WKX. Cr. 8va 5X. 

Scenes from Greek Plays. 

Rugby Edition. By A. SiOGWXcic. 
Sm. 8to. zx. 6d, each. 
ARISTOPHANES:— The Clouds— 
Thb Fbogs^The Knight»— Plu- 

TUS. 

EURIPIDES :>-IphigbniainTaukis 
—The Cyclops— Ion— Electra — 
ALCBSTis—BACCHiB— Hecuba. ■ 

Hornet^ S Iliad. Edited by A. 

SiDGWiCK. Sm. Sva 

Books I. and II. ax. 6d. 
Book XXL js,6d. 
BookXXIL i x.6<iL 

The Anabasis of Xeno- 

pJum, Edited by R. W. Taylor. 
Cr. 8vo. 

Books I. and II. 3X. td. 

Or separately. Book I., ax. td, \ 
Book II., ax. 

Books III, and IV. 3X. &fc 

Xenophotis Agesilaus. 

Edited by R. W. Taylor. Cr. 8vo. 

3X. dd. 

Stories from Ovid in 

i EUgiac Verso. By R. W. Taylor. 
\ Ct. %No. y. W. 



VJ 



3 



(SDucational motJm 



S fleet Plays of Shakspere. 

Rugby Edition. Sm. 8vo. 

Edited by tha Rev. C. E. Mobbrly. 

AS YOU LIKE IT. at. 
MACBETH. 2f. 
HAMLET. as.6d, 
KING LEAR. as. 6d. 
ROMEO AND JULIET, u. 
KING HENRYTHE FIFTH, m. 

Edited by R. Whitblaw. 
CORIOLANUS. 2s.6d. 

Edited by J. S. Phillpotts. 
THE TEMPEST, six. 

A History of England, 

By the Rev. J. F. Bright. With 
Maps and Plans, Cr. 8va 

Period I.— MsDiiBVAL Moharchy : 
A.D. 449 — 1485. 4X. td. 

Period ll.— Personal Monarchy; 
A.D. X4B5 — z688. 5f. 

Period III.— Constitutional Mon- 
archy : A.D. 1689— 1837. 7X. td. 

Historical Biographies, 

Edited by the Rev. M. Creighton. 
Sm. 8vo. 

SIMON DE MONTFORT. a*. &/. 
THE BLACK PRINCE, ax. U, 
SIR WALTER RALEGH, gx. 
THE DUKE OF WELLINGTON. 

tSe DUKE OF MARLBOROUGH. 
3* 6d: 

A Short History of Eng- 
land for Schools. By F. York- 
PowBLL. With Maps andlllustra- 
tions, Sm. 8vo. 

A First History of Eng- 
land, ByLoUISBCRBIGHTON. With 
Illustrations, z8mo. 



■-— ■ ■*-'~-^^"-^-^'^^-^^^-*-*i-~^T^ K"Mi<ti* M'wvw^\rwj% 



Army and Civil Service 

Examination Papers in A rithnutic. 
By A. Dawson Clarke. Sm. 8vo. 
3X. 6d, 

Short Readings in Eng- 
lish Poetry. Edited by H. A. 
Hertz. Sm. 8va ax. &/. 



Modem Geography^ fof 

ths Use of Schools, By th« Rev. C 

E. Mobbrly. Sm. 8vo. 
Part I.— Northern Europx. ax. 6<& 
Part IL— The Mediterranean and 

ITS Peninsulas. 

Hellenica : a Collection of Essays 
on Greek Poetry, Philosophy, His- 
tory, and Rehgion. Edited by 
Evelyn Abbott, M.A., LL.D. 
8vo. idx. 
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The Antiquities of Greece 

■— Th« State. Translated from the 
German of G. F. Schoemann. By 
E. G. Hardy and J. S. Mann. 
8vo. i8x. 

Physical Geology for Stu- 

dints and General Readers. By A. 
H. GUEN. 8vo. With Illustra- 
tions. X9S. 6d. 

A Yearns Botany, Adapted 

to Home and School Use. By 
Frances Anna Kitchener. Cr. 
8va 5X. 

La Fontaine's Fables. 

Books I. and II. Edited by the 
Rev. P. Bowdbn-Smith. Sm. 8vo. 
ax. 

Selectiofts from Modem 

French Authors. Edited by Henri 
Van Laun. Cr. 8vo. a'' ^. each, 

HONORS DE BAXZAC. 

H. a. TAINE. 
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Lessing's Fables, Edited by 

F. Store. Cr. 8vo. ax. td. 



Selections from Haujfs 

stories. Edited by W. E. Mullins 
and F. Store. Cr. 8vo. 4X. 6d, 
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A German Accidence ^ for 

the Use of Schools, By J. W. J. 
Vecquera y. 4ta 3X. 631 

Germau .. ,.^.^ 
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Cr. 8vo. 
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